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Ultimate bearing capacity of structural systems with minimal critical 
sets having joint elements in pairs 

W. DZIUBDZIELA, B. KOPOCINSKI and Z. KOW AL (WROCLAW) 

THE PAPER discusses two models of rigid-plastic structures in the boundary state: model J, 
in which the critical sets form an open chain with joint elements of the adjacent sets - as­
sumptions of this model are satisfied by, among other factors, the continuous beams; model 2~ 
in which the critical sets form a closed chain with joint elements of the adjacent sets. The 
assumptions of model 2 are satisfied by single-chamber frames. The models are described 
in the manner used in the measure theory. The distribution of the probability of appearance 
of ultimate bearing capacity can be determined by means of electronic computers on the basis 
of four theorems proved in the paper. On the basis of the theorems proved, some estimations, 
simple in application, from the top of the risk of failure of the system are given. These estimations 
do not require the application of electronic computers. The work is illustrated by examples. 

W pracy rozpatruje si~ dwa mode le konstrukcji sztywno-plastycznych w stanie granicznym: 
model 1, w kt6rym zbiory krytyczne twor~ lancuch otwarty o wsp61nych elementach S(lsiadu­
j(lcych zbior6w (zalozenia tego modelu spelniaj(l mi~dzy innymi belki ci(lgle) oraz model 2, 
w kt6rym zbiory krytyczne twofZCl lancuch zamkni~ty o elementach wsp6lnych S(lsiaduj(lcych 
zbior6w (zatozenia modelu 2 spelniaj(l ramy jednokomorowe). Modele opisano w terminach 
teorii miary. Rozktady prawdopodobienstw wyst(lpienia nosnosci granicznej wyznaczac mozna 
za pomoc(l maszyn cyfrowych na podstawie udowodnionych w pracy 4 twierdzen. W opar­
ciu o udowodnione twierdzenia podano proste w zastosowaniu oszacowania od gory niebezpie­
czenstwa zniszczenia systemu. Oszacowania te nie wymagaj(l zastosowania maszyn cyfrowych. 
Prac~ zilustrowano przykladami. 

B pa6oTe paccMoTpeHbi ;::t;ae Mo;::t;eJIH >KeCTKo-rma~t~ecKHX coopy>KeHHH a npe;::t;em.HoM co­
CTOHHHH. B nepBOH MO;::t;e.rm KpHTHtiecKHe MHO>KeCTBa o6pa3yiOT OTKpbiTYJO Qem, Coe;::t;HHeH­
HyiO o6~H 3JieMeHTaMH COCe;::t;HHX MHO>KeCTB (npe;::t;nOJIO>KeHWIM 3TOH MO;::t;e;m y;::t;OBJieor­
BOp.R:IOT, HanpHMep, HenpepbiBHhle 6aJIKJl). Bo BTOpOH MO,ll;eJIH Kp}{T}{t{eCK}{e MHO>KecTBa 
06pa3yroT 3aKpbiTYJO Qellb C 061Q}{MH 3JieMeHTaMH COCe,!J;HJO{ MHO>KeCTB (npe,ll;IIOJIO>KCHH.R:M 
3TOH Mo;::t;e.rm y;::t;oBJieTBOp.R:IOT o;::t;HonoJioCTHbie paMLI). Mo;::t;e.rm onHCaHbi a TepMHHax reopHH 
Mephi. Pacnpe;::t;eJieH}{.R: aepo.R:THoCTeH: B03HHKHOBCH}{.R: npe;::t;eJibHOH Harpy3KH MO>KHO 
BbltiHCJIHTb fiPil llOMOIQH 3UBM, HCXO,ll;.R: H3 tieTbipex TeopeM, ,ll;OKa3aHHbiX B ,ll;aHHOH pa6oTe. 
Mcxo;::t;.R: ll3 ;::t;oKa3aHHbiX TeopeM ;::t;aHhi npoCTLie npllKJia;::t;Hbie aepXHHe oQem<H onaCHoCTH 
pa3pyllleH}{.R: CHCTeMhl. fiOJib30BaHHe 3THMH OQeiD<aMH He Tpe6yeT npHMeHeH}{.R: BbltiHCJIHTeJib­
HbiX MaiiiHH. Pa6oTa HJIJIIOCTpHpyeTc.R: npHMepaMH np}{Jio>KeHHH. 

