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773.

ON THE 8-SQUARE IMAGINAMES.

[From the American Journal of Mathematics, vol. ιv. (1881), pp. 293—296.]I write throughout 0 to denote positive unity, and uniting with it the seven imaginaries 1, ...,7, form an octavic system 0, 1, 2, 3, 4, 5, 6, 7, the laws of combination being
02 3 4 5 6 7 = 0, 12 = 22 = 32 = 42 = 52 = 62 = 72 = — 0,123 = e1, 145 = e2, 167 = e3,246 = e4, 257 = e5,347 = e6, 356 = e7,where e=+, viz. each e has a determinate value + or — as the case may be; and where the formula, 123 = e1, denotes the six equations23= e1l, 31= e12, 12= e13,32 = -e1l, 13 = -e12, 21 = - e13,and so for the other formulae. The multiplication table of the eight symbols thus is0 123456700 12345671 1 — 0 ∈1 3 — c1 2 e2 5 — ∈2 4 e3 7 — ∈3 62 2 — e13 — 0 c11 ∈4 6 ∈5 7 — <4 4 — e5 53 3 e12 - e11 - 0 e6 7 e7 6 - ∈7 5 - e6 44 4 — ∈2 5 — e4 6 — ∈θ 7 — 0 c21 c4 2 eθ 35 5 e2 4 — e5 7 — e7 6 — e2 1 — 0 e7 3 e5 26 6 — e3 7 e4 4 e7 5 — c4 2 — c7 3 — 0 e317 7 e3 6 e5 5 ∈6 4 - c6 3 - e5 2 - e31 - 0
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773] ON THE 8-SQUARE IMAGINABLES. 369Hence if 0, 1, 2, 3, 4, 5, 6, 7 and O', 1', 2', 3', 4', 5,, 6', 7' denote ordinary algebraical magnitudes, and we form the product(00 +11 + 22 + 33 + 44 + 55 + 66 + 77) (0'0 + l'l + 2'2 + 3,3 + 4,4 + 5'5 + β'6 + 7'7), this is at once found to be =(00' - 11' - 22' - 33' - 44' - 55' - 66' - 77') 0+ (01' + 0'l+e123 + e245 + e367 )1+ (02' + 0'2 + e131+ e446 + eδ57 )2+ (03' + 0'3 + e112 + es47+e756 )3+ (04' + 0'4 + e151+ e462 + e673 )4+ (05' + 0'5 + e214 + eδ72 + e763 )5+ (06' + 0'6 + e371+e424 + e735 )6+ (07' + 0'7 + e316 + eδ25 + eβ34 ) 7,where 12 is written to denote 12'-1'2, and so in other cases.The sum of the squares of the eight coefficients of 0, 1, 2, 3, 4, 5, 6, 7 respectively will, if certain terms destroy each other, be= (02 +12 + 22 + 32 + 42 + 52 + 62 + 72) (0'2 + 1'2 + 2'2 + 3'2 + 4'2 + 5'2 + 6'2 + 7'2) ; viz. the sum of the squares contains the several termse1e223.45, e1e323.67, e1e431.46, e1eδ31.57, e1e612.47, e1e712.56, e2e345.67,e4e724.35, e4e662.73, e2e714.63, e2e651.73, e2es14.72, e2e451.62, e4eδ46.57,eδe625.34, eδe772.63, e3eβ16.34, e3e77l.35, e3e47l.24, e3eδ16.25, e6e747.56,and observing that 21 =-12, etc., and that we have identically 23.45 + 24.53 + 25.34 = zero, etc.,then the three terms of each column will vanish, provided a proper relation exists between the e’s: viz. the conditions which we thus obtain aree1e2 = — e4e7 = eδeβ, eιe3 — — e4e6 = eδe7, e1e4 = — e3e6 = — e2e7,G<⅛ = e3e7= e2e6,^ie6= ⅜e5 — ~ ⅞e4>elf7 = ¾e4= €3€5, ∖e2e3 = — e4eδ = e6e7.We may without loss of generality assume e1 = e2 = e3 = + j the equations then become
+ = - e4e7 = e5eβ,+ = ~ ^4e6 = ¾e7>+ = ~ e4¾ = eβe7,
∈4 = - e6 = ~ C7,
¾ = e7 = e6,

