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Non-linear mechanics of constrained material continua. I. Foundations
of the theory

CZ. WOZNIAK (WARSZAWA)

THE Aamm of the paper is to give as regards continuum mechanics a more general formulation,
in which we deal with three-dimensional non-polar continua on the motion of which are imposed
certain restrictions called constraints. Various engineering theories (such as theories of plates
and shells, finite element approaches etc.), which are not consistent with classical continuum
mechanics, can be treated as exact theories when based on the mechanics of constrained con-
tinua. Moreover, using the concept of constrained continuum, we can give criteria for the applica-
bility of particular engineering approaches. In this part of the paper, the foundations of the
theory are investigated,

W pracy przedstawiono pewne uogoélnienie mechaniki kontinuum przyjmujac, ze na ruch tréj-
wymiarowego niebiegunowego o$rodka ciaglego sa narzucone wiezy. Rézne uproszczone teorie
i podejécia (np. teorie plyt i powlok, metoda elementéw skoficzonych itd.), ktére nie sa konsys-
tentne z klasyczna mechanika o$rodka cigglego, mozna formutowaé w sposéb $cisly na podsta-
wie mechaniki o$rodka ciaglego z wigzami, Na tej drodze mozna takze ustali¢ zakres stosowal-
nofci réznych teorii przyblizonych. W tej czesci pracy podaje si¢ podstawowe zalozenia i twier-
dzenia mechaniki oérodka ciaglego z wiezami.

B pafore npefcraBneHo HEKOTOpO 0GOOILIEHNHE MEXaHUKHM KOHTHHYYM IPHHMMAA, YTO Ha JBH-
JKEHHE TPEXMEDHOH HEMmOoNAPHOH CIUIOIHON Cpelbl HAJIOXKeHE! CBA3H. PasHele YIpOIIeHHbIE
TEOPHH M IOAXOABI (HANPHMED TEOPHH IUIHT H 060JIOUeK, METO/] KOHEUHbIX 9JIEMEHTOB H T. JI.),
KOTOPBI& HEKOHCHCTEHTHEI C KJIACCHUYECKOH MeXaHHKOI CIUIOIIHOMA cpebl, MOXKHO (hOpMyIHpO-
BaTh TOUHBIM O0pAa30M Ha OCHOBE MEXaHHWKH CIUIOLIHONA cpembl co cBA3AMH. [lo sToMy myTH
MOMXHO TRIOKe YCTAaHOBHTH 00NacTh NMPHUMEHTEMOCTH PasHBIX NPHOMDKEHHBIX Teopwii. B Ha-
crosmei yacTH paGoThl NPHBOAATCA OCHOBHBIE MOCTY/AThl M TEOPEMBI MEXAHHKH CIIIOLIHOFM
Cpenbl CO CBA3AMH.

Introduction

Two models of real bodies are used in mechanics; one is a finite or even countable
set of material points and the other is a material continuum. In what follows we shall
confine ourselves to such mechanical phenomena only, in which the latter model can
be used. We assume that the material continuum is non-polar and three-dimensional.
However, there are many problems which are too complicated to be solved or even in-
vestigated properly within the classical formulation of continuum mechanics. Dealing
with such problems, we introduce certain approximations; examples of such approxima-
tions can be found in the known theories of plates and shells or in the finite element ap-
proach. Those approximations, represented by suitable formulas, are not consistent with
the axioms of classical continuum mechanics. This follows from the fact that in engineer-
ing mechanics we do not usually deal with classical material continua but with certain
constrained material continua — i.e., material continua on the motion of which are
imposed restrictions called constraints. The aim of the paper is to elaborate the general
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theory of constrained continuous media. Various engineering approaches can be treated
as exact theories when they are based on the mechanics of constrained continua; more-
over, in this way we can also evaluate the criteria of applicability of particular engineering
approaches. In the special case of bodies with internal simple constraints, we derive from
the general theory given in the paper the known formulas. In the first part of the paper
we shall establish the basic axioms and theorems.

