CHAPTER VL

dw e;.c
(a+bcosz+csinx)®”

INTEGRALS OF FORMS]

170. Integration of forms

j dx dxz j dx .
a+bcosx’ Sa+bsinx’ a+bcosx+csing’

To integrate j , we may write a+bcosz as

a+bcosz
cos? L4 5in? T) 4-b (cos? 2 —sin? 2
a (oo 5 sin 5)-+b (008t 5 —sin ),

v.e. (a+Db)cos? E-{- (@—b) sin® 9,

or ((Jb—b)cos2 [a+g+ta. g ]
¥ 1
~sec? dx
dz 2 2
Thus j ............... (1)
b
a+bcosz a— ja+ll:+ta 2::;
171. Case I. If a®>>0? this becomes
z
IR BRI hin
a—b di-;l; o a+b
a—b
2 4 Ja—b
or mt&ﬂ mtané,

%.e. —2— tan—! (tan <
@sin a 2
170

z
tan §)’ where b=a cos a.
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VARIOUS STANDARD METHODS. 171

This may be written in other forms:

1—22
: =1 =5
e.g. since 2tan—! z=cos T+
we may write the result as
a—b 2 Z
e 1— T tan? =
Jai—b a—b, .z
14— 5 b tan
o 1 e b+acosz 1 _, cosa+cosz
2—b® a+bcosz asinag 1+cosacosz’
Vi
Further forms are:
N/a—l;sin; 9 Ja+bcos;
sin—! or €08 ——,
Var—b? Ja+bcosx Jar—b? Ja+bcosz
1 Ny Jai—bsinz
. Jaz—b? oy DA +bcosz ’

172. Cask IL. If a®<Cb? writing the integral in the form

z
9 dta,n§
b—alb+a

OF A 4oweo
e tan 5
in place of the form (1), we have by Art. 127,

[b+a z
j de 92 1 1 Vi—a a+tan§
o, BERSAL.,
a+bcosz b— a2«/b+a, g 2—}—@ sl
— 2

1 1 Jb+a+«/b—atang

== og
JoE—a?
g \/b+a—~/b——ata.n22;
cosgfﬁ
L 1 log 2
a tan a z+a
0S8 ’*2v—

where b=« sec a.

IS



172 CHAPTER VI.
By Art. 64, this may also be written as
2 b—a, = 2 a, %
o O L -1 ai
tanh 5d tang or tanh (tan 5 tan 2)

Vbi—a? 2 a tan
or, since 2 tanh-1 z=cosh-1 +;
we may stlll further exhibit the result as
b—a 2 z
: cosh™! ita L e
‘Jbz—az b b —a n2 z ‘
b+a
or
1 s b+acosz 1 2 14cosacosz
Jb2_a2COSh at+beosz’ ““ atana ™" cosatcosz’

and in other but equivalent forms as in Case I.

173. We therefore have
'\/ =3 tan

2
“/“ Tar>t
F i By b+acosz
7 JaE—b? a+bcosz’
or
dx : 2 1 b—a z )
i W “la[=—=tanz,
Ia+bcosz \/rbz—u?tanh b+a g |
1 \/b+a+~/b—atang
%e. Nz s log - L a?< b2,
é ~/b+a—~/b—atan§
1 _b+acosz
4 Jbi—a? a+bcosz’

with many other forms.
174. In the cases b= +a, the integral is at once obtain-

able, for .
de 1 j e L
.‘.E-i-acosz—% Py 2dx—atan2

and j__d_z__ 1“‘cosec2 dx=—lcotg.
a—acosz 2a w 2
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175. The integration of 5 is reduced to the fore-

a+bsinz

going forms by the substitution x=§+y, when we have

j dz _-\' dy
a+bsinz a+bcosy

b :l: 7r
m, fd
b2 Ja—5 ™ Nagp®
ol 1 _1,b+asmz [ 2> 12
or R S e a?> b
1 , Sina+sing
= 0S™ T Q
acosa 1+4sinesing’ ;
where b=asin q,
2 qy fb—a T T
or ppremitenb b+a'*"’“(§‘z
1 YETdtdbma taniog o~ Z)
or Tr—a log
g Jota—vb—a ata.n(~—» y ot < b2,
2 4
1 _;b+asing
i JbhE—al kel a+bsinz
] _14sinasing
“acota sina+sina ’ /
where b=q cosec a, with many other forms.
176. We might also treat Im independeutly.
Proceeding in the same way as for jm , We write

2 2 Ao
a+bsinz= a(cos =+ sin 2>+2bsmzcos2

z b\ a2-02
_acosz2[ tan a) +7].

dz g d(tang)
Ia+bsinz=5 (ta.nz 0\ at—0¥

2 a)+—ae“

Thus,
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and two cases arise as before, viz. a=b, when we apply
Art. 127 ;

a+bsinz Jo2— 62 Ja2
, atanz +b
or J——coth —ﬁi—, a?< b2

showmg the result in different forms from those already
given, but of course differing from them only by quantltles
independent of 2. The student should consider this state-
ment and reconcile the results, as it is a matter of some
little ingenuity.

177. Extension. Again, since b cos z+ ¢ sinz may be written
as Rcos(z—+v), where R=4/0>+¢> and tan y= ;—;, we may

deduce j ge from l‘__gl_x_ or we ma,
a+bcecosz+csing a+bcosz’ v

proceed independently, at our pleasure. Adopting the former
course, we have

]’ dx
a+beosz+csinz
d(z—7)
a+Rcos(a: =)
tan—! Rtan
/'_Rz \/
i ibiati R
g _Btacosz—y
o RV a+Rcosx v
Bl VIR 4 Y ok
1 JRE—a? R+ 2
1 \/R+a+\/R—a,tan$;Y
.. - slog - v if a’< R?
= ~/R+a—JR—atanw2y
1 R+acos:c Y,
o VR —a? achSh a+Rcosz—ry )

with other forms.
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And these of course include the forms of Arts. 171 to 176
as particular cases, viz. when ¢=0 or b=0.

178. The reduction to the form

j dx
a+bcosx
has the advantage of making the integral depend upon the

integration of
j dx
oY

whilst the independent treatment throws the integration
upon the form
I da
ax?+2br+c’
and involves the completion of the square in the denominator.
179. Illustrative Examples.
Ex. 1.

f R dx
3+b5cosx Ja(

Lol f:f) Y.
cos 2+sm 3 +5 c032§ sm22

__f dx
g ot g
8cos2 2 sin’ 3
x
t Dt
i sec 3
e xdx
4—ta.n2§
=%f( 1 =+ i dtan
R - -
% ta.112 2+tan2
z
L e Lo 8 Bipuii B 0
=1 z g ot (2 kY g 3%bcosa
2—tan§

Ex. 2.

gerasly dy L
f3_50051’_f3+5cos.7/’ where 2=+y

5+3cosy
3+b6cosy

5-3cosx
3—-5cosi

=} cosh-1 } cosh™
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Ex. 3.

f dxz k1 dz
5b+3cosx z

2% i 9% ( e 23’)
5(cos 2+mn 2)+3 Cos’ 5 sin’ 3

2

2 &
J. 0 1 sec 2dx
g % 2% 2 b
8 cos 2+."'lsm 5 4+ tan 5

 § x 3+bHcosx
i = dh s 20 COR L.
=}tan (2 tan 2) 4 cos e

dy T ?
5+33inx_f5+3cosg/’ Where x—§+_1/,
3+5cos_1/_icos_l3+5sinw'
5+3cosy 5+3sinz
f - e &~ where tan a=
13+3cosz+4sinz | 13+5 cos(v—a) oty e
1 5+13 cos(z—a) 1

2 x—a
—1_— -1
b T B T 7T L (3"‘“‘ 2 )

180. The integrals

Ex 4.

