
342 [770

770.

ON THE 34 CONCOMITANTS OF THE TERNARY CUBIC.

[From the American Journal of Mathematics, vol. ιv. (1881), pp. 1—15.]I have, (by aid of Gundelfinger’s formulæ, afterwards referred to), calculated, and I give in the present paper, the expressions of the 34 concomitants of the canonical ternary cubic ax? + by3 + czs + Qlxyz, or, what is the same thing, the 34 covariants of this cubic and the adjoint linear function ξx Ayy + ζz,. this is the chief object of the paper. I prefix a list of memoirs, with short remarks upon some of them; and, after a few observations, proceed to the expressions for the 34 concomitants ; and, in conclusion, exhibit the process of calculation of these concomitants other than such of them as are taken to be known forms. I insert a supplemental table of 6 derived forms.The list of memoirs (not by any means a complete one) is as follows :Hesse, ^Ueber die Elimination der Variabeln aus drei algebraischen Gleichungen vom zweiten Grade mit zwei Variabeln : Crelle, t. xxvιιι. (1844), pp. 68—96. Although purporting to relate to a different subject, this is in fact the earliest, and a very important, memoir in regard to the general ternary cubic ; and in it is established the canonical form, as Hesse writes it, y13 + y2s + y33 + 6πy1y2y3.Aronhold, Zur Theorie der homogenen Functionen dritten Grades von drei Variabeln : G relie, t. xxxιx. (1850), pp. 140—159.Cayley, A Third Memoir on Quantics: Phil. Trans., t. cxlvi. (1856), pp. 627—647; [144].Aronhold, Theorie der homogenen Functionen dritten Grades von drei Variabeln : 
Crelle, t. lv. (1858), pp. 97—191.Salmon, Lessons Introductory to the Modern Higher Algebra: 8°, Dublin, 1859.Cayley, A Seventh Memoir on Quantics: Phil. Trans., t. CLI. (1861), pp. 277—292; [269].Brioschi, Sur la theorie des formes cubiques à trois indéterminées : Comptes 
Rendus, t. lvi. (1863), pp. 304—307.
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770] OX THE 34 CONCOMITANTS OF THE TERNARY CUBIC. 343Hermite, Extrait d’une lettre à M. Brioschi : Cr elle, t. LXin. (1864), pp. 30—32, followed by a note by Brioschi, pp. 32—33.The skew covariant of the ninth order, which is y3 — z3. z3 — x3.x3-y3 for the canonical form ⅛,s + y3 + z3 + Qlxyz, and the corresponding contravariant η3 — ζ3 . ζ3 — ξ3. ξ3 — η3, alluded to p. 116 of Salmon’s Lessons, were obtained, the covariant by Brioschi and the contravariant by Hermite, in the last-mentioned papers.Clebsch and Gordan, Ueber die Théorie der ternâren cubischen Formen : Math. 
Annalen, t. I. (1869), pp. 56—89.The establishment of the complete system of the 34 covariants, contravariants and Zwischevformen, or, as I have here called them, the 34 concomitants, was first effected by Gordan in the next following memoir:Gordan, Ueber die ternâren Formen dritten Grades: Math. Annalen, t. I. (1869), pp. 90—128.And the theory is further considered :Gundelfinger, Zur Théorie der ternâren cubischen Formen: Math. Annalen, t. vι. (1871), pp. 144—163. The author speaks of the 34 forms as being “theils mit den von Gordan gewahlten identisch, theils mbglichst einfache Combinationen derselben.” They are, in fact, the 34 forms given in the present paper for the canonical form of the cubic, and the meaning of the adopted combinations of Gordan’s forms will presently clearly appear.There is an advantage in using the form ax3 + by3 + cz3 + Qlxyz rather than the Hessian form x? + y3 + zi + ⅛lxyz, employed in my Third and Seventh Memoirs on Quantics : for the form ax? + by3 + cz3 + Qlxyz is what the general cubic(a, b, c, f, g, h, i, j, k, I) (x, y, z)3becomes by no other change than the reduction to zero of certain of its coefficients ; and thus any concomitant of the canonical form consists of terms which are leading terms of the same concomitant of the general form.The concomitants are functions of the coefficients (a, b, ...,l), of (£, η, £), and of 
(x, y, z) : the dimensions in regard to the three sets respectively may be distinguished as the degree, class, and order; and we have thus to consider the deg-class-order of a concomitant.Two or more concomitants of the same deg-class-order may be linearly combined together : viz., the linear combination is the sum of the concomitants each multiplied by a mere number. The question thus arises as to the selection of a representative concomitant. As already mentioned, I follow Gundelfinger, viz., my 34 concomitants of the canonical form correspond each to each (with only the difference of a numerical factor of the entire concomitant) to his 34 concomitants of the general form. The principle underlying the selection would, in regard to the general form, have to be explained altogether differently; but this principle exhibits itself in a very remarkable manner in regard to the canonical form ax? + by3 + cz3 + Qlxyz.
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344 ON THE 34 CONCOMITANTS OF THE TERNARY CUBIC. [770Each concomitant of the general form is an indecomposable function, not breaking up into rational factors ; but this is not of necessity the case in regard to a canonical form : only a concomitant which does break up must be regarded as indecomposable, no factor of such concomitant being rejected, or separated. So far from it, there is, in regard to the canonical form in question, a frequent occurrence of abc + 8Z3 or a power thereof, either as a factor of a unique concomitant, or when there are two or more concomitants of the same deg-class-order, then as a factor of a properly selected linear combination of such concomitants : and the principle referred to is, in fact, that of the selection of such combination for the representative concomitant ; or (in other words) the representative concomitant is taken so as to contain as a factor the highest power that may be of abc + 8l3. As to the signification of this expression 
abc + 8Z3, I call to mind that the discriminant of the form is abc (abc + 8Z3)3.As to numerical factors: my principle has been, and is, to throw out any common numerical divisor of all the terms : thus I write >8 = — abcl ÷ Z4, instead of Aronhold’s 
8 = — ⅛abcl + 4Z4. There is also the question of nomenclature : I retain that of my Seventh Memoir on Quantics, except that I use single letters H, P, &c., instead of the same letters with U, thus HU, PU, &c. ; in particular, I use U, H, P, Q instead of Aronhold’s f, Δ, 8f, Tf. It is thus at all events necessary to make some change in Gundelfinger’s letters ; and there is moreover a laxity in his use of accented letters ; his B, B', B", B"', and so in other cases E, E', E", &c., are used to denote functions derived in a determinate manner each from the preceding one (by the δ-process explained further on) ; whereas his L, E ; M, M' ; N, N, are functions having to each other an altogether different relation ; also three of his functions are not denoted by any letters at all. Under the circumstances, I retain only a few of his letters ; use the accent where it denotes the δ-process ; and introduce barred letters J, K, &c., to denote a different correspondence with the unbarred letters J, 
K, &c. But I attach also to each concomitant a numerical symbol showing its deg-class-order, thus: 541 (degree = 5, class = 4, order = 1) or 1290, (there is no ambiguity in the two-digit numbers 10, 11, 12 which present themselves in the system of the 34 symbols) ; and it seems to me very desirable that the significations of these deg-class-order symbols should be considered as permanent and unalterable. Thus, in writing >8 = 400 = — abcl + Z4, I wish the 400 to be regarded as denoting its expressed value — abcl +14: if the same letter >8 is to be used in Aronhold’s sense to denote — 4>abcl + 4Z4, this would be completely expressed by the new definition >8 = 4.400, the meaning of the symbol 400 being explained by reference to the present memoir, or by the actual quotation 400 = — abcl + Z4.I proceed at once to the table : for shortness, I omit, in general, terms which can be derived from an expressed term by mere cyclical interchanges of the letters (a, b, c), (ξ, η, ξ), (x, y, z}.
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770] ON THE 34 CONCOMITANTS OF THE TERNARY CUBIC. 345

