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474.
ON THE GEOMETRICAL THEORY OF SOLAR ECLIPSES,

[From the Monthly Notices of the Royal Astronomical Society, vol. XXX. (1869—1870),
pp. 164—168.]

THE fundamental equation in a solar eclipse is, I think, most readily established as
follows :

Take the centre of the Earth for origin, and consider a set of axes fixed in the
Earth and moveable with it; viz, the axis of 2z directed towards the North Pole;
those of @, y, in the plane of the Equator; the axis of z directed towards the point
longitude 0°; that of % towards the point longitude 90°W. of Greenwich. Take
a, b, ¢, for the coordinates of the Moon; % for its radius (assuming it to be spherical);
«, ¥, ¢, for the coordinates of the Sun; &’ for its radius (assuming it to be spherical);

then, writing 6 + ¢ =1, the equation
0@—a)+d(@-a)+{0@y-b)+éy-bN+{0(z-)+ ¢ (z— )P =(0k + $k)’

is the equation of the surface of the Sun or Moon, according as 6, ¢ =1, 0 or =0, 1:
and for any values whatever of 6, ¢, it is that of a variable sphere, such that the
whole series of spheres have a common tangent cone. Writing the equation in the form

¢ {(z—a) + (y — by + (2 — oy — &}
+20p{(z—a)(@—a)+(y -b) (y—=b)+ (z—c)(z =) F kk'}
+ ¢ le—adyY+@y-by+(-yP-k}=0,
or, putting for shortness,
p=a +b +¢ -k
pr=a" +b% +c*—k?
o =aa' + bb' + cc' F k'
P =az +by +cz
P =dz+by+cz
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the equation is
¢ (a*+ 3y +2°— 2P+ p)
+20¢ (2*+y*+ 22— P—P +0)
+ ¢@+y+22—-2P +p)=0,
and the equation of the envelope consequently is
@+ 9+ 2= 2P+ p) (@ 4y + 2 = 2P + )~ (@4 Y+ 22— P— P 4 o) =0,
that 1is :
@+y+2)(p+p —20)—(P-P)y—-2(p'-0)P-2(p—0) P’ +pp’'—0*=0,

which is the equation of the cone in question.

Observe that one sphere of the series is a point, viz, taking first the upper signs
if we have 0k + ¢k’ =0, that is

P) k —k

WPt eyl
then the sphere in question is the point the coordinates whereof are

_\k’a —ka’ _Kb—kV k'c—kc
by e S8 ety

gy LR > gy
which point is the vertex of the conme: it hence appears that, taking the upper signs,
the cone is the wmbral cone, having its vertex on this side of the Moon; and
similarly taking the lower signs, then if we have 0k — ¢k’ =0, that is
e s el
B L
then the variable sphere will be the point the coordinates of which are

Ka+ka Kb+kY Kc+k

K+k’ K+k’ K+k°
which point is the vertex of the cone; viz. the cone is here the penumbral cone
having its vertex between the Sun and Moon.

0=

’

Taking as unity the Earth’s equatorial radius, if p, p’ are the parallaxes, «, «
the angular semi-diameters of the Moon and Sun respectively, then the distances are
.vl—, -.—1—, and the radii are &’C—, sfq_/;7 respectively ; hence, if A, A" are the hour-
sinp’ sinp’ sinp’ sin p
angles west from Greenwich, A, A’ the N.P.D.s of the Moon and Sun respectively,
we have

; I i APy
@ =————sin A cos I, o = -——,sin A’ cos ¥/,
sin p sin p
b= —-sn Asin/, O =-.—,sin A’sin &/,
sin p sin p
1 i
¢=-—CosA g cl==—=, cos A’,
sin p sin p
sin & , . ‘sin
~sinp ’ sin p”’
C. VIL 50
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and thence

LT

ay sin® p

p 1 :
= (1—sin?x’
P == , (1 — sin® '),

1 ’ . . ’ ’ o s
= o [cos A cos A’ + sin A sin A’ cos (' — ) F sin « sin «'],

=§i_111p {sinA (zcosh +ysinh)+zcosAl},

ik :
P'= y s ’ ’ y r ’ .
ey {sin A’ (@ cosh’ + ysin A') + z cos A"}

Moreover, if the right ascensions of the Moon and Sun are a, a' respectively, and
if the R.A. of the meridian of Greenwich (or sidereal time in angular measure) be

=3, then we have
h=3-a K=3-d.