=} cos?

Ex. 5

]‘ dx dx dx
a—+b cosh 2’ Ia+b sinh 2’ Ia+b cosh 2+¢sinh 2
may be treated similarly,

Thus,

J- dz e dz
E+bcoshz_( ( T R
J a,p cosh é—smh §>+b(cosh §+smh —2-)

~ x
9 d ta,nh =

“b—a |\b+a
JiZa

+ ta,nh2 *

e
9 d mnh—

a—bla+bd
Ja—b
Hence, if a? < b?, we have the forms

or

—ta hZ”.

9 bh—a z 1 b+acoshz
—_:__—_t,a,n t. h -1 .
JiE—a? b+a OF JB=git™® a+bcoshz’
and if a?> b?

2 —b 1 b+acoshz
g tonh~ /% tanh 2 .
Jai—p o +b 24 Ja2_b2cosh a+beoshz
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Again,

dz . da
ja+b sinhz——fu(

e Fon Y &
cosh 3 sinh' 2)-{-2bsmh2cosh2

d tanh—)
g A
ks (mhf i é)
2 % i

x
2 a,tanhé—b

=——_tal h-! | ——

FEeiag ( JoTe )

and other forms will be exhibited later.
Similarly, in the general case,

dz
a+ b cosh z+c¢ sinh z
dz

fa (cosh"’ ;_ sinh? g) +b( cosh? g + sinh? ;) +2¢ sinh gcosh;.

- s sech? g dx
a+ b+ 2¢ tanh g—-— (a—b)tanhzg

x
T d=b {a,+b ¢

x c \°
ity (g —255)
&z
9 dtanh§
e b—al ra+b c® T c \
{l:z_——(b—a)z}-"(t&nhé"'b——a)

(a—Db) tanh;— c

= S tanhtt R—— a’+c? > b2,
Na—b2+c? Ja2—b2+c?
2 (b——a)tanh;+c
or tan-? y @P4ct< b

M T 8 .8 IR T
b2 —a?—c? JoP—a?—¢?
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But we notice also that just as @40 cos+csin @ may be
written A ey
by putting b=Rcosa and c¢=Rsina, where R=.0b+ ¢

c !
and tan a=g, We may write

¢y1,+b coshz4csinhz as a+Rcoshz+y
by putting b= Rcoshy a,nd c¢=Riginh'sy if b2 >c? where
R=Jb—c® and tanh y= b’ or as
a+ R sinh 2+ v
by putting b= Rsinh v, ¢=R cosh y, where R =m and
tanh y =g when b2 <¢? and therefore the case may be regarded

as one of the previous ones or vice versd.

181. Another Method. A further method of treatment will
be obvious if we remember that these hyperbolic functions
are merely functions of a real exponential.

Taking the general integral in this way, we have

-" dz _j 2dz
a+bcoshz+csinha ™ ) 2a+b(e*+e7%)+c(eF—e?)

_I 2¢* dx
T T J0Fo)eE+ 20+ b—c
Pt de*
—ch a 2 P—c—a?
Oy et
i 2 de*
b+cf<e" a )2_a2+c’~'—b2’
b+c (b+c)?
giving the forms
2 0oyt g,
J‘l')é"_'cz_az ta«n Jb?_cz_a2 1f b >a +C
or — \/0/2—4"202-::7)2 coth™! f;)c; ;_)ce:i; if B2<a?+c

Comparing with the results of Art. 180, it will be remarked
that the integrals of such expressions differ much in appearance
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according to the method adopted in integration. Integrals
of the same expression, however, can only differ by a quantity
(real or unreal) which does not contain z, and it will be
a useful exercise to deduce one form from another; and,
as has been said previously, this will sometimes require some
ingenuity.

182. The Integration expressed in terms of the Integrand.
Far more symmetry, however, will be obtained in the results
if we attempt to express the integration in terms of the
integrand, as we now proceed to show.

These integrals may be deduced from the form

I dz
VA +2Bz+C
which is

J_c osh-1 jﬁ.ﬂo A>0, B*> AC (Arts. 80 and 81),

i _, Az+B

or J;jcos IJBz—AC' A <0 B A0,

1 -, Az+B

= Sinheti—— 1 & =04
or JA sin TA0—F OB AQ

the case 4 <0, B2<< AC being omitted because the radical
in the integrand becomes unreal in that case.

The rule is to substitute y for the imtegrand in all cases
and, integrate in terms of y. This method leads to remark-
able symmetry of form, and expresses the result in terms of the
integrand itself, and yields new forms for the integration.

Thus, considering the general case, and writing

do
ja+bcos 0+csin 9=jyd9,
1

wh =
AT a+bcosO+csin 6 L
we have bcosO+csin0=l—a;
Y
1 dy
and t isp 8 pae Ly
nd therefore bsin 6—ccos 0 7 do
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Squaring and adding,
! 1 2a, 1 (dy\?
R e S WY T S
o b+ —a y? y+y4<d0)'
ence
dy
a0==|
jy :ty JB+E—a®) y?+ 2ay—1
: 1 (W +E—at)y+a .
AT o ol o . o
1 (E—a)yta | :
or =i~/a2—-b2—62 cos™! Tt if b24c?<a?

where y1=a+bcos 0+ csin 6.
The sign is to be determined by examining whether y

increases or decreases with 6.
do

: dy . 3 i
If y and 6 increase together, 708 +; eg.in Im,
provided it be a case where b is 4 and in which 0 <6 <7§r

throughout the integration, we use a +, for in the first
1

quadrant as 6 increases cosf diminishes; .. gy g

increases, that is, y increases.
e - i A /
In Im, supposing € to lie in the first quadrant
throughout the integration, we should use the — sign.

183. In the same way, to integrate

s do r J. d.

a+bcosh z+csinhz w e L
h . 1 P

A a+bcoshzFcsinhz P

we have bcosh z+4c¢sinhz= ; —a,

e LAnirdy
‘bsinh z+4c¢coshz = —?%—.