Table of the 34 Covariants of the Canonical Cubic aœ3 + by3 + cz3 + 6lxyz and 
the linear form ξx + yy + ξ⅛∙First Part, 10 Forms. Class = Order.Current No.1 S = 400 = — abcl + li.2 T = 600 = a2b2c2 - 20abcl3 - 8Zβ.3 Λ = Oil = ξx + ηy + ζz.4 Θ = 222 = x2[- l2ξ2-2alηζ]...

+ yz ∖bcξ2 + 2l2ηξ↑....5 Θ'= 422 = x2 [Z (abc + 2l3) ξ2 + a (abc — 4l3')ηξ]...
+ yz [Qbcl2ξ2 — 21 (abc + 2Z3) ηζ]....6 Θ,'= 622 = tf2[- (abc + 2l3)2ξ2 + 12al2(abc + 2l3)ηζ]...
+ yz [36bcl4ξ2 + 2 (abc + 2Z3)2 ηξ}....7 B = 333 = a? [a2 (cη3-Z>Zf3)]...
+ y2z [(abc + 8Z3) η2ζ+ 12bl2ξ2ξ + 6bclξ2η]...
+ yz* [“ (α^c + 8Z3) vξ2 - 6bclζξ2 - 12cZ2^2]....8 B, = 533 = x3 [3α2Z2 (cη3 - bζ3)^]...
+ fz [- (α^c + 8Z3) η2ζ + ⅛bl (— abc + Z3) ζ2ξ — be (abc — 10Z3) ∣ρ7]...
+ yz2 [Z2 (abc + 8Z3) ηξ2 + be (abc — 10Z3) ξξ2 — ⅛cl (— abc + Z3) ξη2]....9 B" = 733 = ic3 [9α2Z4 (cη3-δ^3)]...
+ y2z [Z (abc + 8Z3) (2abc + Z3) η2ζ

+ b (abc + 2Z3) (abc - 10Z3) ξ-ξ + Qbcl2 (- abc + Z3) ∣2√∣...
+ yz* [— I (abc + 8Z3) (2abc + Z3) ηζ2

— Qbcl2 (— abc + Z3) ££2 — c (abc + 2Z3) (abc — 10Z3) ξηi∖....10 B"' = 933 = α3 [27α2Zβ (cη3 - bξ3)]...

+ y2z [- (abc + 8Z3) (abc — l3)2 η2ξ+ 9Z>Z2 (abc + 2Z3)2 ξ2ξ
— 27bcli (abc + 2Z3) ξ2η]...

+ yz2 [(αδc + 8Z3) (abc - Z3)2 ηζ2 + 27Z>cZ4 (abc + 2Z3) ζξi
-9cl2 (abc + 2l3)2 ξη2]....Second Part, (4 + 4 =) 8 forms. Class = 0, and Order = 0.Class=0.11 U = 103 = cm?3 + by3 + cz3 + 6ltvyz.12 H = 303 = Z2 (ax? + by3 ÷ cz3} — (abc + 2Z3) xyz.13 Ψ = 806 = (αδc + 8Z3)2 {a2xβ + b2yβ + c⅛6 — 10 (bcy3z3 + caz3xi + abxiy3)}.14 ∩ = 1209 = (abc + 8Z3)3 ∖by3 — cz3. cz3 — ax3. axi — by3}.