1. Introduction 

LET us take into consideration elasto-plastic structures composed of elements in such 
formation that at the boundary state they can be considered as rigid-plastic structures, and 
their reliability characteristic determined by means of the kinematically permissible mech­
anisms of destruction [6]. These systems can be described by application of the minimal 
critical set of elements (a critical set of elements is a set of elements such that failure 
of the structure takes place when all the elements of the set are subjected to failure; the 
critical set is minimal if none of its sub-sets is critical [4, 5] ). Let us consider structures 
the reliability models of which can be described by means of r minimal critical sets, 
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A 1 , A 2 , ••• , Ar of elements having joint elements in pairs. Two models are distinguished in 
this work: model 1, in which the critical sets form an open chain with joint elements of 
the adjacent sets, and model 2, in which the critical sets form a closed chain with joint 
elements of the adjacent sets. 

In [4] was discussed the case of a structure with two minimal critical collections having 
joint elements. Models 1 and 2 are the natural generalization of that case. Problems of 
objective determination of ultimate bearing capacity have also been dealt with during 
recent years by the authors of [8, 9, 10, 11, 12]. 

Our problem is to find the distribution of the ultimate bearing capacity of structures 
satisfying the assumptions of the models discussed on the basis of the distribution of ulti­
mate bearing capacity elements, estimation of such distribution from the top, and on this 
basis estimation . of ultimate bearing capacity from below. 

It is assumed that the distribution Fj(x) of the ultimate bearing capacities of N1 elements 
i n each set is known: 

(I. I) Fj(x) = P(N1 < x), j eA, i = I, 2, ... , r, 

together with the means E(N1) and variances D2 (N1). 

Since the ultimate bearing capacities of elements are independent random variables, 
therefore the distribution FAt (x) of the ultimate bearing capacities NAt of the minimal 
critical sets of elements A1 

(1.2) FA,(x) = P(NA, < x), i = I, 2, ... , r 

can be determined on the basis of distributions F1(x) of the ultimate bearing capacities 
of elements ( [2]) 

(1.3) 

where IT* denotes the commutative convolutive product of distributions FJ(xfa1) for 
j e A1, a1 is the weight of the Ph element in set A1• 

Parameters of distribution F.At(x) determined from the Eq. (1.3) are as follows: 
the expected value equals 

(1.4) E(NAt) = 2 a1E(N1), 
)EAt 

and the variance is equal to: 

(1.5) D2 (NA,) = 2 aj D2 (N1). 
}EAt 

2. Distribution of the ultimate bearing capacity of a structure constructed according to modell 

A reliable model 1 of the structure is shown in Fig. I. It can be described in the manner 
used in the measure theory [3] 

(2.I) A1 n A1 = 0, li-jl >I, A1 n Ai+l ::/: 0, i =I, 2, ... , r-1. 

The sets B1 , B2 , ••• , B2 k_ 1 , B2 k, ••• , B2r_1 , can be defined in the following manner: 
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Let the elements with numbers 1, 2, ... , /1 belong to the set B1 = A 1 "\,.A2 • Then, 
for simplicity, the sets of elements are determined by means of the set of their numbers, 

B1 = A1 ""A2 = {lo+ 1, ... , it}, 

and let also 

where 

B2k = Ak n AH1 = {/2k-1 + 1, ... , /2k}, k = 1, 2, ... , r-1, 

B2k-1 = Ak"\.(Ak-1 uAk+1) = {/2k-2+l, ... ,/lk-1}, k = 2,3, ... ,r-1, 

B2r-1 = A,"\.Ar-1 = {/2r-2 + 1, ... , k}, 

1 ~ /1 < 12 < ... < /2r-1 = k, lo = 0. 

In the measure theory, the product A" n AH1 denotes a set the elements of which 
belong to the set A" and also to the set AH1 • 

Further, use is made of the symbol of the sum Ak u AH1 denoting the set elements 
of which belong to the set A" or to the set AH1 , and the symbol of the difference 
Ak "'-. Ak_1 , denoting the set elements of which belong to the set A", and do not belong 

to the set Ak-1· 

••• 

FIG. 1. Model 1 of the reliability of structure. 

Figure 2 presents an example of a structure satisfying the assumptions of model 1. 
This model is satisfied by continuous beams loaded in a typical manner by forces of the 
same nature as shown in Fig. 2. (The loading arrangement of the system determines the 

FIG. 2. Example of a structure built on the basis of model 1. 

probability - different from zero - of the appearance of individual mechanisms of failure 
from among the full set). 