Squaring and subtracting,
1820 1
A el L0 oy
e e TR, y‘(dx)’
and taking the case b and ¢ both positive, y decreases as @
increases;
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dy
oo | yde=—
.‘.y " jx/(a2+c2——b2)y"—2ay+1

1 L (@+E—b)y—a
LG ® SV Sy
JiEte—B P—c
- 1 lu_(a2+cz_b2)y+const

W7 e pu < o TR - g
if b2>¢® and a?4c2>b?

grp 1 L (@+E=b)y—a
bl b oo <o 1 i Jr—c
4 1 L (@
Ml 1oy v 2 N + const.
if a?+c2<<b?
or =— : sinh™! (ki y—a

Va4 —b? Jer—b?
ST S f
= bt @0 g
Va4 ct— NeE—
where 1= a+b cosh z+csinh z.

184. Hence we get the following particular results by
putting b or ¢=0 in the general results of Arts. 182, 183,

e = I
e )
feriarom T e ang >
e - )
o, e ey, 9
or = e TN (<o

1 ., _,—b+tasinhg

9% = sinh - .
a+bsinhz . Ja?+b? a+bsinhz
The symmetrical form of the several results was given
(without proof) by Greenhill in his Chapter on the Integral
Caleulus, p. 34.

wWww.rcin.org.pl
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When @=0 we arrive at results obtained earlier in other
forms, viz.

jc——gfe =cosh™(sec ) (compare Art. 74)

J-si(;llee = —cosh™!(cosec 0),
,“c_o.'s}axibz cos1(sech z),
j;i%x =sinh~! (—cosech z) = — sinh™! (cosech ) ;*
and from the general results
do Sk o ech‘lb cos f+c sin 0
jb cosO+csin® /P2t e2 R
do 1 ,bcoshz+csinhg .
= T e f b2 2
Ib cosha+csinhz P JPE—c alsctatii
ik _bcoshz+csinhz
<y cosech™ SRR oy
i hRien
: 2 LT TR
or again, T tan™1 g__cex if b2>¢2,
2 i c+b x
or ) —ﬁ;_:ﬁ coth™! Ee"’ if b2 e 02,

forms which the student should compare with those previously
obtained. a5

185. Reduction formulae for integrals of form 7, = I%, where

X=a+b"C .
sin
Let us consider the case
e W A
7 J (a+b cos z)?
We shall connect the integral with another, viz.
g AR G e
17 Ja+bcosz
Put b s A,
a+bcosx

[Note—That is, to form P, sinz is introduced into the
numerator of the integrand of I, and the index of the
denominator is lowered by unity.]
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dP cosz(a+bcosz)+b(1—cos?x)

o ds: (a+b cos z)?
_ b+acosz _ _F+E(a+b )
“(a+beosz)? (a+0b cos z)?
_a 1 _ a0 1
“ba+bceosz b (a+bcosa)*
Therefore integrating,
sinz a a’—b?
a+bcosz=511_ b o
b sinz a
e L=~ Batbems 7B

and I, has been given in various forms in Art. 173, e.g.

il cos“»b+a cos T 1 cosh‘1b+a' cos x
Jat—b? a+bcosz JoE—a? a+bcosz’
according as a? is greater or less than b2
A b sin @ a L btacosz, , .,
! 12—_—(1,2_.1)2 a+bcosz (az__bz)icos a+b cosa;(a ),
iy b sin z a _ybtacosz. oo .,
or __az——bza+bcosa; (1)2—(1,2)%005[1 ey Sy (a®<b Iz

186. Again, in the general case, if

T =j bz
"~ J(a+beosz)™

sin

put P= (tH—b—c—(M)"—l

dP _cosz(a+bcosz)+(n—1)b(1 —cos’z)
dz ~ (a+bcosz)n

. + B(a+b cos z)+ C(a+ b cos z)*
(@+b cos z) i

where A+ Ba+Ca’=(n—1)b,
Bb+2Cab=a,
h*=(2—n)b

www.rcin.org.pl
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LiR —2
giving C=-—(nb ), B=%’+2%’(n—2)=(2n—3)%.

A= (n—l)b—(2n—3)%g+(n-2)%2
b?

=—(n—1)*%

Hence, substituting these values and integrating,

sing a?—b? a n—2
TR v e R Wil bt T 2 L TR T

The reduction formula is then

iighs b sinz 2n—3 « I

T (m—=1)(a®—b?) (a+beosz)1 " n—1 a*—0>" "t
27 1 1L I
(T R e

Thus, as I, and I, have already been found in finite terms,
we can successively deduce the values of I,, I,, ete.

It will be noted that I, is in this case shown to be depen-
dent upon fwo integrals of lower order, viz. I, , and I, ,,

except when n=2.
Also, the result of Art. 185 could have been obtained by
putting n=2 in the present result.

187. Generalization of above method.

dz
As jm‘ rgduces to j

%r-f-y for «, and

dy

EED cogin on substituting

dx
I(a+bcos z+csinz)?

» d(:l,‘—-y) ity =T
may be written as j[a+ BorlariiF where R=x/b*+c2 and
y=tan! %, it is usual to refer these integrals to the case

considered in Art. 186. We may, however, establish a re-
duction formula independently for each case.
. 53 dz
S L z_[ (a+b cos z+csin z)»
—bsinz+ccosx
(¢+bcosz+csinz) !

l:i.e. if D=a+bcosx+csinz, P=—D~lnl_1-:l.

Let P=
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Then
dP _ —bcosz—csinz elabirials (—b sin x4 ¢ cos z)?
do~ (a+bcosz+csinz)n-t (a+bcosz+csinz)®

—a(b cos x+ ¢ sin z) — (b cos x4+ ¢ sin z)?
—(n—1)[b?+c*— (b cos x+ ¢ sin z)?]
(a+bcosz+csinz)"

_ A+ B(a+bcosz+csinz)+ C(a+bcos o+ csin x)?
i (¢+bcosz+csinz)r

where. A, B, C are constants to be determined so that
A+ Ba+Ca®= —(n—1)(b*+¢?),
B+4+2aC= —a,
C=n—2,

whence 4 =(n—1)(a*—b?*—¢?), B=—(2n—38)a, C=n—2.
Therefore the proper reduction formula for 7, is

» Sy,

—bsinz+ccosx
(a+b cos z+ ¢ sin z)"-1

=(n—1)(a*—b2—c) I,—2n—3)al, ;+(n—2)I,_,.

We note that when n =2, the last term disappears, and

—bsinz+4ccosz
CIER L o
it e all+(a+bcosa:+csinz)’
dx —bsinz+4ccosz

e (a?— b2—cg)j +al,,

(a+bcosztesinz) a+ beosz+csing
tlie real form of I, being selected from the various forms in
Art. 177. :

Also I, and I, now having been found, we can proceed to
deduce I, I, etc., successively by aid of the reduction formula
established.