1. Constrained body

Let & be a continuous body and let us denote by x = x(X, ¢) the deformation function
of # from the reference configuration %, where X € x(#), t € R, and x is a position vector
in the physical (three-dimensional and Euclidean) space('). The continuous body £ is
said to be constrained if on the deformation function x(X, t) are imposed certain res-
trictions of a geometrical or kinematical nature, called constraints. In what follows
we shall assume that the constraints are given by a system of partial differenctial equations:

(1.1) YiaX, 4, V2, ... V1) =0; Xex(B,),teR; i=1,2,..,pq

in different parts #,,a = 1, 2, ..., r, of the body &, where &, n %, = ¢ for each a # b.
5
For an unconstrained body we have | #, = ¢; with another special case of a constrained
a=1

body we shall deal when r = 1 and %@, = #. Examples of constraints (1.1) and their
physical interpretation will be given in later Sections of the present paper; for the time
being, we shall assume that the equations (1.1) are given a priori.

The mass of the constrained body will be introduced in the same way as for the un-
constrained body; we shall denote by ¢ = p(X, f) the mass density of the body in an
arbitrary configuration g,, assuming the equation of continuity in the known form
g+edivy = 0, J = detVy.

The system of forces for the constrained body in the motion given by the deformation
function (X, 1), satisfying (1.1), will be characterized by the following conditions:

(i) The field b = b(X, 1), X € %(&), t € R, of the density per unit mass of the external
body force is given.

(ii) The field p = p(X, 1), X € %(&), t € R, of the density per unit area of the external
surface loads is given.

(iii) The stress-tensor field T(X, ) X ex(#,), a=0,1,...,r, te R, is given (%, is
a three-dimensional part of the body in which there are no constraints (1.1).)

The rules of interpretation of the primitive concept of forces introduced by (i), (ii),
(iii) are the same as in classical continuum mechanics.

As the basic axiom of the dynamics of constrained bodies we shall take the principle
of Vil’_tl.ljll work. To this end, we shall define the virtual displacement field dy = dx(X, 7);
X € %(®) = x(B) U ox(B), t € R, which is continuous in %(#) and satisfies in »(%,),
a=1,2, ...,r, for each deformation function % admissible by (1.1), the following system

(") We shall use the same notations as in [1].
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of linear differential equations;

3y|’a a}'l‘a 3?’&« k _n.
(1.2) oy 00t gy VODE -t - Vi) = 0;

a=1,...,r; i=1,..,ps

where the dot between the symbols denotes contraction with respect to all tensor indices.
We postulate that the principle of virtual work

(13§ pogds+ [ o) dgdo =2 [ [T(VxH)-V(op)do;
ax(B) (@) a=0x,(#a)
1(?) =1(x(2), 1), ? < B,
holds for any virtual displacement field dy.
We shall also assume that a material of a body is simple at each particle X € 4,,
a=0,1, ...,r, postulating the following constitutive equation

(1.4) T(X, 1) = 510 (X, Va(X, 1—5)).

In continuum mechanics of unconstrained bodies, the response functional & is defined
for each motion of the body, but in mechanics of constrained material continua, the
domain of the response functional depends on the character of constraints. To investigate
the character of constraints (1.1), let us observe that the constraints can be introduced
either on the basis of certain physical properties of the material of the body (bodies
made of incompressible materials, for example) or in order to simplyfy the mathematical
structure of problems under consideration (the hypothesis of normal element in the shell
theory, for example). In the former case the constraints will be termed real and in the
latter case we shall call them imaginary constraints. Thus the constitutive functional #
is defined for all motions which are admissible by the real constraints; because all rigid
motions are always admissible by the real constraints, then we shall assume that the
constitutive equation (1.4) has to satisfy the principle of material frame indifference. If
there are no real constraints, then we have to assume that the manifold of all motions
admissible by imaginary constraints is not an empty set.

From the formal point of view, mechanics of constrained continua is expressed in terms
of primitive concepts %, ¥, o, b, p, T and axioms given by (1.1), (1.3) and (1.4). All primi-
tive concepts are interpreted in the same way as in classical continuum mechanics. How-
ever, from the point of view of application of bodies with imaginary constraints to the
classical problems of continuum mechanics, we have also to establish criteria of approx-
imation of classical continuum mechanics problems by using the suitable constrained
continua. This problem we shall analyse in the next Section.