C. XI. 44
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346 ON THE 34 CONCOMITANTS OF THE TERNARY CUBIC. Γ770

Current No. Order=0.15 P = 330 = — I (bcξ3 + caη3 + abξ3) + (— abc + 4Z3) ξηζ.16 Q= 530 = (abc — 10Z3) (bcξ3 + caη3 + abζ3') — Ql2 (5abc + 4Z3) ξηζ.17 F = 460 = b2c2ξ6 + c2a2ηβ + a2b2ζβ — 2 (abc + 16Z3) (aη3ζ3 + bζ3ξ3 -+- cξ3η3)— 24Z2 (bcξ3 + caη3 + abζ3) ξηξ — 24Z (abc + 2Z3) ξ2η2ζ2.18 Π = 1290 = (abc + 8Z3)3 {cη3 - bζ3. aζ3 - cξ3. bξ3 - aη3}.

Third Part, (8+8=) 16 forms. Class less or greater than Order.Class less than Order.19 J= 414 = (abc + 8Z3) {ξx (by3 — cz3) + ηy (cz3 — ax3} + ζz(ax3 — by3)}.20 K = 514 = (abc + 8Z3) [ξ[alxi-2blxy3 — 2clxz3 + 3bcy2z2]...}.21 K, — 714> = (abc + 8l3) {ξ [(abc + 2l3)(ax4—2bxy3 — 2cxz3) — 18bcl2y2z2∖...}.22 E = Q25 ≈ (abc + 8l3) {ξ2 (by3 — cz3) [2l2xP+bcyz]...
+ yζ(by3 — cz3} [4alx2 + 2l2yz∖...}.23 E' = 825 = (abc + 8Z3) [ξ2 (by3 — cz3) [Z (abc + 2Z3) x2 — 8bcl2yz]...

+ ηζ(by3 — cz3) [α(abc — 4Z3) x2 + Z (abc + 2Z3) yz]...}.24 E" = 1025 = (abc + 8Z3) [ξ2 (by3 — cz3} [(αδc + 2Z3)2 x2 + 18bcliyz^∖...
+ r)ζ(by3 - cz3) [— 12al2 (abc + 2Z3) ic2 + (abc + 2Z3)2yz^∖...}.25 di = 917 = (abc + 8l3)2 {ξ(by3 — cz3) [5alx4 — blxy3-clxz3 — 3bcy2z2]...].26 di, = 1117 = (abc + 8Z3)2 {ξ(by3 — cz3} [(abc + 2Z3) (5ax4 — bxy3 — cxz3}

+ 18bcl2y2z2∖...}.Order less than Class.27 J = 841 = (abc + 8Z3)2 {xξa (cη3 — bζ3} + yηb (aζ3 — cξ3} + zζc (bξ3 — aη3)}.28 K = 54ι = (abc + 8Z3) [x ∖bcξ4 — 2caξη3 — 2abξζ3 — 6alη2ζ2]...}.29 K7= 741 = (abc + 8l3) {x [l2 (bcξ4-2caξη3-2abξζ3) + a (abc + 2Zβ)^]...}.30 E = 652 = (abc + 8Z3) {<r2 (cη3- bζ3) [2alξ2 + a2ηζ]...
+ yz (cη3 — bζ3) [4Z2^2 + 2alηζ]...}.31 E, = 852 = (abc + 8Z3) {x2 (cη3 — bζ3) [α (abc — 4Z3) ξ2 — 6a2l2ηζ~∖...

+ yz (cη3 — bζ3) [4Z (abc + 2Z3) ξ2+ a (abc — 4Z3) ηξ]...}.32 7Γ = 1052 = (abc + 8l3){xi(cη3-bζ3)[-3al2(abc + 2l3)ξ2 + 9a2l4ηζ]...
+ yz(cη3- bζ3) [(αδc + 2Z3)2 ξ2- 3al2(abc — 4Z3) -rç^]...}.33 M = 771 = (abc + 8Z3) {x (cv3 - bξ3) [(abc - 8Z3) ξ4 - a2cξη3 - a2bξζ3

-12al2ξ2ηζ-Qa2lη2ζ2∖...}.34 M, = 971 = (abc + 8Z3) [x (cv3 - bζ3) [l2 (7abc + 8Z3) ξ4 - 3a2cl2ξv3 - 3a2bl2ξζ3+ 4αZ (abc — Z3) ξ2ηζ + a2 (abc — 10Z3) η2ξ2]...}.
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770] ON THE 34 CONCOMITANTS OF THE TERNARY CUBIC. 347To this may be joined the following Supplemental Table of certain Derived Forms :Current No.35 R = 1200 = 64$3 — T2 = — abc (abc + 8Z3)3.36 C = 703 = — FF + 24$P = (αδc + 8Z3) {(—αδc + 4Z3) (αP + Z>y3 + cP)
+ 18abclxyz}.37 D = 903 = 8S2U — 3TH = (abc + 8l3) {l2(5abc + 4Z3) (ax?+ by3 + cz3)

+ 3abc (abc — 10Z3) xyz∖.38 Γ = 930 = 3FP-4>SQ=(α5c + 8Z3)2[Z(δc^+cατ73 + αδζ'3)-3α⅛∏.39 Z = 1130 = - 48>S2P + TQ = (abc + 8Z3)2 {(abc + 2Z3) (bcξ3 + cav3 + abξ3)
+ 18abcl2ξηζ}.40 Φ = 1660 = 12 (abc+8l3)3 F-288STP2 +768S2PQ-8TQ2