188. Corresponding formulae for the case of Hyperbolic
Functions.
In like manner reduction formulae for

j‘ dz dz j‘ dx
(@b cosh z)*’ “- (a+bsinhz)*’ (a4 b cosh z+ ¢ sinhz)®

may be constructed.
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As the last includes the first two as particular cases, we
consider that one in particular, and proceed as before.
bsinh +4c cosh z

I e (a+0b coshz+c sinh z)»—1'
Then
(b cosh z+ ¢ sinh z) (@ + b cosh z+ ¢ sinh )
dB i 2 — (n—1)(bsinh £+ ¢ cosh z)?
e S (a+b cosh z+ ¢ sinh z)"

(b cosh z+ ¢ sinh z) + (b cosh 2+ ¢ sinh z)?
— (w—1)[(b cosh z+ ¢ sinh z)>— (bz—cz)]
(@+ b cosh z+ ¢ sinh z)»

A+B(a+b cosh z+¢ sinh z)+ C (@ +b cosh z+ ¢ sinh :::)2
(a++ b cosh z+csinh z)»

where A+ Ba+Ca*= (n— 1)(b2—¢:2),}

say,

B+2Ca= a,
O=—(n—2)

whence 4=(n—1)(—a?+b*—c?), B= (27&— 3a, C=—(n—2).

And the proper reduction formula is

bsinh z+4ccoshz
(«+ b cosh z+ ¢ sinh z)»™1
=(n—1)(—a®+b:—c) I, +(2n—3)al, ,—(n—2) I, ,.
As before, the last term disappears in the case n=2.
Hence

bsinh z+ccosh z
a+bcoshz+c¢sinhz v
the real form of I, being selected from the various forms
shown in Art. 180.

I, and I, being now known, we can proceed as before to
deduce successively I, I,, etc., by aid of the reduction formula.

(—a2+b2—c?) I,=

189. Special Cases.

We notice also that, putting ¢=0, b=0 or ¢=0, or two
of them, in these reduction formulae, we have a mode of
reduction for such expressions as

jsech" zdz, Icosech"a; dz, J. dz

(b cosh z+c¢ sinh z)™

j dx dw e #4
(beosz+ ¢ sin z)»’ j(a—l—bsinhx)”’ ;
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190. Fractions of form

a+bcos z+csinx
a,+b, cosx+e sinx

The numerator of this fraction can be thrown into the form
A(a,+b, cosz+c, sinz)+ B(—b, sinz+c, cosx)4C

.e. A (denr.)+ B(diff. co. of denr.)+C,
by taking Ao +C=a, Ab+Be,= b Ac,— Bb,=c,
which determine A, B and C.

The fraction then takes the form

—b, sinz+-¢, cosx (0}
s +Ba.1+ll) cos a:;*-+lcl sinz ' a,+b, cosz+c, sinz’

and the integral is

Az+ Blog(a,+ b, cos z+c, smm)—}-O’j

dx
a,+b, cosz+c, sinz’
and the last integral has been evaluated.
191. Extension of above Method.
a+bcosx+csinw

In the same way G may be arranged as

,+b, cosx+c¢, sin z)"
A +B —b,sinz+c, cosx
(a,+ b, cosaz+Db, sinx)*! "~ (a,+b, cosx+c, sin z)"
C
+

(a,+ b, cos x+ ¢, sin a)” :
The integrals of the first and last fractions may be deduced

by the reduction formula of Art. 187, and that of the second
fraction is B 1

" n—1 (a,+b, cosx+c, sinx)*1

(n>1).

192. Case of Hyperbolic Functions.
Exactly in the same way fractions of the forms
a+bcoshz+csinhz a,+b coshx+c sinh 2

a,+b, coshz+c, sinha’  (a,+0b, coshz+c, sinhz)"
may be integrated.

193. Further Generalization.

If rlfIn(a,+ b, cos O+c, sin )
r=1

stands for the product of » factors, some of which may be
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repeated, and of which the one exhibited is a type, and if
¢(z, y) be any rational integral algebraic function of z and y,
the integral of

¢(cos 0, sin 6) a0
fﬂ(a +b, cos 0+, sin 6)

can now be found. For expressing cos 6 and sin 6 in terms of

the tangent of the half angle, and writing t=ta,nQ

2’ ‘
PRI £ 2ol e Thid 1L
¢(008 9, s 9)— ¢<m2, i——-f-—tz> =) (l-i-—tz)"’
where p is the degree of ¢(z,y) in & and y, not necessarily
homogeneous, and x(f) is a rational and integral algebraic
function of ¢ of degree 2p at most.
Also  a,+b,cos 0+c,sin 0= a'+b'1+t2+c'1i-tt2’

whence

H[a,+b +2¢,t+(a,—b,) %]
H(ar""b cos O+c, sin 0) = A

T+
2dt
also db = a8
Hence
¢(cos 6, sin ) O
I (a,+ b, cos 8 +c¢, sin 0)
r=1
2x(t) dit

(1 +152)""HHLI II (a,+b,+2¢,t+a,— b, t2)

and supposing a,#b, for any of the values of », the degree
of x(t) in ¢, i.e. 2p, is lower than that of the denominator,
which is 2(p+1—n)+2n, ie 2p+2.

This expression may then be put into partial fractions, some
é:tzB;v others of type 7 +C(';_:f lt‘ﬂé;“

The proper reduction formulae for such cases will be found
in the next chapter. The integration can now be effected.

The reader may consider for himself the effect of a,=b, for

any value or values of 7.

of type
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194. A different Method.
To obtain integrals of form

"‘ de ¥ “' dw
(a+bcosO+csinO)n © (a+b coshz+c¢sinh z)»

and their particular cases, we may avoid the reduction formulae
referred to, and proceed as follows, using a reduction of
different nature.

Consider the first of these.

Case D2+4c>al

Taking
J‘ do
a+bcos@+csin 6

1 b*+ct—a?)y+a %
= _— ! T B > =
I L T JPto—at

where y '=a+bcosO+csin€ and b24c?>a? (Art. 182),

yd0=% and (B2+c2—ad)y=vb*+ctcoshu—a;

T2 1 A2 ) n—1
S yndl= (V& +*coshu 2"_‘? du,

(bZ s c2— a?)_z

jy" df= —;ﬁ_—, I(Jbﬁ-?é coshu—a)" ™" du,

(b2+02_a2)T
1.e ge
" J(@+bcosO+csin )"

o ;ﬁ_l j(\/bz-{-c? cosh u—a)" ' du.
(bz+ cl— CLZ)T

We may then expand (vb*+c*coshu—a)"™" and integrate
each term, finally substituting back for w its value
(o

o o cosh~ ~/I—)2—-*’_*EE—* pa

1 [ b4 c2— a? ]
N2 ctla—+b cos O+csin 0+ o
the proper sign having been selected as indicated in Art. 182,

7.e. +cosh™!
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Case h*+e2<<a?

d6
_"a+bcos(9+csin0
- 1 L0 +cE—a)y+a_ u
QT 0 e gl R, < i TR o g
ve. de:me;—..—ﬁcz and (a®-b*—c®)y=a—/b*4c*cosu;
yrdf= (a—v02+ czcoiul)" ldu ‘
(@@—b—c) T

i.e I g
* J(a+bcos O4csin 6)*
T AT I(a—Jb“’—{-cz cos u)" ™' du.