2. Reaction forces

Let us transform the Eq. (1.3) to the form:
2.1) [ s-oyds+ [ or- éyav =0,

X, () X, @)
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r

where 2 = | 84, is a material surface, where
a=0
;

or = gy—pob—divT for (X, 1) el »(®.) xR,
0

(2.2) s =Tn"—p for (X,1) € [0x(B,) N on(B)] xR,
s = T?n°+T°n° for (X,1)e[0x(B,) N Ix(B)]XR, a#b,

and where n? is a unit exterior normal to the surface dy,(#,) and T is a limit value on
ay; (8,) of the stress tensor T in x,(4,). The vector field r = r(X, ¢) will' be called the body
reaction force and the vector field s = s(X, ¢) is said to be the surface reaction traction
(for Xeu 0x(#,) N ox(AB)) or the contact reaction forces (for X € U [0%(B,) N Ix(B})]).
The fields r(X, 1), s(X, t) of reaction forces, the deformation function (X, t) and the
field of Cauchy stress tensor T(X, ¢) are the basic unknowns in the mechanics of con-
strained continua. These functions have to satisfy the equations of constraints (1.1), the
constitutive equations (1.4), the expressions (2.2) for the reaction forces, and the integral
condition (2.1). The Egs. (2.2) may also be called the equations of motion, the boundary
conditions and the contact conditions, respectively, for the constrained body. Note that
the Egs. (1.1), (1.4), (2.1) and (2.2) do not represent explicitly the system of equations
for the unknown functions g, T, r, s (Eq. (2.1) is not one equation but has to be satisfied
by each dy), but are the starting point for obtaining such a system in different special
cases.

The Eqgs. (1.1) represent the intrisic constraints; in many particular problems we also
deal with the boundary constraints — for example, when the deformation function is
prescribed on a certain part dx (%) of the boundary. In the latter case we have y = ¥(X, 1)
for X € d%(&); the function 7 is known and has to be admissible by (1.1). It follows
that 0y = 0 on Jx(%&)x R.

Now, we shall prove two theorems, which are valid for an arbitrary form of con-
straints (1.1).

THEOREM 1. If B, is an unconstrained part of the body &, then x = 0 for each X € %(%4,),
t € R(?).

Putting dx = 0 for each X ~ € %(%,), we shall obtain from (2.1) the condition

J er- dxdv = 0,
X #)

which has to be satisfied for any field (X, 1), X € #(%,), taking zero values on Jx(#4,).
By virtue of the du Bois-Reymond lemma, we conclude that r = 0 for each X € %(%,).
_ THEOREM 2. For a body without intrisic constraints and with boundary constraints on
9%(B), only reaction tractions on dx(®) can be different from zero.

For a body without intrisic constraints we have # = %,, and by virtue of Theorem 1|
we can reduce (2.1) to the form

I s dyds = f s Oxds + f s Ogds = 0,
0% (®) dx () 3x,(B)

(*) By a part of a body we always mean the three-dimensional manifold.
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where on 8y,(#) the virtual displacements dy are arbitrary. Putting dx = 0 on oy (B),
we conclude that the integral over dy (#£) must disappear. It follows that

[ s dyds=0
ax(B)

holds for each dx. Using the du Bois-Reymond lemma, we shall obtain s = 0 for each
Xe 5x(£). Thus we conclude that in the problem considered, only reaction forces on
d7,(®) can be different from zero.

Theorem 2 implies that the classical continuum mechanics (i.e. mechanics of bodies
without intrinsic constraints) constitutes a special case of constrained continuum mechanics.

Let us confine ouerselves, for the time being, to the case in which all constraints are
intrinsic and imaginary. To such a constrained body corresponds an unconstrained body
with the same mass distribution and the same field of response functional, provided that
the global reference configurations of the two bodies coincide. Let us denote by {f, g},

where f = (X, 1), X e U %(%,) and g = g(X, 1), X € U 9x(4,), the external load system,
a=0 a=0

in which f is a vector field of body forces and g is a vector field of surface and contact
tractions. Using the same notations as in [1], the pair {y, T} will be called the dynamical
process.

Using (2.2), we observe that the dynamical process {X, T} in a constrained body
subjected to the external load system {b, p} can at the same time be treated, as the dy-
namical process in the corresponding unconstrained body subjected to the external load
system {b+r, p+s}(®). It follows that if the external load system {r, s} can be disregarded
as sufficiently small with respect to the external load system {b, p}, then the dynamical
process {X, T} obtained from the solution of the constrained body problem can be treat-
ed as a good approximation of the dynamical process in the corresponding unconstrained
body. To evaluate the approximation, we have to introduce a suitable norm in the linear
space of external load systems {f, g}. A simple example of such a norm in the static case
is given by

(ST

gl =( [ af-tawo+ [ pg-gds)