= (abc + 8Z3)4 {b2c2ξ6 + c2a2η6 + a2b2ζβ — 10abc (aη3ξ3 + bζ3ξ3 + cξiη3}},

niż. these are derived forms characterized by having a power of abc + 8Z3 as a factor : 
R is the discriminant; C, D, Y, Z occur in Aronhold, and in my Seventh memoir on Quantics [269] : Φ in Clebsch and Gordan’s memoir of 1869.I regard as known forms A, U, H, P, Q, S, T, F, that is, the eight forms 3, 11, 12, 15, 16, 1, 2, 17 ; the remaining 26 forms are expressed in terms of these by formulae involving notations which will be explained, viz. we have13 Ψ = 3 (bc' + b'c-2ff,...,gh' +g'h - af'- a,f, ...⅛X, Γ, Z⅜X,, Y', Z') + TU2.14 Û = ⅛ Jac (U, H, Ψ).18 ∏ =~⅛[Jac] (P, Q, F).4 Θ = (bc-f2,..., gh-af, ...⅛ξ, v, ζ)2.5 Θ' = ⅛δΘ.6 Θ" = ⅛ δ2Θ.7 B = —⅜Jac(F, Θ, Λ).8 B' = ⅜δP.9 B" = ⅛82B.10 #"= ⅜δ3B.19 J = —⅜Jac(F, H, A).27 «7 = ⅜[Jac](P, Q, A).20 K = -${d{®dxff + ∂ηΘ∂yff + ∂ζΘ∂zH}- SUA.21 A'=-(δ)7Γ28 K = 3 {bxW⅛P + ∂y<8fiηP + δzΘ9iP} + QA.29 K' = ⅜(δ)Z22 P = —⅛Jac(A, U, A).23 E' =-⅜(δ)P. 44—2
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348 ON THE 34 CONCOMITANTS OF THE TERNARY CUBIC. [77024 E" = ⅛(δ2)P.30 E = — ∣Jac (K, U, Λ).31 >=-⅜(δ)J.32 >' = -⅜(δ2)Z
25 Μ == ⅛ Jac ( U, Ψ, Λ).26 M,≈-(8)M.33 Μ = - ⅜ [Jac] (P, F, Λ).34 M' = ⅜(δ)>.In explanation of the notations, observe that

U = ax3 + δy3 + cz3 + Qlxyz,

H = l2 (ax3 + by3 + cz3) — (abc + 2Z3) xyz.Hence, writing
QH = a'xP+b'y3+ c'z3 + Ql'xyz,we have

a', b', c', V = 6αZ2, 6δZ2, 6cZ2, — (αδc + 2Z3).And this being so, we write
X, Y, Z = ax3 + 2lyz, by3 + 2lzx, czn- + 2lxy, a, b, c, f, g, h = ax, by, cz, lx, ly, lz,for ⅛ of the first differential coefficients, and ⅛ of the second differential coefficients of U ; and in like manner

X', Y', Z, = a'x2 + 2l,yz, b'y3 + 2l'zx, e'z3 + 2l'xy,b', c', f', g', h' = ax, b'y, c'z, l'x, l,y, ιz,for ⅜ of the first differential coefficients, and ⅜ of the second differential coefficients of QH.Jac is written to denote the Jacobian, viz. :
3a,Z7, ∂yU, ∂zUJac(P, Η, Ψ) = ∂xH, ∂yH, ∂zH tsa5ψ, a2zψ, ¾ψand in like manner [Jac] to denote the Jacobian, when the differentiations are in regard to (ξ, η, ζ) instead of (x, y, z): δ is the symbol of the δ-process, or substitution of the coefficients (a', b', c', Γ) in place of (a, b, c, I) ; in fact,δ = a'∂a + b ⅜ + c'∂c -j-1 ∂ι :

δ, δ2, &c., each operate directly on a function of (a, b, c, I), the (α', b', c, Γ) of the symbol δ being in the first instance regarded as constants, and being replaced ultimately by their values ; for instance,
8abc = a'bc + ab'c + abc', 82abc = 2 (ab'c' + a'bc' + a'b'c), 83abc = Qa'b'c'.
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770] ON THE 34 CONCOMITANTS OF THE TERNARY CUBIC. 349In several of the formulæ, instead of δ or δ2, the symbol used is (δ) or (δ2); in these cases, the function operated upon contains the factor (αδc + 8i3) or (abc + 8i3)2, and is of the form (abc + 8Z3)(aU+ bV + clΓ) or (abc + 8Z3)2 (α2C7+ abV + &c.) : the meaning is, that the δ or δ2 is supposed to operate through the (abc + 8Z3) a, or 
(abc + 8Z3)2 α2, &c., as if this were a constant, upon the U, V, &c., only ; thus : 
(δ).(abc +8l3)(aU+bV + cW) is used to denote (abc + 8l3) (aδU + δδF + cδψ). As to this, observe that, operating with δ instead of (δ), there would be the additional terms U8 (abc + 8Z3) a + &c. ; we have in this caseδ (abc + 8Z3) a, = a (2abc + ab'c + abc' + 24Z2Z') + 8l3a',