The ultimate bearing capacity of the minimal critical set of elements is the sum of the 
ultimate bearing capacities of elements belonging to the set, taken with the correspond­
ing weights [5]. The ultimate bearing capacities Ni can have weights a1 (i = 1, 2, ... , k) 
in the structural system. Making use of this assumption it will be sufficient to deal with the 
sequence of the independent random variables: 

X1 = _}; amN m, i = 1 , 2, ... , 2r- 1 . 
meB1 
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These variables can be interpreted as the ultimate bearing capacity of the element sets 

Bt, B2, ... , B2r-t. 
The ultimate bearing capacity of a structure with r minimal critica1 sets is a random 

variable in the form: 

(2.2) NY>= min(Xl +X2' x2 +X3 +X4, ... 'X2r-4 +X2r-3 +X2r-2' X2r-2 +X2r-l). 

The first objective will be to find the distribution function of this random variable 

(2.3) 

where 

H2 ,_1 (x) = P(N}'> ~ x). 

2.1. Recurrence formulas for H2r-1(x) 

THEoREM I. If xl' x2' ... ' X2r-1 (r = 2' 3' ... ) are the independent random variables 
with distributions Fi(x) = P(Xi < x), ~(x) = I-Fi(x)for i = I, 2, ... , 2r-I, then 

00 

(2.4) H2r-l(x) = J H2r-3(x, X2r-2)F2r-t(X-X2r-2)dF2r-2(X2r-2), 
-00 

where 

00 

(2.6) H2r-3(X, X2r-2) = J H2r-s(X, X2r-4)F2r-3(X-X2r-2 -X2r-4) x 
-oo 

Proof. Let 

Hence 

H2r-3(x' X2r-2) = P[min(X 1 +X2' x2 +X3 +X4, ... 'X2r-6 +X2r-S +X2r-4, 

X2,-4 +X2r-3 +X2r-l) ~ x]. 

00 

H3(x) = P[min(X1 +X2, X 2 +X3) ~ x] = j P[min(X1 +x2, x2 +X3) ~ x]dF2(x2) 
-00 

00 00 

J P(X1 ~ x-x2)P(X3 ~ x-x2)dF2(x2) = J H 1(x, x2)~(x-x2)dF2(x2), 
-oo -00 

and then 

H2r-t (x) = P[min(X1 +X2, X2 +X3 +X4, ... , X2,-4 +X2r-3 +X2,-2,X2r-2 +X2r-t) ~ x] 

00 

= J P[min(X1 +X2, X2 +X3 +X4, ... , X2,-4 +X2r-3 +X2r-2, X2r-2 +X2r-t) ~ x]x 
-oo 
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00 

X dF2r-z(X2r-2) = J P[min(Xt +X2' x2 +X3 +X4, ... 'X2r-4 +X2r-3 +x2r-2) ~ x]x 
-oo 

00 

x P(Xu-1 ~ X-X2r-z)dF2,.-z(X2r-2) = J H2r-3(x, X1r-2)i;,,_t(X-Xzr-2)dF2r-2(Xz,.-2). 
-oo 

In this way, the Eq. (2.4) is obtained. 
Now, the recurrence equations for H 2 ,_3 (x, x 2 ,_2), r = 2, 3, ... will be found 

H 1(X, x 2) = P(X1 ~ x-x2) = F1(x-x2), 

00 

= J P[min(Xt +x2, X2+X3+X4) ~ x]dF2(x2) 
-00 

00 00 

= J P(Xt ~ X-Xz)P(X3 ~ x-x2-x4)dF2(X2) = J H1(x, X2)F3(x-x2-x4)dF2(X2). 
-oo -00 

00 

Xzr-4+X2r-3+X2r-2) ~ x] = J P[min(Xt +X2,X2+X3+X4, ... ,X2r-6+X2r-s 
-oo 

00 

J P[min(Xl +X2,X2+X3+X4, ... ,X2r-6+Xzr-s+X2r-4 ~ x] X 

-oo 

00 

J H2r-s(X, X2r-4)Fzr-3(X-X2r-4 -X2r-z)dF2r-4(X2r-4)• 
-00 

Theorem 1 has been proved. 