X," 3) Xr{ 2 )

where & = a(X), # = B(X) are given positive real valued functions, and «f~! has a di-
mension of length. Let us denote by é < 1 the positive number, assuming that in the
problem under consideration each external load system {f, g} can be disregarded with
respect to the given load system {b, p} only if ||{f, g}|| < &||{b, p}||; the value of  depends
on the character of the problem and is based on experience. If the value of 4 is establish-
ed, then the dynamical process {X, T} obtained from the solution of the constrained body

(®) By virtue of (2.2) and (1.4) we also conclude that any theorem of classical continuum mechanics
will hold for a continuum with imazinary constraints if the system of forces {b, p} is replaced by the system
of forces {b+r, p+s}.
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problem can be treated as a good approximation of the dynamical process for the cor-
responding unconstrained body, provided that there holds the following condition

[I{r, s}l
@3) I, B3l < %
in which the reaction forces are obtained from the solution of the constrained body problem
analysed. In a more general case, the form of constraints (1.1) may be influenced by a certain
n-th dimensional vector function which is called control; in this case, the norm ||{r, s}||
is a functional which expresses the target function and it is required to determine the
dynamical process and the control, so that the functional ||{r, s}|| will attain its minimum.
This is a somewhat complicated problem which will be studied separately.

The conclusions given above can easily be generalized to the case in which the boundary
constraints on the part 31,(.@) of the surface dy,(#) are prescribed for each ¢. Denot-
ing by § = s(X,?), X € d%(®) the reaction forces in supports maintaining the bound-
ary constraints and putting § = 0 on 9x(2)/éx(®), we have to replace the condition
(2.3) by the following:

Ii{r, s— 8}l
Ii{b, prsl < %

To conclude this Section, we shall formulate the three theorems which describe the
connection between the form of constraints (1.1) and the reaction forces (2.2). To this
end we denote by & the manifold of all functions (X, ) which are continuous in %(®)x R
and satisfy in each x(%,) x R the suitable system of equations (1.1).

THEOREM 3. If for each deformation function y € £, the relation X +c € o holds for an
arbitrary constant vector ¢ in the physical (reference) space, then the resultant force of all
reaction forces acting at the constrained body equals zero.

If for each x € &/ and arbitrary ¢ we have y+¢ € &, then the Eqgs. (1.1) are invariant
under arbitrary translation of the physical space; it follows that the functions y;, are
independent of argument y:

a?.‘a .
24 —* = =1, s Das =1,..,r
2.9 31 , i=1,..,pP a=1 r
From (2.4) and (1.2), we shall obtain the following equations for virtual displacements:
0Via Via
2.5 Bzfx V(@D + ... + iy - V&(8y) = 0.

The Eqs. (2.5) are satisfied for each 8y = ¢, where ¢ is an arbitrary constant vector in
the physical space. Substituting 8y = ¢ into the Eq. (2.1), we shall satisfy the relation
obtained only if

(2.6) f sds + fgrdv:ﬂ
%(®) %)

which ends the proof.



NON-LINEAR MECHANICS OF CONSTRAINED MATERIAL CONTINUA. I. FOUNDATIONS OF THE THEORY 111

THEOREM 4. If for each deformation function y € s/, the relation Qy € o holds for an
arbitrary orthogonal tensor Q in the physical space, then the resultant moment of all reac-
tion forces acting at the constrained body equals zero.

If for each X € &/ and for an arbitrary orthogonal tensor Q, we can write Qy € &,
then the Egs. (1.1) are invariant under all orthogonal transformation of the physical
space. The functions y;, are then hemitropic in the physical space — i.e., they satisfy the
conditions
2.7 —%}xn]‘*"g%:'—:h],a‘* =0,
where x™ are components of g, and where the index preceded by a comma denotes partial
differentiation with respect to material coordinates (all tensor indices run over the sequence
1, 2, 3, the summation convention holds). From (2.7) and (1,2) it follows that dy = Ey,
where E is an arbitrary skew-symmetric matrix and y is an arbitrary deformations func-
tion, x € &. Substituting dy = Ey into the Eq. (2.1), we shall satisfy the resulting equa-
tion for each E only if

(2.8) J sx gds+ f orxydv =0,

X'( 2) x‘[’)

which ends the proof of Theorem 4.

THEOREM 5. If for each deformation function y (X, t) € o, the relation y (X, t+c) e &
holds for an arbitrary constant c, then the work done by all reaction forces acting at the
constrained body equals zero.