» e6 = eδ = — e4,= - e4 = eδ ;
c. xι. 47www.rcin.org.pl



370 ON THE 8-SQUARE IMAGINARIES. [773and writing θ = + at pleasure, these are all satisfied if — e4 = e8 = e6 = e7 = θ. The terms written down all disappear, and the sum of the squares of the eight coefficients thus becomes equal to the product of two sums each of them of eight squares, viz. this is the case if e1 = e2 = e3 = +, — e4 = e5 = e6 = e7 = 0, θ being = ± at pleasure : the resulting system of imaginaries may be said to be an 8-square system.We may inquire whether the system is associative ; for this purpose, supposing in the first instance that the e’s remain arbitrary, we form the complete system of the values of the triplets 12.3, 1.23, etc., (read the top line 12.3 = — ej 0, 1.23 = -e10, the next line 12.4=e1eβ7, 1.24 = e3e47, and so in other cases):12.3 = 1.23 = - <1 - *1 012.4 = 1.24 = Mβ <3C4 712 . 5 = 1.25 = <ι<7 - Me 612.6 = 1. 26 = - M? - ⅞<4 512.7 = 1.27 = - <i«e «2«5 413.4 = 1. 34 = - *1<4 ~ Me 613.5 = 1.35 = - Me c3e7 713.6 = 1.36 = «1*4 e2∈7 413. 7 = 1.37 = Me - Me 514.5 = 1.45 = — e2 - f2 θ14.6 = 1.46 = c2e7 «1*4 314.7 = 1.47 = «2«δ - Mβ 215. 6 = 1. 56 = - e2f4 - M7 215. 7 = 1. 57 = - Mβ Mβ 316.7 = 1.67 = - «3 - «3 023.4 = 2.34 = Mi e5c6 523. 5 = 2.35 = - <1«2 — e4e7 423. 6 = 2 . 36 = 1 Ms ~ e5e7 723.7 = 2. 37 = - Ms “ Me 624.5 = 2.45 = — ∈4e7 - Ma 324.6 = 2.46 = - «4 - f4 024.7 = 2.47 = «3«4 Me 125.6 = 2 . 56 = - Ms M? 125. 7 = 2 . 57 = ' - <β - «8 026. 7 = 2 . 67 = - Mβ - Ms 334.5 = 3.45= ' - Me Ma 234.6 = 3.46 = - Me - M4 134.7 = 3.47 = - «6 - «6 035. 6 = 3. 56 = ^~ c7 - c7 035.7 = 3. 57 = c3c7 - Me 136.7 = 3.67 = - «#«7 • Ms 245.6 = 4.56 = c2∈3 — c6e7 745.7 = 4.57 = - e2e3 - Me 646.7 = 4.67 = - «4*5 “ Ms 556.7 = 5. 67 = - c6f7 Ms 4.
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773] ON THE 8-SQUARE IMAGINAMES. 371Write as before e1 = e2 = e3 = + j then, disregarding the lines (such as the first line) which contain the symbol 0, and writing down only the signs as given in the third and fourth columns, these are
<6 «4

e7 — es

- «7 - «4

- <6 <5

- €4 - «6

e7

«4 €7

«8 - <⅛

c7 «4

e5 - «6

- t4 — e7

- <6 <5

+ - <5fβ

— - ε4f7

+ - c5e7

— - <4<β

— c4e7 -

«4 <6

6δ c7

- e4<⅛ -

- «8«6 +

- «6 - <4

C7 “ «8

- e5e7 +

+ - e6c7

- - c4e3

- c4c5 -

- c6e7 +We hence see at once that the pairs of signs in the two columns respectively cannot be made identical: to make them so, we should have eβ = e4, e7 = -e5, e7=e4, that is, e4= eβ = e7 = — e5, which is inconsistent with the last equation of the system — e6e7 = +. Hence the imaginaries 1, 2, 3, 4, 5, 6, 7, as defined by the original conditions, are not in any case associative.If we have ei = e2 = ⅞ = + and also — e4 = es — eβ = c7 = θ, that is, if the imaginaries belong to the 8-square formula, then it is at once seen that each pair consists of two opposite signs; that is, for the several triads 123, 145, 167, 246, 257, 347, 356 used for the definition of the imaginaries, the associative property holds good, 12.3 = 1.23, etc. ; but for each of the remaining twenty-eight triads, the two terms 
are equal but of opposite signs, viz. 12.4 = — 1.24, etc. ; so that the product 124 of any such three symbols has no determinate meaning.

Baltimore, March 5th, 1882.
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