= 2⅛a2bcl2 — 24αZ2 (abc + 2Z3) + 48αZδ, = 0 ;or the rejected terms in fact vanish. For (δ2). (abc + 8l3)(aU + bV + cW), operating with δ2, we should have, in like manner, terms Uδ2 (abc + 8l3) a, &c. ; hereδ2 (abc + 8Z3) a = a'2bc + 2aba'c' + 2aca'b' + a2b'c, + 24Z2α7' + 24o7Z'2,which is found to be = — 24α (abc + 8Z3) (— abcl + li), that is, = — 24$ (αδc + 8Z3) a ; and the terms in question are thus = — 2⅛S (abc + 8l3)(aU+ bV + cW), viz.
(abc + 8Z3) (α U + bV + cW)being a covariant, this is also a covariant ; that is, in using (δ2) instead of δ2, we in fact reject certain covariant terms ; or say, for instance, 82E being a covariant, then (δ2) E is also a covariant, but a different covariant. The calculation with (δ) or (δ2) is more simple than it would have been with δ or δ2. See post, the calculations of K, K', &c.I give for each of the 26 covariants a calculation showing how at least a single term of the final result is arrived at, and, in the several cases for which there is a power of abc + 8l3 as a factor, showing how this factor presents itself.

Calculations for the 26 Covariants.13. Ψ = 3 (be' + b'c - 2ff', ..., gh' + g'h - af' - a'f, ..⅛X, Y, Z⅛X', Y', Z') + TU2,= 3 ((δc' + b'c) yz — 2ll'x2, ..., 2ll'yz — {al' + a I) x2, ... ~^ax2 + 2lyz, ... fa,x2 + 2l'yz, ...)
+ T(a2xβ +...).The whole coefficient of xβ is

- 6ll'aa + Ta2, = 36a2l3 (abc + 2i3) + Ya2,viz. the coefficient of α⅛6 is= 36i3 (abc + 2Z3) + a2b2c2 — 20abcl3 — 8lβ 
= a2b2c2 + 16abcl3 + 64Zb
= (abc + 8Z3)2.

X, X', ⅛‰ψ14., ∩ = ⅛Jac(tf, H, Ψ), =⅜ Y, Y', w*r ■
Z, Z', ⅜ ¾Ψ
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350 ON THE 34 CONCOMITANTS OF THE TERNARY CUBIC. [770Here
YZ' - Y'Z = (by2 + 2Zsα) (c'z2 + 2Z⅛y) - (cz3 + 2lxy) (b'z2 + 2l'xy)

= (bc, — b'c) y2z2 + (2bl, — b'l) xy3 — 2 (cl' — c,Z) xz3 = - 2 (abc + 8Z3) x (by3 — cz3) ;⅜ . ⅜ θzΨ = ⅜ (α⅛5 — babx2y3 — 5acx2z3).Hence the whole is
= — (abc + 8Z3) {α⅜6 (by3 — cz3) + b2ye (cz3 — ax?) + c2z6 (ax? — by3)},

= (abc + 8Z3) (by3 — cz3) (cz3 — ax?) (ax? — by3).

∂ξP, ∂ξQ, ∂ξF18. Π = -⅛[Jac](P, Q, F) = — ∙g⅛ b-ηP, ∂ηQ, ∂ηF ι

∂ζP, 3ζQ, ∂ζFviz. if, in this calculation, we write
QP = aξ3 + bη3 + cξ3 + 6iξηζ, i.e. a, b, c, 1 =-6Z6c, -6Zcα, -6lab, -abc + 4>l3,

Q = a'ξ3 + by + c'f8 + 6Γ∣77f, „ a, b', c', Γ = (abc - 10Z3)(be, ca, ab), -12(5abc + 4Z3),then aξ2 + 2btf, a'F+21,^, ⅛∂ξF∏ = -⅛ b√≈ + 21^, by+21u ∣M, . cΓ + 2‰ c'^+21⅜, ⅛∂ζFHere (bτ72 + 21g) (c't2 + 21⅜) - (by + 2Yξξ) (cξ2 + 21^)= (be - b'c) v2ξ2 + 2 (bl'- b'l)ξv3- 2(cl' - cl) ξζ3,or since bc, - b'c = 0,bl' - b'l = - 6Zcα. - Z2 (5abc + 4Z3) - (abc - 10Z3) ca (- abc + 4Z3)
= ca {6Z3 (5abc + 4Z3) + (abc — 4Z3) (abc — 10Z3)}
= ca (abc + 8Z3)2,and the like for cΓ-c'l, the expression is= 2 (abc + 8Z3)2 (caη3 — abζ3) ξ ;and the whole is thus

= — ⅛ (abc + 8Z3)2 {(caη3 — abζ3) ς . ⅜ ∂ξF + ... j
= — ⅜ (abc + 8Z3)2 {(caη3 — abζ3) [b2c2ξ6 — (abc + 16Z3) (bζ3ξ3 + cξ0y3) + &c.]

+ (abζ3 - bcξ3) [c2a2vβ - (abc + 16Z3) (cξ3v3 + ατ∕3t3) + &c.]
+ (bcξ3 - cay3) [a2b2ζβ - (abc 4- 16Z3) (av3ζ3 + bξ3ξ3) + &c.]}.Here the coefficient of ξ6η3, inside the {}, is
ab2c3 + bc2 (abc ÷ 16Z3), = 2δc2 (abc + 8Z3),
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770] ON THE 34 CONCOMITANTS OF THE TERNARY CUBIC. 351and consequently the whole is
= — (abc + 8Z3)3 (bc2ξβη3 — ...),= (αδc + 8Z3)3 {(c773 — bζ3) (aζ3 — cξ3) (bξ3 — cm?8)}.4. Θ = (bc-f2, ...,gh-af, ...⅝f, η, ζ)*