If for each x(X, r) e & we also have (X, r+c) € o, then the functions y;, are in-
dependent of argument ¢:

ayla -~
(2.9) = 0.

From (2.9) and (1.1) it follows that

a?ia i a?ia —s d}’
2.10 . S S s 0
(2.10) £ X+ vy Ve+ ... ar 0.

Comparing (2.10) and (1.2), we conclude that if (2.9) holds then we can put éx = % for
any admissible motion x € &/. Thus we obtain the following relation:

@.11) [ s ids+ [ or-jdo=o,

(&, X,(®)

which ends the proof of Theorem 5.

3. Principles of conservation

If the mechanics of constrained continua is based on the dynamical principle of virtual
work (1.3), then the principle of conservation of momentum and that of moment of
momentum are not axioms of the theory, but they may be proved, assuming that suitable
conditions hold.
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3.1. Principle of conservation of momentum.

For each part 2 < %,, and an arbitrary #,, a = 0, 1, ..., r, the following principle
.of conservation of momentum holds:

3.1 'Hd? f@idﬂ: f twds+ J o(b+rdy, tu = Tn.

%,(#) 9%,(#) %, (@)

Equation (3.1) can be obtained directly from (2.2),, using the divergence theorem
and taking into account that g is a scalar density in the physical space (i.e., that the
equation of continuity holds).

THEOREM 6. If the conditions (2.4) hold, then the principle of conservation of momentum
for the whole constrained continuum has the form

3.2) 4 [ oido= [ pds+ [ obdo,

%,(®) ox (@) X B)

being independent of the reaction forces.

To prove the theorem, we have to observe that an arbitrary constant vector ¢ in the
physical space constitutes now the virtual displacement (cf. Theorem 3). Substituting
dy = c into the Eq. (1.3) and after simple transformations, we arrive at the condition
3.2).

Using (3.1) and (2.2),,; we can prove that if the condition (2.4) is not satisfied, then
on the right-hand side of the Eq. (3.2) there will be an additive term expressing the resul-
tant of all reaction forces acting on the body (cf. also Theorem 3).

3.2. Principle of conservation of moment of momentum.

For each part 2 = %, and an arbitrary %#,, a =0, 1, ..., r, the following principle
of conservation of moment of momentum holds:

3.3) 4 [ epxado= [ twxzds+ [ ol+nxzdo,

% (#) 0% (#) X(2)

provided that the Cauchy stress tensor is symmetric: T = T”. The principle of conserva-
tion (3.3) can be obtained by constituting the vector product of the Eq. (2.2), with the
position vector z, and by integrating the equation obtained over the region x,(%); the
divergence theorem, the continuity equation and the condition T = TT have also to be
taken into account.

THEOREM 7. If the equations of constraints (1.1) are invariant under arbitrary orthogonal
transformations of the physical space, and if the Cauchy stress tensor is symmetric, then
the principle of conservation of momentum for the whole constrained continuum has the
form:

(3.4 gt_ fgixxdv: f oxyds+ fgbxxdv,
X, Oty B) X%

being independent of the reaction forces.
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The Eqgs. (1.1) are invariant under arbitrary orthogonal transformation of the physical
space if the relation (2.7) holds; it follows that dy = Ey, for each y € & and each anti-
symmetric tensor E. Substituting dy = Ey into (1.3), we shall observe that the right-
hand side of the resulting equation vanishes for the symmetric stress tensor T. The left-
hand side of this equation also being equal to zero, simple manipulations lead to (3.4).

Using (3.3) and (2.2),,; we can also prove that if the Cauchy stress tensor is symmetric
but the equations of constraints (1.1) do not satisfy the condition (2.7), then on the right-
hand side of the Eq. (3.4) the moments of all reaction forces will also be present (cf.
Theorem 5).

Let us denote by P the rate at which the stresses do work (the stress power) per unit
volume of the body in the actual configuration:

3.5) P=T.D; D= %[grad 7+(eradpT, gradi = Vi(Ve) .

Constituting the scalar product of the Egs. (2.2), with the vector g, after simple calcula-
tions we arrive at the relation:

d | [ = & i
(3.6) =5 f E-g]xlzdw+ f Pdv = f twy - Xds+ J o(b+r)-1dv,
x,(#) %,(#) ax,(#) %(#)
which holds for an arbitrary #, # < #,,a = 0,1, ..., r. The Eq. (3.6) can be called the
principle of conservation of the kinetic energy, represented by the first term on the left-
hand side of (3.6).