2n—1

(a2 e hE 62)T

195. In exactly the same way, from the three forms
(where y*=a-+b cosh x4 csinh z)

: dx
_[cH—b coshz+4csinhz
& i y cos—l“_(a2+°2‘b2)7/ w
V—a*—c*+- b Vb —¢? V==Y
; where b > a?4-¢%;

o 1 Lo—(a*+—b)y u
MRRR - v i T e e
where a*+4c®>b%>¢?;
1 X a—(a®4-c—b%)y w
Yy = h-* = h
% @t N Jete—b

where b2 <¢',
we obtain respectively,

Case b2>a%+¢2,

dx
(a+b cosh x4 csinh z)»
P _—IW -“(\/b2 —¢* cos u—a)*! du,
(—&2—c4b) T
2 —p
where a— s 22 cosu

a-+bcoshz- csinhz

www.rcin.org.pl
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Case a’+¢*>0>> ¢
R e o
[(a+ b cosh z+ ¢ sinh )"
o R PR T o [(w— VB2 —¢% cosh wy ' du,

A a’+c—b* _ iz
e a——a—i—bcoshx—j—csinhw =v/b*—¢* cosh .

Case ¢®>0?

dx
I(a-}-b cosh -+ ¢ sinh z)”

—l-m I(a—Jc“—b‘z sinh »)"~! du,
(@ d—by) T

e o b ovnd Bl 1
where B bosh e oaaE x-~/c-—b2 sinh .

196. IMPORTANT PARrTICULAR CASES.

The particular cases (according as b or ¢=0 in the general
formulae, and which should be worked ab initio by the
student) are

do . 1 .
.‘(a—i-b cos 6)" ( ""ﬁ)»n i j(b cosh u—a)*! du,
b+a cos 6
bz b~ az, <m= COSh u))
S —l“zﬁ_[(a—b cos u)"~! du,
(=09 T
< a? <%-£Z—z—-——-:g=cos u).
d6 J-
j oy (b cosh u—a)*~! du,
(a-+bsin 0) ® a2)
‘b+asinf
B >al, (m— cosh u),
(a*—b?) ?
Ll %‘Z—z—iz—g sin u).

www.rcin.org.pl
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S |
= 4 b —a)* ' du,
.‘- (a+b cosh z)" o aa)’"z . | (beosu—ay-' du
b+acoshz
b > a2, <m— cos u),
b on-1 I(a b COSh u)” t du
(a? bz)T
*<a? (g:—gg:—g—z- = coslh u).
1] j‘ ]
.[— i oy — | (a—b sinh w)"~! du,
n 2n—1
(a+ b sinh ) @)
—b+asinhz . \
(m—mnh u)

197. We have the further results, from putting a=0 and
b=1 in the above, viz.

'[sec" G = -“cosh"'l wdu, where 6=sec™' cosh u;

J-cosec" 6do= J.cosh"‘l wdu, where 0=cosec™ coshwu.
Hence either integral may be expressed in the form
gn= 1.[ (e* + e )r=ldy = ﬁ—,_‘-[cosh (n - 1)uw+"-1C,;cosh(n - 3)u
+-1C,ycosh(n — 5)u+ete. Jdu

1 [sinh(n-1)u sinh (n - 5)u

o siaremb(ne= S L o
g n-1 i n-3 L3, n-5
+...4+4*C,yu or +"1C, sinh u]
7 z

(Compare the forms in Art. 122.)

198. Further, if in the results of Art. 196 we write n —1 = —m,
we have

duw i

(bcoshu—a)ym ™

L e j (a+bcosO)"1db, b2>a?
g

Bl I(a—f—b cosO)"'df, bi<a?
4 vk

j(a—b cosu)y™

ete.

Several of these results are given in Greenhill’s Chapter on

the Integral Calculus. The geometrical significance of some
of these transformations will appear later.

(a*—b
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199. Cases required for the time in an Elliptic Orbit.

The cases of I(a+bcosf))”’ where a=1, b=e, n=2, are

required in the theory of Planetary Motion in finding the
time in an assigned portion of an elliptic (or hyperbolic) orbit.
We may either quote the results from Art. 185, or proceed
independently as follows.

If e<1, by Art. 171,

J‘ deo 1 #) e+cosB 7

l+ecos@ Jl_c_co 1t+ecosf Yy o
. 1 _, e+cosf v
and if e>1, = c"_lcosh 1+ecos0 7 s , say.
Taking e<1,
a6 du d 1 _1—ecosuy,
Ttecosd Ji—e ¢ Tfecosf 1—e °
. a0 1
5 j(l s 9)2-_(1—‘92)*-“(1_6 cos ) du, (or by Art. 196),

= - (u—esinu)
A=
Vel SR ik e+-cos @ \/1—02 sm@]
—(l_e‘l){'[ 1+60080 1+gc039
The time 7' for a planet measured from passing Perihelion
is expressed by this integral as

J do
iy (1_62)*_":(1 +e cos 0)¥
where n is a certain constant (see E. J. Routh, or Tait & Steele,
Dynamics of @ Particle). 1t follows that nT'=w—esinw.
e > 1

de 1 ecoshv—1
and

1+eccosf ./ l1fecos®  e—1

p 5] 1
. j(1+ecos9)2—(82_1)¥j(e cosh v—1)dv, (or by Art. 196),

= —11—)*(6 sinh v—v)

_(62_
[Je- 1sin6 Ly e+tcosf ]
1-+4ecosf S 14-ecosf

=(e2_1)*
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200. In practice, each example should be worked ab initio.

For example, suppose we require
dx
o (5}-732:?‘1:—)‘_’
1dy,
Yy dz’

i
ydx +f \/9 ——5) :

We take the + sign, because, as » increases in the first quadrant,
5+ 3 cosz decreases and y increases.

Putting 5+3cos x=11/, 3sinw=

dy
Thus f__x_= j—__.——m~
’ 5+3cosx N=1+10y— 162
n f ST 4
\/16- ’ )
P e 5) *
= 4sm (T + const.
; 3+5cosx
5= 8280 SR y
z5in 5+3COS$+C0nSt
1 3+5cosx
P B odLai ol ‘
4cos 5+3cosx+con8t"
call this = iu+const.
de 1 3+5cosx
Then m._z'—-zd.u’ where_m_cosu,
a 4 1 _5-3cosu
o * 5b+3cosx 16
1 _(5—38cosu)®
(5+3cosx‘)3 163 ;
dz _(5—3cosu)*du
(5 +3cosx)t 2u

fm=§lﬁﬁ [653—38.52.3cosu+3.5.3%cos?u— 3 cos’u du
o

[for when =0, cosu=1, and when 2=, cosu= -1},

=2—‘f4-2£(53+3.5.32cos‘u)du
1
=2_|4-2[53—+33 5—5]
™ 27\ bw
=gn-5. (243 )=tmxt
3857

®0
4
o
B
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201. The integrals
L sin™ sin™
e Ia+bcosmdx Nt I2_j(¢ﬁbcos x)?
can both be integrated in finite terms when m is a positive
integer.
Consider the first, viz. IM— 7
a+bcosz

The case m=1 obviously gives — 4 log (a+b cos ).

b
If m be odd, =2k+1, say, put a+bcosz=2z, and therefore
bsinzdx= —dz.