It is to be observed that h—A', A, A’ are slowly varying quantities, viz, their
variation depends upon the variation or the celestial positions of the Sun and Moon ;
but ~ and A’ depend on the diurnal motion, thus varying about 15° per hour; to
put in evidence the rate of variation of the several angles h, ', A, A’ during the
continuance of the eclipse, instead of the foregoing values of %, A/, T write

h’={E+(1+E‘_E) t} 15°,

24

where ¢ is the Greenwich mean time, Z, E, are the values (reckoned in parts of an
hour) of the Equation of Time at the preceding and following mean noons respectively,
taken positively or negatively, so that %, E, are the mean times of the two successive
apparent noons respectively; whence also

EI—E)t

h={E+(1+ - }15 a4y

and moreover

a =A +m (t-1T),

a =4 +m' (t-1T),

A=D+n (t-17),

A=D+n (t-1),
if T be the time of conjunction, 4, A, D, D' the values at that instant of the
RA’s and N.P.D.s; m, m’ and n, n' the horary motions in R.A. and N.P.D. respectively.
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It appears to me not impossible but that the foregoing form of equation,
@+y+2)(p+p —20)—(P—-Py—-2(p'—0)P—-2(p—0)P'+pp'—a*=0,

for the umbral or penumbral cone might present some advantage in reference to the
calculation of the phenomena of an eclipse over the Earth generally: but in order to
obtain in the most simple manner the equation of the same cone referred to a set
of principal axes, I proceed as follows:

Writing
a=bc —bc, f=a—-a,
b =ca - ca, g=b-"0,
¢ =ab —a'd, h=c¢ -¢,
(and therefore af + bg + ch=0).
Then, if
X = (bh —cg) # + (cf —ah) y + (ag — bf)
Vet icVErgile
¥ az + by + cz
Naz + b2+ ¢ ’
¥ fgah g 4 b
Viry gi 4+ h?’

X, Y, Z will be coordinates referring to a new set of rectangular axes; viz, the
origin is, as before, at the centre of the Earth, the axis of Z is parallel to the line
joining the centres of the Sun and Moon; the axis of X cuts at right angles the
last-mentioned line; and the axis of Y is perpendicular to the plane of the other
two axes; or, what is the same thing, to the plane through the centres of the Earth,
Sun, and Moon.

The coordinates of the vertex of the cone are therefore X_, Y , Z , where these
denote what the foregoing values of X, Y, Z, become on substituting therein for z, y, 2,
the values

KaFka = EOFEY .  KeF ke
Jo Tk 5 ik’ FEk '’

and the equation of the cone therefore is
X=X )yr+(Y-=-Y  rp=tan2N(Z—-2),
where

I /\
(i

sin A =

50—2
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if for a moment G denotes the distance between the centres of the Sun and Moon.
We have therefore

tan A = —-_ﬂ—’f____ N
VG — (K F ky
or since

@E=(—aP+d =br+( —c)p,

this is in fact

tan X = ——k:F_Ic_—: 3

p+p —20

where p, p, o signify as before; and thus X, Y, Z, tanA are all of them given
functions of a, b, ¢, k, o, V', ¢, k', and consequently of the before-mentioned astronomical
data of the problem. The form is substantially the same as Bessel's equation (3),
Ast. Nach. No. 321 (1837), (but the direction of the axes of X, ¥ is not identical
with those of his z, y); and it is therefore unnecessary to consider here the application
of it to the calculation of the eclipse for a given point on the Earth.
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