= (bcyz — l2x2) ξ2 + ... + 2 (l2yz — ala?) ηξ+ ...which are the terms of the final resultΘ = x2 [— Z2£2 — 2abηξ] + yz [bcξ2 + 2Z2t?Ç].5 and 6. The δ-process applied to the terms of Θ just written down gives Θ' = j δΘ = <r2 [- ll'ξ2 - (al, + α'Z) ηζ∖ + yz [⅛ (be + Z>'c) ξ2 + 2ll'yζ∖,Θ" = ⅛ δ2Θ = x2 [— Z'2Zf2 — 2aιyξ] + yz ∖b'cξ2 + 2l'2ηζ] ;substituting for a', b', c', V their values, we have the corresponding terms of Θ' and Θ" respectively.
X, ∂β, ξ7. 7? = —⅜Jac(Z7, Θ, Λ), =— Y, ¾Θ, η ,Z, ¾Θ, ζA term is X (τ?92Θ — ζ∂yQ), and if, in this calculation, we writeΘ=(A, B, G, F, G, H⅜x, y, z)2, i.e. A = - l2ξ2 - 2alvζ, ..., F = ⅛bcξ2 + l2ηζ,then the term is

= (ax2 + 2lyz) {x.2(Gv-Hζ) +y.2(Fη - Bζ) +z .2(Cη-Fξ)}.Here 2 (Gη — Hζ) = η (caη2 + l2ζξ) — ζ (abζ2 + l2ξy), = a (cη3 — bζ3), and hence the whole term in ic3 is = a2x? (cη3 - bζ3).8, 9, 10. The coefficient of x3η3 in B is a2c, and hence in 8B, 82B, 83B the coefficients of this term are 2aac + a2c', 2a'2c + 4>aa' c, 6a'2c', whence in
B', B", B"' = ⅛8B, ⅛δ25, ⅛δ35 respectively, the coefficients are ⅜ (α2c' + 2aa'c), ⅛ (α'2c + 2aa,c'), ∣ α'2c',= 3Z2α2c, 9Z4α2c, 27Z6α2c respectively.

X, xf, ξ19 J=- ⅜ Jac(Z7, H, A) = -⅜ F, F, i? ;Z, Z', ζa term is -⅜(FZ'- Y'Z)ξ, where, as in a previous calculation,FZ' - Y'Z = — 2 (abc + 8Z3) x (by3 — ez3).
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352 ON THE 34 CONCOMITANTS OF THE TERNARY CUBIC. [770Hence, the whole is
= (abc + 8i3) {ξx (by3 — cz3) + ηy (cz3 — ax3) + ζz (axi — by3}}.af+2⅛ζ a'^8+2iχ, x27. 7=⅜[Jac](P, Q, Λ) = ⅜ bη2 + 21^, bV + 2Γ^, y ,cf2 + ¾ c'Γ + 21¾, zif, as in a previous calculation6P = a£3 + brç3 + c£3 + 61£?7 ζ, Q = a'ξ3 + b'η3 + c'fs + 6Γ^τ∕ζ,.Here, as before,(b√≈ + 21^) (c'Γ + 21'^t7) - (b'τ72 + 21'g) (c£2 + 21^) = 2 (abc + 8Z3)2 (cavs - abξ3} ξ.Hence, the whole is

= (abc + 8i3)2 {xξa (cη3 — bζ3} + yηb (aζ3 — c'ξ3) + zζc (bξ3 — aη3}}.20. A" = -1 (afΘaa,5^+ ∂rβ∂yH + ∂ζ<∂dzH) - SU A,which, H being = ⅜ (a'#3 + b,y3 + cz3 + Ql,xyz∖and puttingΘ = (J-, B, C, F, G, H⅜ξ, η, t)2, A = -l2xi + bcyz, ..., F= - alx2 + l2yz,..., is = -1 {(a'x2 + 2l'yz) (Aξ + Hη + Gξ) - (- abcl + li) U (ξx + ηy + ζz)

+ (b'y2 + 2l'zx} (Hξ + Bη + Fζ)

+ (c,z2 + 2l'xy) (Gξ +Fη + Cξ)}.The whole coefficient of ξ is thus= — I {(a'x2 4- 2l'yz} A + (b'y2 + 2l'zx) H + (cz2 + 2l'xy} G} — (— abcl + li) Ux = — j {(a,x3 + %l,yz) (— + bcyz) + (b,y2 + 2l'zx} (— clz2 + l2xy}

+ (c,z2 + 2l'xy) (- δty2 + l2zx}} - (- abcl + Z4) {ax4 + bxy3 + cxz3 + §lx?yz\, and herein the coefficient of zr4 is= I a!l2 — al (— abc + Zs), = 9αZ4 ~ al (— abc + Z3), = (abc + 8?) al ; viz. we have thus the term (abc + 8Z3) ξ . alx4 of the final result.21. K,=-(F)K, where K is of the form (abc + 8l3) (aU+ bV + cW)∙, operating with (δ), we obtain (abc + 8l3) (aδU + bδV + cδW). Taking for instance the term of 
K, (abc + 8Z3) ξ [alx? - 2blxy3 - 2clxz3 + 3bcy2z2], then, in operating with (δ), the term be may be considered indifferently as belonging to bV or cW, and the resulting term of K, is