THEOREM 2. If the assumptions of Theorem 1 are satisfied, then H 1 (x, x 2) = F1 (x- x 2) , 

00 00 

(2.7) H2r-3(x, X2r-2) = J ... J F1(x-x2) JS(x-Xz -x4) ... ~r-3(X-X2r-2 -X2r-4) x 
-oo -oo 

where r = 3, 4, ... 

This theorem will be proved by means of mathematical induction. 
P r o o f. The proof of the theorem for r = 3 will be checked. From (2.6), we have 

00 00 

H3(x, X4) = J H1 (x, X2)~(x-x2 -x4)dF2 (x2) = J F1(x-x2)JS(x-x2 -x4)dFz(x2), 
-oo -oo 

which was to be proved. 
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Let us assume that Eq. (2.7) is true for r = k-1- i.e., let us assume that 

00 00 

H2k-s(X, Xn-4) = j ... J F1(x-x2)i;(x-x2 -x4) ... 
-oo -oo 

... F21c-s(x-x2k-6 -x21c-4)dF2(x2) ... dF2k-6Cx2k-6). 

Now, the proof of the theorem for r = k will be demonstrated. From (2.6), we have 
00 

H2k-3(x, X21c-2) = J H2t-s(x, x2k-4)i;k-3(x-x2k-4 -x2k-2)dF2t-4(X2t-4); 
-oo 

therefore, making use of the inductive assumptions, we obtain: 
00 00 00 

H21c-3(X, X21c-2) = J { J ... J F1(x-x2)Fa(x-x2 -x4) ... ~1c-s(x-x21c-6x2k-4) x 
-oo -oo -oo 

x dF2(x2) ... dF21c-6(x2k-6)F2k-3(x-x2k-4 -x2k-2)dF2k-4(x2k-4) 
00 00 

= J ... j F1(x-x2)F3(x-x2-x4) ... ~k-3(x-x2k-4-x2k-2)dF2(x2) ... dF2k-4(x2k-4). 
-oo -oo 

Theorem 2 has been proved. 
THEoREM 3. If the assumptions of Theorem 1 are satisfied, then 

(2.8) 
00 00 

J1'>(x) = P(N1'> < x) = 1- J ... J fit (x-x2)~(x-x2 -x4) ... F2,_3(x-x2r-2 -X2r-4) x 
-oo -oo 

x F2r-1 (x-x2r-2)dF2(x2)dF4(X4) ··· dF2r-2(X2r-2). 

P r o o f. From the relation (2.3) and Theorem 1, we have: 
00 

J1'>(x) = 1-H2r-l(x) = 1- J H2r-3(X, X2r-2)F2r-l(X-X2r-2)dF2r-2(X2r-2). 
-oo 

From Theorem 2, we obtain: 
00 00 00 

FJ'>(x) = 1- J { J ... J fit(x-x2)F3(x-x2 -x4) ... F2r-3(X-X2r-2 -x2r-4)dF2(X2) ... 
-oo -oo -oo 

00 00 

... dF2r-4(X2r-4)} Fzr-l(X-X2r-2)dF2r-2(X2r-2) = 1- J ··· J F1(x-x2) x 
-oo -oo 

x F3(x-x2 -x4) ... F2r-3(X-X2r-2 -X2r-4)F2r-l(X-X2r-2)dF2(x2) ... dF2r-2CX2r-2). 

Theorem 3 has been proved. 
COROLLARY 1. Let 11s consider a structure with two minimal critical sets having joint 

elements. Making use of Theorem 3 for r = 2, we have: 
00 00 

F}2>(x) = 1- J ~ (x-x2)F3(x-x2)dF2(x2) = 1- J [1-F1 (x-x2)][1-F3 (x-x2)l x 
-oo -oo 

00 

x dF2(x2) = F1 * F2(x)+F2 * F3(x) = J F1(x-x2)F3(x-x2)dF2(x2). 
-oo 

This equation was found in [4]. 
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3. Evaluation from below of the ultimate bearing capacity of a structure built according 
to model 1 

Application in practice of the theorems proved in Sec. 2 is troublesome but quite 
possible by means of electronic computers. In this section, we shall find the estimations 
from the top of distribution of the ultimate bearing capacity of the structure. Having 
these estimations at the given level of confidence, the estimation from below of the ulti­
mate bearing capacity of the structure can be found. 