Beyln s
sin®*Hg f
Thps, j a+bcosz z '
every term of which is integrable when expanded in powers
of z.
If m be even, =2£k, say,

]’ sin® x d =j(l—coszx)"d

a+beosz a+bcosx

]

and if the numerator be expanded in descending powers
of cosz, and then divided by bcosz+a, we arrive at an
expression of form
2 A )
2k—1 2k -2 2k+1
I()\lcos Z+ A, co8 $+"'+>\2"+___a+bcosx dz,
where the A’s are numerical coefficients.

Hence, in all cases, I c_u%;)&—dx can be integrated in finite
terms. s i
The same argument applies to (a4 b oinal x

202. If I,= ek | ol 7% dz, there is a reduction formula con-
: "'—_‘-(a+bcosx)" i

necting I, with I, ; and I, 5. Hence all such integrations
can be effected in finite terms.
To obtain this reduction formula, put
ginT it
(24 b cos z)n—1
[i.e. increase the imdex of the mwmerator by wnmity and
decrease that of the denominator by unity].

P=
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Then
dP _ (m+1)sin™z cosx (a+b cos z) + (n—1)bsin™ z (1 —cos’z)
dx (¢+0bcosz)?
————Sill,-”m—[A+B(a+bcosx)+0(a,+bcosw)2]
" (a+bcosa)n )
where i A+ Ba+Ca?=(n—1)b,
Bb+2Cab=(m+1)a,
2=(m+1)b—(n—1)d, ‘
giving
e a?—b? & a _m—n+2
A=—(n— N B—(2n—m—3)5, C'-———T—.
Hence
sin™+lg
(_GW (n . l) I"+(2n m— 3) Iﬂ-—l
2
+P L,
and the reduction formula required is
¥ 1 b sin™H g 2n—m—3 a I
"7 m—1a*—0b® (@+bcosz)m? n—1 a—p "1
+m—n+2 1 I

R geples
of which the formula of Art. 186 is a particular case.

And since I, and I,“have been shown integrable in finite
terms when m is given, we can use the reduction formula
just established to find successively I, I,, etc., in terms of
I, and I3, and thus integrate them.

203. Again, Integrals of form
sin? O cos? a8, I, sin? 0 cos? § d6
ja+bcos¢9 j (@+bcos 6)* °
,__(sin” 6 cos? 6 d6
87) (a+becos6)?
are always integrable in finite terms, p and ¢ being positive
integers.
For (1) if p be odd, =2k+1,
1 J’(l Aretde
, U RE el TE gy

Sl where ¢=cos 6,
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and after expansion of the numerator in descending powers
of ¢ and division by bc+a, we get a series of powers of ¢

and a remainder i, and each term is integrable with
a+be
respect to c.

(2) If p be even, =2k,
sin? 0 cos? 6= (1 — cos? 0)* cos? 0,

which, when expanded in descending powers of cos@® and
divided by b cos 6+a, gives a series of powers of cos® with
a remainder of form +I;4 50’ and each term is integrable
with respect to 6 by Arts. 117, 173.

And the same argument holds good for 1/, I, except that
the remainders to be integrated involve such terms as

d cos 0 dcos 0 1 dcos 6
Iam+ I(a+bcos€)2+cj(a+bcos(9)3
or
do
(a+bcos(9)2+ I(a-}-bcosO)”

according as p is odd or even, and such integrations have been
already considered.

204. We may then obtain a reduction formula for
P sin? 6 cos? 0
"h_“(a+bcos o)

sin?t! 0 cos®t!
(a+bcos O)»-1°

do.

Let P=
Then

[(p+1)sin® 6 cos?*? 0 —(g+1) sin?** 0 cos? 6] (a+b cos )
4 +(n—1) bsin?*? 6 cos 1+ 0
do (a+bcos )"

0
(szribcc(;s;)en[{ —(g+1)+(p+q+2)cos? 0} (a+bcos 6)
+(n—1)b(1—cos?6) cos ]

[4+ B(a+bcos 6)+C(a+bcos h)
+ D(a+b cos 6)°], say.

_ sin?fcos?d
" (a+bcosg)”
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where A+ Ba+Ca*+ Da*=—(q+1)a,
Bb+2Cab+3Da?b= —(q+1)b+(n—1) b,
Cb*+3Dab’>= (p+gq+2)a,
Dp¥= (p+q+2)b—(n—1)b,
a2_ bZ
whence . A=(n—1)aT,
2
B=(n—q—2)—(Gn—p—q—5)F,
C=(3n—2p—2q—7) I%’
+q—n+3
- (» qb2 )’
and the reduction formula is
sin?110 cos?™0 e , ) /
{@+boos g =A4A1l'y+BI',_,+CIl'y_,+DI', g,
from which I’, can be expressed in terms of three integrals
of the next lower orders and ultimately made to depend upon
I', I'y, I';, whose integration has been discussed.

205. General Conclusion.
From what has been said in Art. 204, it will now appear
that any integral of form
f(sin 6, cos 0) dO
. (@+bcos O)*
can be integrated when = is a positive (or negative) integer,
and f(z, y) is a rational integral algebraic function of sin 6,
cos 0; for f(sin 6, cos @) is then the sum of a number of terms
of type A . sin? 0 cos?6.

206. HERMITE (Proc. Lond. Math. Soc. 1872) has shown how

to integrate any expression of form
f(sin 6, cos 0)
sin (0 — a,) sin (0 — a,) sin (§—a;) ... sin (0 —ay)’

where f (2, y) is any homogeneous function of x, y of (n—1)
dimensions.

For by the ordinary rules of partial fractions,
v f(t 1) 1.0 f(ar, 1) 0 L
(t-a)t-ay)...t-a,) & (ar—a) (@ —ay)...(a—ay) t—a,
(the factor a,—a, being omitted in the denominator of
the above coeflicient).
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Writing t=tan 0, a,=tan a;, a,=tan a,, ete., this becomes
f(sin @, cos6) A,
T=ARh _Zsin(e-—a,,)’
11 sin (0 —a;)
r=1

si , COS
where A,=--— f ( n a, a) : :
sin (a,— a,) Sin (o, — as) ... Sin (a, — a,)

the factor sin («,— a,) being omitted in the denominator.