K, = - (δ) K = - (abc + 8Z3) ξ [al'x? - 2bl,xy3 - 2cl,xz3 + 3bc'y2z2],

= (abc + 8Z3) ξ [(αδc + 2Z3) (axi — 2bxy3 — 2cxz3} — 18bcl2y2z2^].
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770] ON THE 34 CONCOMITANTS OF THE TERNARY CUBIC. 35328. K = 3 {∂zΘ3jP + 3yΘθηP + 32Θ3^P∫ + QA ; viz. writingΘ = (A, B, C, F, G, FΓfyx, y, z}2, A = — l2ξ2 — 2alηζ, ... F = ⅜bcξ2 + l2ηζ, ..., then this is= 3 {[— 3δcZ^2 + (— abc + 4Z3) ηζ] 2 (Ax + Hy + Gz)

+ [— 8calη2 + (— abc + 4P) ζξ] 2 (Hx + By + Fz)

+ [— ⅜ablζ2 + (— abc + 4Z3) ξη] 2 (Gx + Fy + Gz}}+ {(αδe — 10Z3) (bcξ3 + caV3 + ai>ζ3) — 6Z2 (5abc + 4Z3) ξηξ} (ξx + ηy+ ξz).The whole coefficient of x is thus= 3 {[- 8bclξ2 + (- abc + 4P) ηξ] (- 2l2ξ2 - 4>alηξ)

+ [— 3calη2 + (— abc + 4Z3) ξξ] (abζ2 + l2ξη)+ [— 3αδZt2+ (— abc + 4Z3) ξη∖ (acη2 + l2ξξ)}

+ {(abc — 10Z3) (bcξ4 + caξη3 + abξξ3) — Gl2 (5abc + 4P) ξ2ηζ} ;herein the coefficient of ξ4 is 18bcl3 + (abc — 10Z3) be, = (abc + 8l3) be, giving, in the final result, the term (abc + 8Z3) ξ. bcx4.29. A'=⅜(δ)Ar.Here 7ι is of the form (abc + 8Z3) (aU +bV+ cΨ), and we have Â' = ⅛ (abc + 8P) (αδ U + δδ V + cδ IF).A term of aU + bV + cW is x [bcξ4 — 2caξη3 — 2abξζ3 — 6alη2ζ2]i where bcξ4 may be considered as belonging indifferently to bV or cW; and so for the other terms. The resulting term in ∣(αδZ7+δδbr+cδJF) is thus
£ x [bc'ξ4 — 2ca'ξη3 — 2ab'ξζ3 — Gal,η2ζ2],which is

= x [l2 (bcξ4 — 2caξη3 — 2abξζ3) + a (abc + 2Z3) η2ξ2], and we have thus a term of K'.22. P = -⅛Jac(Λ', U, A):
K contains the factor abc + 8l3, and if, omitting this factor, the value of K is called 
A ξ + Bη + Cζ, then we have

E = - £ {(ξ∂xA + η∂xB + ζ∂xC) ( Yξ - Zη) + (ξbyA + η∂yB + (Zξ -At)
+ (ζbzA + rβzB + ζczC)(Aη — 1 £)},and the term herein in ξ2 is — £ ξ2 (Z∂yA — Y∂zA ), where A is 

= alx4 — 2blxy3 — 2clxz3 + Sbcy2z2 ;
C. XI. 45
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354 ON THE 34 CONCOMITANTS OF THE TERNARY CUBIC. [770viz. the coefficient of ξ2 is
== — ⅜ {(cz2 + 2lxy) (— Qblxy2 + 6bcyz2) — (by2 + 2lzx) (— Qclxz2 + 6bcy2z^)}

= b2cyiz — bc2yzi + 2bl2x2y3 — 2cl2x2z3 
=■ (2l2x2 + bcyz) (by3 — cz3).Hence, restoring the omitted factor (abc + 8Z3), we have in E the term 

(abc + 8Z3) ξ2 (by3 — cz3) [2l2x2 + bcyz].23, 24. E' = -⅛ (δ) E, E" = ⅛(δ2) E :

E is of the form (abc + 8Z3) (aU+ bV + cW), and, as before, in a term such as 
(abc + 8Z3) ξ2 (by3 — cz3) (2l2x2 + bcyz),we operate with δ or δ2 only on the factor 2l2xi + bcyz∙, and in E, and E" respectively, operating upon this factor, we obtain— I {4ZZ'zr2 + (be + b'c) yz}, and ∣ {4Z'¾c2 + 2b,c,yz}, viz. we thus obtain in E, the term

(abc + 8Z3) ξ2 (by3 — cz3) [Z (abc + 2Z3) x2 — 3bcl2yz],and in E" the term
(abc + 8Z3) ξ2 (by3 — cz3) [(αδc + 2l3)2x2 + I8bcl4yz^].

⅛κ, x, ξ30. E = — ⅜Jac(7f, U, A), = —⅛ "∂yK, Y, η j

bzK, Z, ζand, if omitting in K the factor abc + 8Z3, we write K = Ax + By + Gzi where 
A, X, ξ

A = bcξi — 2caξη3 — 2abξζ3 — Qalη2ζ2, this is = —⅜ B, Y, η ,

C, Z, ζwhich contains the term
⅜ X (Bζ — Cη), = ⅜ (ax2 + 2lyz} (caη4 — 2abηζ3 — 2bcηξ3 — 6blξ2ξ2)

- η (abζ4 - 2bcζξ3 - 2cαfr3 - Gclξ2v%

= (ax2 + 2lyz) (cη3 — bζ3} (2lξ2 + aηξ).Hence, restoring the factor abc+8l3, we have the terms
Ë = (abc + 8Z3) {x2 (cη3 - bξ3) [2alξ2 + a2ηξ] + yz (cv3 - bζ3) [4Z⅛2 + 2alηζ∖}.31 and 32. ^' = -⅜(δ)^, >'= - j (δ2) I? :