THEOREM 8. If the conditions (2.9) hold, then the principle of conservation of the kinetic
energy for the whole constrained continuum has the form:

d 1 .. : 7
3.7 =5 f—2—9|x|2dv+ dev = )‘. p-rds+ fgb-xdv,
x(®) %,(®) oy (R) 2B

being independent of the reaction forces.

By virtue of (2.9) we have 8y = y for any admissible motion x, x € & (cf. the proof
of Theorem 5). Substituting dx = % into (1.3), we obtain finally the condition (3.7).

If the condition (2.9) does not hold, then the rate at which the reaction forces perform
work has to be added to the right-hand side of the Eq. (3.7); this result can be obtained
using (3.6) and (2.2), 5.

The connection of the theorems 6, 7, 8 with the theorems 3, 4, 5, respectively, can
be seen.

4. Lagrange’s equations of the first kind

The axioms of the constrained continuum mechanics, which were given in Sec. 1,
do not represent, in explicit form, the system of equations for unknown functions. In
this section, we shall obtain such equations in the form which corresponds to the form
of Lagrange equations of the first kind, well known in analytical mechanics. Thus the
equations we are to obtain will also be called Lagrange equations of the first kind for the

8 Arch. Mech. Stos. nr 1/74
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constrained continuum. To simplify the calculations, we shall confine ourselves to the
constraints of the form.

4.1 X, 0V, V) =0; i=1,2,..,p; Xex(®B),teR,

which are given for the whole constrained body. The special case of (4.1), in which k£ = 1
(simple constraints), has received a great deal of attention in many papers on incom-
pressible bodies or bodies reinforced with inextensible cords (cf. [1, 2]).

We shall use the index notation of the tensor calculus; indices «, «,, 8, ¥, ¥4, ...,
will refer to material coordinates (components of the vector X € (%)) and “m” will refer
to ortonormal Carthesian coordinates in the physical space; all tensor indices run over
the sequence 1, 2, 3. Moreover.

@ = aPIL f = foaa for L=1,2,..,k,

and f,L =fa"=aforL=0.

Let us denote by ' = I'(X, ), Xex(®), teR,i=1,2,..., p, Lagrange multipliers
not determined for the time being. Multiplying the Egs. (1.2) termwise by scalar mul-
tipliers A' and taking into account the form (4.1) of constraints, we shall write the sum:

P k
LS o
42 D oy =
i=1 L=0 ox" b
After many manipulations, we shall transform (4.2) to the form
k-1
4.3) @+ N a) 03" = ( X Nu®" 0gmpt) = 0,
L=0
where we have denoted:
P 3 p k-1-L a
3OO
@)  an= S A yat_ Z )} (-1)**(1‘ —”‘—-) :
= o & & 0% aptM | M
0 L<k-1.

Let us integrate (4.3) over the region %(2%) occupied by the body in the reference configura-
tion. Adding termwise the resulting equation to the Eq. (2.1) (we have to remember
thatr = 1, #, = & and %, = ¢), we obtain:

k-1

(45) f (rim'"am_Nm“.u)ax-dt’R+ f (Sm 6xm+ Z N,.“”Léx’“‘g;,n,,)dfa =0,
(%) ax(®) =0

where og, Sg = (5,), Bgr = (1) are, respectively, the mass density in x, the surface reac-
tion traction related to » and the unit vector normal to dx(Z). Since in the Eq. (4.5)
there are p undetermined Lagrange multipliers, then we can treat the virtual displacements
Oy in (4.5) as, from the formal point of view, as arbitrary differentiablle functions in-
dependent of each other. It follows that the Eq. (4.5) holds for all functions &y that satisfy
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on the boundary dx%(Z%) the conditions dy™ .. =0, L = 0,1,, ..., k—1. Thus the Eq. (4.5)
will be satisfied only if the volume integral in (4.5) equals zero:

4.6) [ (0rFn=n—Nua) 83" dog = 0.
()

Using the du Bois-Reymond lemma, we obtain: ggrp, = @m+N,"*« or

@) R = ) 2( (2

I=1 M=0

Because of o = det(Vy)or, we also have

P k
5 o,
_ _nyMom| qi
458) or = det(Vn) ) Y (=14 (A = )
i=1 M=0
Thus the basic system of the field equations for the constrained body under consideration
is given by the equations of constraints (4.1) and by the equations of motion (cf. Egs.