Thus, f i Lol Z 4; log tan ) a'.
IIsin(0—a,) :

207. (i) Thus, for example, we have
sin?z
sin (z — a) sin (# — b) sin (z —¢)
sin?a 1
Esin (a—b)sin (a—c) sin (r—a) 3

; f sin?z F
** ) sin(x—a)sin (z—b)sin (z—c)
sina r—a
b oy e 1Y e ey B
(ii) Similarly,

cos?z
fsm (#—a)sin (z—b)sin (v — c)

2
cos? a z-a
=X~ log tan=——.

sin (e — b)sin (a—c) 2
(iii) Hence adding,
: f dz
sin (- a) sin (# — b) sin (2 —¢)
1 r—a
S (N=D)n (a0 8 A0
{(iv) or subtracting,
f cos 2z da
sin (z — a) sin (2 - b) sin (2 —¢)
cos 2a =
=25 sin (@ —b)sin (¢ —c) log tan == 79
(v) It is easy to show that
sin
sin ( — a) sin (2 — b) sin (z —¢)
» Jna cot(z—a);

sin (a—b) sin (@ —c)

. sin 2
) [sm (z—a)sin (z - b)sin (z— c)
s sina

i ) log sin (z — a).
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EXAMPLES.
1. Integrate

@) (asin 6 +bcos 0 i d6
JesinO+ecos@  [a, 1883.] (i) cos@—sin@ [I.C.S., 1880.]
(o + Bsin 0

) TR [Trx. H. AxD Maap.]
Gvy faziefaoy popfiaidde i) o :
Jeosa+cosz [I.C.S., 1889.] acosz+ bsinz [CoLL.,1876.]

) "1 — tan 0 (vii sec 0 .
Jl+tan@ " [Triv., 1884.] % 1 + cosec ¢

[Ox. L. P., 1889.1

(yin) jB(l —sin x) —cosx’ [a, 1881.]
: dz
ix) Jen e —
(ix) IZ\/Z reosneiing. . [Os 1, »iaN8) (x) Ia,+ btanz
[ST. Joun’s, 1888.]
(xi) Apply the transformation ¢ = tan }z to the integrals

4dz 4dx
5+3cosz’ )3+5cosz

Hence or otherwise, evaluate these integrals to the nearest
hundredth, when the limits are 2=0 and }=. Prove in any way
that the second is the greater of the two integrals, when taken
between 0 and . [Marn. Trrp. 1., 1913.]

(xii) Prove that

~ dz e adx
J.o z+ (a% - z")* g j {x+(a®>- :o:“’)"’}2 log,(l b

the positive sign being taken for the radical in each of the subjects

of injegrafion. [Mara. Trre. IL., 1913.]
2. Evaluate
f AR s Y X 1.de
()j 4+osmz [L C.S., 1889.] (i )La+ccos0 (e<a).

(L C. S.,1879.]

(iii) j dx i j" dx

9+ coss [St. Jonn’s, 1882.] o1-2acosz+a?
[L C. 8., 1888.]

3. Show that e B0 0 6 =7f:cosec a, [Ox. IL P., 1889 ;
ol —cosacosz 2 TRIN., 1887.]

and integrate

cosacosz+ 1 4
COS & 4+ COS T
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. dx
4. Evaluate (i) j;,—m (e>B)-  [ox. 1L P., 1887.]
R v dz
(i) Jsinzcosz+sinz+cosz—1’ [, 1899.]
Ly dz
) N e ren s (8, 1891.]
dz
5. Evaluate VEver [Ox. L. P., 1889.]
6. 1 B dz '
. Integrate (i) [T [a, 1883.]
otk dz
(i) J(@a+bcosz)? [ST. Joun’s, 1884.]
fiombin! | do
(iii) J(acos @ +Dbsin 6) [a, 1881.]
il dz
) J(@+bcosz +csinz)? [Corv., 1892.]

(v) Employ the substitution
e a6
o(1+ecosf)?”
[MATs. Trre. 1., 1909.]

tang = J}ﬂ’ tang to evaluate the integral
—e

7. Prove that
a1 do 3 C 1886 ; ST. JoHN’;
TR e 0 x ; ST, s,
@ L (T+cosacosB)F et ‘1’536.]

2% sin z dx _2(sina-acosa)
(i) o (L +cosasinz)? sin®a 4 [8, 1887.]

and evaluate

£

xsinzde X 4 *  zsinzdz
o (1 4+ cos a cos z)? o (1 +cosacosz)¥

if a be less than ’5’

8. Evaluate the integral

Icos 26 log(1 + tan 6)de. . shde

9. Find the values of the following integrals : (a < E)

2
o oy dz S dx
@ jo 2cosa+e +e* (i) _‘-o 2+cosa(+e )
[TrIN., 1882.

WWW.Ircin.org.p
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10, Fymhente @ j cos20 + b2 sin2f’ [Ox. L P., 1889.]
(if) j 415 sm20 [LC.S., 1885.]
a sin?0 + b cos?d

(iii) I Py B ode (c and d positive).
[St. JoHN'S.]
(V) I (a? cos? 0 + ,32 sin? 02 [Ox. IL P., 1887.]

( T sin20d6
) o sin* @ +cos*6’ [L C.S., 1891.]
and (vi) Shew that if ¢ >a >0,
~/a2

dx w(c— N - a?)/2¢.
[MaTs. Trre. L., 1908.]

g

do 2
11. Prove that _‘:a Yo 9=Ja2 =5

where a> b, and deduce or otherwise obtain the value of

- dé
J@+bcosd)’ [y, 1899.]
12. Prove that if a >,

]‘ T dz ™ 5a3 3a
(@ + b cos z)* 9 ‘( (a2 - b“’){' (a2 - bz)% [y, 1888.]

X dz
Evaluate L T+comsa where e < 1. (Sz. Joux’s, 1892.]
dz :
13. Evaluate I&—W’ where a? < 4bc. (L. C. 5., 1897.]

14. Prove thatif a < =

6’
*sinz i 110 cos3a
.cos3z 6 € cos 3a [C. S., 1896.]
yf de o
15. Prove that L a+bcos¢+csm¢> N BT
where 1”2=0%2+¢% and r <a. [C. 8.,1900.]

16. Integrate
- (i) j _'*/ wns o, (i) ."_sec_a:__dx - (i) IL“Z_”‘_‘IE :

sin x cos a+btanz a+0btanz
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17. Integrate
£ do
@) jl5sin20—16 cos 0 (if) I 1+s1nxdx
i) -" cot @ — 3 cot 360
3 tan 30 — tan 0 [Ox.1. P., 1888.)
@v) j‘ sin 2z dz
(a+bcosz)?’ [a, 1889.]
18. Integrate
J 5 cos 0 +sin 0 sin 6 — cos 0
(i) -‘-cos 20 log————cos P 6d0. (ii) i
Gl j' \/ 1-cos@
cos 0 (1 + cos 6) (2 + cos 6)
l+sinz 2+sinz
19. Integrate ol il
s j 1-sinz 2—sin:cdx
20. Integrate
I sin 6 — cos 0 6
(sin 0 + cos ¢)+/sin 0 cos 6 +sin? 6 cos? 6
21. Integrate I Si% .
(1 +cos?6)a/1 + cos? 6 + cos* 0
22. Integrate
i) |v/1+sinzdz. j sde o (1 j s,
@ .‘- (@) J1+sin ko 1) Ja +btan2
o8 Todekrald sinh z sin z — cosh o
; g 1-cosz
2 da
24. S T L
TP faate j(z sin & + cos )2
25, seczcosece
5. Integrate I_log i
26. Integrate
2 o -
(1) j'sin"1 i +a;2dx. (ii) Itan‘l iw_ 3zzdx.
(iii) Itan‘l —1+VT+ay,
z
27. Integrate .‘.*/1 + 2 s,
1 -z
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28. Integrate I b dx, I i dx, I i dz,
and prove that

sin 2z sin 3z sin 4%
sin(w-—2—">] sin(x—’-')
5“‘s1nw dz—sin—zzlog - 2

P
ginbz =~ b : ( o\ | sm-Blog ¢ T
sin :c+~5—) sin x+5)
[TriN. CoLL., 1892,
dé J’ cos 6

9 PRSIPRERIEY. - A st
%0 Topagrete Isin20 -sin’a sin?0 - sin?e ‘

Show that sml00 can be expressed in partial fractions of type

1 cos 0
. 52 O &3 o
sin?6 — sin' sin26 — sin

according as n is an odd or an even integer and can thereby be
integrated.