E is of the form (abc + 8Z3)(aU+ bV + cW), and we operate with δ and δ2 on the factors 
2alξ2 + a2ηζ, &c. ; viz.δ (2alξ2 + a2ηξ) = 2 (aι + α'Z) ξ2 + 2aa,yζ, δ2 (2alξ2 + a2ηζ) = 4>aΓξ2 + 2a'2ηζ,
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770] ON THE 34 CONCOMITANTS OF THE TERNARY CUBIC. 355and we thus obtain in E' the term
(abc + 8Z3) ir2 (cη3 — bζ3) [α (abc — 4l3) ξ2 — 6a2l2ηζ^∖,and in Ë" the term

(abc + 8Z3) x2 (cη3 — bζ3) [— 3αZ2 (abc + 2Z3) ξ2 + 9a2l4η.25. Jf=3⅛Jac(ZT, Ψ, A): this, omitting the factor (α5c + 8Z3)2 of Ψ, is
ax2 + 2lyz, ax2 (ax3 — 5by3 — 5σε3), ξ

= ⅜ by2 + 2lzx, by2 (by3 — 5cz3 — 5ax3), η ;

cz2 + 2lxy, cz2 (cz3 — bax3 — 5by3), ζthe coefficient of ξ herein is
= ⅜ {(bcy2z2 + 2clxz3} (cz3 — 5ax3 — 5by3) — (bcy2z2 + 2blxy3) (by3 — 5cz3 — 5ax3)},

= ⅜ {bcy2z2 (— Qby3 + 6αs8) + 2lx [— b2y3 + c2z3 + 5a#8 (by3 — αz8)]},
= (by3 — cz3) [5alx4 — blxy3 — clxz3 — 3bcy2z2~∖.Hence, restoring the factor (abc + 8l3)2, we have the term

(abc + 8Z3)2. ξ (by3 — cz3) [balxi — blxy3 — clxz3 — 3bcy2z2}.26. M' = -(⅛)M. Here M is of the form (abc + 8Z3)2 (a2U + &c.) ; and the δ operates through the (abc + 8Z3)2 α2, &c. ; we, in fact, have in M' the term
— (abc + 8Z3)2. ξ (by3 — cz3) [5αZ'zr4 — bl'xy3 — cl,xz3 — 3bc,y2z2∖̂,which is

= (abc + 8Z3)2. ξ (by3 — cz3) [(αδc + 2Z3) (5αzr4 — bxy3 — cxz3) + 18bcl2y2z2∖.

— 3lbcξ2 + (— abc + 4Z3) ηξ, dçF, x33. M = — ⅜ [Jac] (P, F, Λ), = - ⅜ — 3lcaη2 + (— abc + 4Z3) ζξ, ∂vF, y ,

— 3labζ2 + (— abc + 4Z3) ξη, bςF, zand the whole coefficient of x is thus= ⅜ {[3Zcατ72 + (abc — 4Z3) ζξ] bζF — ∖3labζ2 + (abc — 4Z3) ξη∖ ∂vF},or substituting for ⅛∂ζF, ⅛∂ηF their values, this is
= {3lcarf + (abc - 4Z3) ζξ} [a2b2ξs - (abc + 16Z3) (bξ2ξ3 + aξ2η3)

— 4l2 (bcξ4η + caξη4 + 4abξηζ3) — 81 (abc + 2Z3) ξ2η2ζ]

— {3labζ2 + (abc — 4Z3) ξη} [a2c2ηs — (abc + 16Z3) (α^2t3 + cη2ξ3)

— 4l2 (bcζξ4 + 4caξη3ξ + abξζ4) — 81 (abc + 2Z3) ξ2ηζ2].45—2
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356 ON THE 34 CONCOMITANTS OF THE TERNARY CUBIC. [770Collecting, first, the terms independent of abc — 4Z3, and, next, those which contain 
abc-4>l3, each set contains the factor cη3-bζ'3, and the whole is =cη3-bζ3 multiplied by

— 3la3bcη2ζ2 — 3a2l (abc + 8Z3) η2ζ2 — 12l3 (abcξi + a2cξη3 + a2bξζ3) — 24>al2 (abc + 2Z3) ξ2ηζ 
+ (abc - 4J3) {a2cξη3 + a2bξζ3 - (abc + 16Z3) ξi + 12al2ξ2ηξ} ;and here collecting the terms in ξi, ξ(cη3 + bζ3), ξ2ηζ, and η2ξ2, each of these contains the factor abc + 8Z3, and, finally, the term of M is

= (abc + 8Z3) (cη3 — bζ3) [(αδc — 8Z3) ξ3 — a2cξη3 — a2bξζ3 — 12al2ξ2ηζ — 6a2lη2ζ2] x.34. >' = ⅜(δ)>.Here J∕ is of the form (abc + 8Z3)(αZ7+ bV + elf) ; and, operating with δ through the 
(abc + 8Z3) a, &c., we obtain in M' the term∣ (abc + 8Z3) x (cη3 — bξ3) [(α'Z>c + ab'c + abc — 24Z2Z,) ξi + &c.],where

a,bc + ab'c + αZ>c' - 24Z2Z, = 18αδcZ2 + 24Z2 (abc + 2Z3), = 6Z2 (7 abc + 8Z3), and the term thus is
= (abc + 8Z3) x (cη3 - bζ3) [(7abc + 8Z3) l2ξi +.. .J.This concludes the series of calculations.

Cambridge, England, 17 May, 1881.
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