(2.2),):
4.9) divT +ob+or = oj,

where the stress tensor T is related to the deformation (X, r) by means of the consti-
tutive equations (1.4), and the body reaction force r is related to the deformation and
to the Lagrange’s multipliers A, i = 1, ..., p, by means of the Eq. (4.8). This is a system
of 3+p equations for 3+p unknown functions y"(X,?), m=1,2,3, ¥X,1), i =
=1,2,...,p, and can be determined only if p < 2; in the case p > 3 the Eq. (4.1) are
over-determined with respect to the unknowns x!, ¥2, 3, and the eouations (4.9) (after
taking into consideration (1.4), (4.8)) are under-determined with respect to the unknowns
AL ., AP
Let us investigate now the boundary conditions for the system of field equations (4.1),
(4.9), (1.4), (4.8). Let on the portion é%(%) of the boundary 9x/(%) the values of functions
x"st, L=20,1,...,k—1, be known (these values cannot be prescribed independently
of each other). It follows that dy™,. =0,L =0,1,...,k—1, on éx(g). Thus the rela-
tion (4.5), after taking into account (4.6), reduces to the form:
k-1
(4.10) | snogrdse+ [ D Nu# o™ unadse = 0,
dx(8) on(a) L=0
where on the portion dx(%#) of the boundary Ox(Z) the external surface tractions p(X, 1),
X € éx(%) are prescribed. To simplify the calculations, let us confine ourselves to the
cases k = 2,k = 1.

4.1. The case k = 2,

Let us denote by ng = (n,) the unit normal to d%(%#) and let gy = Vyng be a normal
derivative on the boundary. Morever, let &:8x(%#) — R? be a local coordinate system
on 0x(A#), where & = (&%) and the index “A” runs over the sequence 1, 2. We shall also
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denote by a4 = (a4) the contravariant base vectors on 3#(@) Using these denotations
we are able, after some calculations, to transform (4.10) to the form

@10 [ {Isn+Nana— (NuPafn)| 8" +NuPnnad(7™)} dsg
Iu(B)
+  f Nanaugdymdig =0,
Oldw(a)]

where B{ax(.?)] is a boundary of d%(%) with the unit normal u = (i) (vector u being
tangent to 3x(£)) and where the vertical line denotes the covariant differentiaton on
5‘x(@) with respect to the surface coordinates &4 and in the metric a, - az, a, being co-
variant base vectors on Bx(f?). Since on the portion 3x(£) of the boundary dx(%) the
values of functions y and 9y are known, then dx = 0 on &»(%#) and the last term in
(4.11) must be equal to zero, provided that dy are continuous. Moreover, the functions
8y and 2(8x) on dx(%) may be treated as independent of each other and arbitrary when
the Lagrange multipliers approach is applied. It follows that on dx(#) the following
conditions hold:

(4.12) Sm= =N+ (Nolafndla,  Nu¥ngng = 0.

Using (2.2), we arrive finally at the following boundary conditions:

(Tu® +Nptta— (NpPagn)|a = pR,  No¥neng =0 on dx(B)xR,
1=% dx=v on Ox(B)xR,

where %, ¥ are known. All quantities in (4.13), are related to the reference configuration.
Since the equation of motion (4.9) can also be written in the form

(4.14) (Tw™ +Nuw®) a +orbm +am = 0r Em-

(4.13)

then the sums 7,,* +N,,” can be interpreted, from the formal point of view, as “total” stress
components if the conditions (N,*’afn,)|4 = 0 hold. The quantities in the Eqs. (4.11)-
(4.14) are related to the reference configuration.

4.2. The case k = 1.

This is a case of simple constraints y;(X, ¢, x, Vx) = 0. The boundary conditions
(4.13) reduce to the form:

(T +N,Hn, = p®  on  x(#)x R,

(4.15) ) .
r=12 on Jx(#)xR,

and the sums 7,,*+N,,* can always be interpreted, from the formal point of view, as com-
ponents of a certain “total” stress tensor. Such an approach is commonly used if the
simple constraints are taken into account; the stress tensor T determined by the history
of the deformation gradient, in accordance with (1.4), was called in [1] “the extra stress”
and the tensor N = (JN,*x».) Was interpreted as a part of stress that does no work in
any motion satisfying the constraints. The latter condition holds only if the functions y;
do not depend explicitly on ¢ and yx; it follows that a, = 0 in the equations of motion
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(4.14). Moreover, if the functions y; are also invariant under arbitrary rotation of the
physical space, then the tensor N in the case of simple constraints is symmetric. This
special case of simple constraints, in which they are assumed to be frame indifferent,
has been investigated in several papers (cf. [1, 2]).