In model 1, estimation of the simple form resulting from (2.8) can be accepted 

(3.1) F}'>(x) ~ F1 * F2(x)+F2 * F3 * F4(x)+ ... +F2r-4 * F2r-3 * F2r-2(x) 

+ F2r-2 * F2r-1 (x), 

where * is a symbol of the convolution of the two functions. 
Accepting the assumption that the random variable X1 has normal distribution with 

the anticipated value mi and variance af 

( 
x-mi) P(X1 < x) = t1> -a;- , i = 1, 2, ... , 2r-1, 

where 

<l>(x) = y~,. j exp(- ~ u2
) du, 

-oo 

from (3.1), we obtain 

(3.2) 

where 

r 

F}'>(x) ~ }; tl>(z1), 

x-(mt +m2) 

1/ ai+ a~ 

I= I 

x- (mn-2 +m2k-1 +m2k) 
Zk= --~~====~==~~­V a~k-2 + a~k-1 + a~k 

z, = X- (m2r-2 +m2r-1) 

V (J~r-2 +a~r-1 

k=2,3, ... ,r-1, 

The estimation (3.1) can be improved as follows: The distribution of the ultimate bearing 
capacity can be written in the form: 

F}'>(x) = P[min(X1 + X2, X2 + X3 + X4, ... , X2,--4 + X2,_3 + X2 ,_2, X2,_2 + X2r-t) < x] 

= P{min[min(X1 +X2, X4+Xs+X6, X8 +X9+Xto, ... ), 

min(X2+X3+X4,X6+X1+Xs, ... )] < x}. 

For any random variables X and Y, we have 

P[min(X, Y) < x] = P(X < x or Y < x) = P(X < x)+P(Y < x) 

-P(X < x, Y < x) ~ P(X < x)+P(Y < x). 
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Hence 

F}'>(x) ~ P[min(X1 +X2 ,X4 +X5 +X6, ... ) < x]+P[min(X2+X3+X4, 

X6+X1+X8 , ••. ) < x]. 
Let us consider two cases. 

Case 1. If r is an even number, then 

(3.3) J1'>(x) ~ 2- [1-F1 • F2(x)] [1- F4 * Fs • F6(x)] ... [1- F2r-4 • F2r-3 * F.zr-2(x)) 

- [1- F2 * F3 • F4(x)] [1- F6 • F1 • Fa(x)J ... [1- F2r-2 • F2,_1 (x)]. 

C a s e 2. If r is an odd number, then 

(3.4) J}'>(x) ~ 2- [1-F1 • F2(x)} [1- F4 • F5 • F6(x)] ... [1- F2r-2 • F2;-1 (x)] 

-[1-F2 • F3 • F4(x)] [1-F6 • F1 • Fs(x)] ... [1-F2r-4 • F2r-3 • F2r-2(x)]. 

The Eqs. (3.3) and (3.4) can be expressed by means of distributions of the bearing capaci­
ties of sets Ah i = 1, 2, ... , r. When r is an even number, then 

(3.5) F}'>(x) ~ 2- [1-F..t
1
(x)) [1-FA

3
(x)] ... [1-F..t,._,(x)] 

-[1-F..t
2
(X))[l-F..tix)] ... [1-F..tr(x)]. 

When, however, r is an odd number, then 

(3.6) Fj'>(x) ~ 2- [1-F..t
1
(x)] [1-F..t

3
(x)] ... [1-F..tr(x)] 

- [1-F..t2(x)][1-F.~ix)] ... [1-F..tr_,(x)], 

where F..tr(x) is the distribution of ultimate bearing capacity of the rth set of elements. 

E x a m p I e 1. A four-span continuous beam as shown in Fig. 2. Boundary moments 
at dangerous sections of this beam have normal distribution with the expected value 
E(M) = 5400 kGm and with coefficient of variability p, = a/E(M) = 0.1. Spans are 
11 = 6 m, 12 = /3 = /4 = 8 m. Concentrated load at the middle of each of the spans 
is the same, and equals x = 3780 kG. We want to estimate the probability of beam failure 
and to estimate the calculated ultimate bearing capacity of the beam at the level of 0.99865. 
This magnitude will be determined on the basis of estimation from the top of the area 
of danger. 