30. Integrate
i ¥ sin3zda (i) sin®z dz
) a+bcosx)? oa+bcosz
L)
sin®z dz : T gin3zdo
(i) _[. (a+bcosz)?’ Giv) _[, (a+0bcosz)" (ap3)
31. Show how to effect the integration of
J' (.305’ z & J’ cos?z s
sin 2nx oS Nx
p and n being integers. [e, 1883, aNp CoLL., 1879.]
9 3 -
32. Integrate J-cot (z - a) cot (z — B) dz, b, fo01.)

and show that

Icot (z - @) cot (z— b) cot(z — c)da =2 cot(a — b)cot(a — c)logsin(z — a).

[TrINITY, 1891.]
33. Show that

Isin zsec (z — a.) sec (z — B) dz

2 [cosa cosh~1sec(z — a) — cos B cosh ™! sec (z — B)1.
[TrINITY, 1889.]

~sin (B
34. Prove that

8
La: sec z sec (3 - x) dz= B cosec B log sec f3.
[Oxr. II. P., 1901.]
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35. Prove that, if « and 8 be positive quantities,

x

i dx w(-1) ay
L (acosiz + Bsin®a)*1” 2 nl (da d/3> (87
36. Prove that, if
f@)=@-a)(r-a))...(x—a,)

and P= 'ﬁ“(l - 2a, cos 0 +a,?),

r=1

[a, 1884.]

where aj, a,, ...a, denote real quantities, then
"do 2
B > Arv
.[o P ”2]-1 er/
where 4,=a,f(1/a,)f'(e,), and e= -1, or +1, according as a, is
numerically greater or less than 1. [St. Joun’s, 1886.]
37. If ¢ be less than asin 6, show that the coefficient of ¢™ in the

expansion of
2 i c—a g 9)
ch_aztan { c+atan<4 3 }

is (—1)"‘al -“ dfo+A

sin
where 4, is independent of 6. [CoLL., 1892.]

38. Show that if n be a positive integer,

cos nd — cos na sinna 2 "™ lsinrf .
= > sin(n - r)a.

cos@—cosa  sine = sina ;o

[HERMITE.]
39. Prove that

j (1 +cosz)"da=; - 2Coot+ 5oy 2,,_ 22"0,,_,
40. Show that
jf[ cot(6—a,)d0 =0 cos . + 3 4, logsin(6 - a,),
% 1

sinre
T

where A,=cot(a, — a,) cot(a, - a,)...cot(a, - a,),

the factor cot(a,—a,) being omitted. [HERMITE.]
41. (1) Show that
x
d"'.; = _2__tan‘1 (a ke 1) (a>1).
1 7$_—

a-sinxy a? —
W/ i g

(2) Differentiate with regard to z,

a+l l—smz

-1
. a=1 ]+sma:
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Deduce from (1) and (2) that

= a tang -1
a+ = Slll .’E .
=] e———
Y J l+sm:c+ta'n Jaz—1
is independent of #, and verify your conclusion. [C.S., 1898.]
dz
iy ik Il +ab—acosz —bsecz’

where a<1, b>1, ab+ 1. [Oxx. I.P., 1917.]

4

43. Integrate (i) e(zcosz+sinz). (i) (22+1)%
(iii) (2*+22°+20+1)/(22+2+1)% [Oxr. I.P.,1918.]
cosz dx i
sin (z — a) sin (z — B) sin(z — y)
45. Deduce from the identity

& T 3 2(22 - n?)
6d6=| a6{1-2 29_”—(-— 40
'Ecos'n Io { 2!8111 4 sm

44. Integrate I

2(92 _ n2)(42 — p2
_n3(2 n)(4 n)smﬂﬁ }
the expression for sinz as an infinite product. [Oxr. IL. P., 1887.]
46. Evaluate the integrals
; B 7 (a+2)dz
(i) I(x+ alog 7)% dz. (ii) Fralogs
-“ (1 —log zyda z)"dx
(iii) 3.
(z+alog ) [MaTa. Tripos, 1885.]
47. Show that
= gl+a(a-1) _asinz-xcosz
o (zsinz+acosz)?  zsinz+acosz’

[TriN. CoLL., 1891.]
48. Evaluate the indefinite integrals
(sin z + cos z)?

@) j{(m —1)cosx — (z+ 1)sinz}?

dz.

o z?
@) I{(x —1)cosz - (z+1)sinz)? da
[CoLLEGES, 1886.]

49. If T =2 ++1+ 22, show that

Tr—l Tr+l
IT'd“%{;_—ﬁm '

1 _1} 1
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-+ 2
e ek @ I Q +:v2)2 o [Ox. IL P., 1899.]
(i) log (cos 0+ Nécos 26)d 0.
— cos®0 [CoLL. a, 1891.]

51. Prove that, if # be an integer,

J' o coS NX

————— dx =m cosec a(tana — sec a)",
ol +cosacosw

and deduce the value of

COS N !
o (1 +cosacosz)? ™" [CoLLEGES v, 1891.]
52. From considering the integral
™ cosnf
L a— cos ¢ o
show that
n+ 2 cos?a  (n+3)(n+4) costa
i 1.2 ot

=2"(sec a — tan a)" sec”a cosec a.

53. Prove that, if 0< a<g and n be a positive integer,

* tan % x

“. sin n¢ tan—1 ; d¢ = 5 [(seca —tana)" — (—1)"].
$ tan 5

54. Show that

sin né dé Yl 3t sin § (B, + 0)

j sin 0 cosnf —cosna  n £ cosec S, logAsTn_i- (B, =6’

2rmw
where B,=a+ el

55. Discuss the integration of

sinpf smP"
(@ _"Sin a0, ) .[ a6,

where p and ¢ are positive integers.

56. With the help of the substitution z~1=+/#*—1, or otherwise
prove that

J‘“’_d:t___ s tan“é
o(9+25x’)\/1+x2_l2 3
[MaTu. Trre., Pr. IL., 1920.]

\A/\A/\MA/ T
WWW.
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