The Egs. (4.14), which are valid for an arbitrary k, where N,’, a,, are given by (4.4),
will be called Lagrange equations of the first kind for the constrained continuum. The
alternative form of these equations, which is related not to the reference but to the actual
configuration, will be obtained after substituting the right-hand side of (4.8) into (4.9).

5. Examples of constrained continua

The well known examples of constrained continua are those of incompressible bodies
(given by det Vg —1 = 0), bodies which are inextensible in the direction of e in » (equations
of constraints have the form (Vz"Vye)-e—1 = 0) and rigid bodies, where V¢"Vy—1 =
= 0, [1]. Those constraints are simple and real. An example of simple imaginary con-
straints can be given by a rod-like body with cross-sections which are inextensible; denoting
by e a vector normal to the cross-section and putting e - e = 0, (Ve)e, = 0, we shall
obtain the equations of constraints (Vx'Vye,—e, ) ez = 0; 4, Be{l,2}. Examples
of non-simple constraints given by V(Vze)e = 0, where (Ve)e = 0, are used in the
theory of shells, e being the direction of the material fibre normai to the midsurface of
the shell in the reference configuration. In the separate parts (which are called the finite
elements) of discretized bodies, we introduce constraints of the form V(vVxTvy) = 0.
In rod-like bodies which are assumed to preserve plane cross-sections, normal to the
vector e in the reference configuration %, we have to introduce the constraints V(Vye)e, =
=0, (Vye) - e4 = 0. In shell-like bodies preserving straight-line material fibres in the
direction given by a vector e in », the constraints have the form V(Vye)e = 0, where
(Ve)e = 0. The special cases of constraints given above are of great importance mainly
in engineering mechanics and will be studied in a separate communication. Other kinds
of constraints, including integrable constraints, we shall investigate in a further part
of this paper.

Appendix
Alternative form of basic axioms for the constrained continuum mechanics

The formulation of the mechanics of a constrained continuum is given in Sec. 1 in
terms of primitive concepts 4, z, 0,b,p, T and the axioms given by the equation of
constraints (1.1), the dynamical principle (1.3) and the stress relation (1.1). Now, we shall
give an alternative formulation of constrained continuum mechanics, by introducing
other primitive concepts and basic axioms; both approaches, however, will be equivalent.

As the primitive concepts we shall take &, 1, 0 and the system of forces which will
be characterized by the conditions (i) and (ii) of Sec. 1 and by the following two condi-
tions: (iii). There exist in x,(%.),a =0, 1, ..., r the vector valued functions t (X, t),
defined for each unit vector m, which are called stress vectors. The stress vector is inter-
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preted as acting across the oriented surface element with normal n, which is situated
at the place x = x(X, t) in the physical space.

(iv) There exist fields r = r(X,1); X ex(®,); a=0,1, ...,r; t e R, of the density
per unit mass of the reaction body force.

As the kinematic axiom we shall take the existence of manifold &/ of admissible mo-
tions, y € &/, which is given a priori by the equations of constraints (1.1). More general
manifolds may also be taken into account.

As the dynamical axioms, we shall take the principle of momentum (3.1) and that
of moment of momentum (3.3).

We shall also assume that the stress relation holds in the form (1.4); to this end we
have to prove, by means of the two dynamical axioms, the existence of the symmetric
Cauchy stress tensor T such that t,, = Th.

From the principle of momentum the equations of motion follow in the form (2.2), .
We shall also define the fields of the surface reaction forces by means of (2.2),,5.

The meaning of the system of reaction forces {r, s} is obvious; it has to maintain the
motion 3 of the body in the manifold &/ of admissible motions(*). If the manifold &/
constitutes an uncountable set of admissible motions, then there is an infinite number
of systems of reaction forces which may satisfy this condition. Thus, following the known
approach of analytical mechanics, we assume that the constraints are ideal —i.e., that
(2.1) holds for every dy; this is final axiom of the formulation of the constrained contin-
uum mechanics given in this Appendix.
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