The random ultimate bearing capacity N of the beam, measured by the transverse 
loading x, will be determined from the relation: 

N..t; = min(NA
1

, N..t
2

, ••• , N..t..), 

where N ... , denotes the random ultimate bearing capacity of the minimal critical set of 
elements Ai and equals: 

N..t , = 4(M2i-t +0.5M2i+M2i+t)fli. 

In the example, there are four consecutive critical sets of elements - I , 2; 2, 3, 4; 4, 5, 
6; 6, 7, 8(1 ). The expected ultimate bearing capacity and standard deviations of the 

(1) Not e. At the change of direction of the individualloadings, x other mechanisms of failure are 
possible. In the example in Fig. 2, they could be the critical sets of elements 1, 3, 5, 7, 8 or 1, 3, 5, 6. These 
simple examples will not be dealt with here, since they are solved on the basis of [5]. In the system of 
loadings assumed by us, the probability of appearance of such destruction mechanisms equals zero (is 
physically impossible). 
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individual sets of element are 

E(NA) = 4 
5400~ 2700 

= 5400kG, 

O'A. 1 = J/ 3602 + 1802 = 402 kG, 

O'A2 = y2102 +2 X 1352 = 331 kG. 

727 

The probability of failure qi = 1-Pi of the individual critical sets will be determined 
from the Tables [7]. 

where 

l-p1 = P(NA
1 

< 3780) = (/>(z1) = 0.0"2789, 

1-p2 = P(NA. < 3780) = (f>(z2 ) = 0.064792, 

5400-3780 = 4 03 
Zt = 402 . ' 

- 5400-3780 - 4 9 
Zz- 331 - · · 

Estimation from the top of the risk of beam failure, on the basis of (3.5), equals: 

P(N < 3780) = 2-p1p2 -p~ = 0.042933. 

The beam safety is therefore: 

P(N ~ 3780) = 0. 99997067. 

For determination of the utlimate bearing capacity N0 of the beam at the level of con­
fidence of 0.99865, we take the equation found above: 

and the second equation (in this particular case) resulting from the condition of equal 
loading of the beam: 

5400-N0 = Z 1 • 402 = Z 2 • 331; 

hence, ztfz2 = 0.823. 
The system of equations 

can be solved by, for example, the method of consecutive approximations. 
For z1 = 3.075, z2 = 3.73, we ~hall have: 

N 0 = 5400-3.075 · 402 = 4165 kG, P(N0 < 4165) = 0.998659. 
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4. Distribution of the ultimate bearing capacity of a structure built according to model 2 

Model 2 is shown in Fig. 3. The minimal sets of elements have the join elements in 
pairs forming a closed chain with r links. 

Let A 1 , A2 , ... , A, be the minimal critical sets of the structure with k elements, form-

FIG. 3. Model 2 of the reliability of a structure. 

ing a closed chain with r links; more accurately, let us assume that these sets satisfy the 
relations; 

(4.1) 

(see Fig. 3). 

A1 n At+1 =I= 0, i = 1, 2, ... , r-1, A1 n A, =I= 0, 

A1 n A 1 = 0 if 1 < I i-j I < r- 1 

We shall define the sets B1 , B2 , ... , B2 , as follows: 

Bn = A1 n AH1 , B2k-l = A1"(Ak-t u AHt), k = 2, 3, ... , r-1. 

Analogously to the Eqs. (2.1) and in the subsequent equations not numbered, let 

Bt = At"(A2 uA,) = {1, 2, ... , /t}, 

B2 =At n A2 = {lt+1, ... ,/2}, 

B2 , = A, n At = {/2r-t, ... , k)}, 

B2r-t = A," (A1 u A,_t) = {l2r-2 + 1, ... , l2r-d. 
Examples of structures satisfying the assumptions of model 2 are shown in Fig. 4. 

a b 
X 

3 4 5 

X 2 6 X 

1 8 7 

X 

FIG. 4. Example of a structure satisfying the principles of model 2. 
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Let X1, X 2 , ••• , X2 , denote the ultimate bearing capacities of elements beJonging to 

the sets B1, B2, ... , B2r· 
The ultimate bearing capacity of a structure built according to model 2 is a random 

variable in the form: 

( 4.2) N}[> = min(X2, + Xt + X2, X2 + X3 + X4, ... , X2r-2 + X2r-t + X2,). 

THEOREM 4. If the random variables xl' x2' ... ' X2r' r = 3' 4' . . . are independent 

with distributions FJx) = P(X1 < x), fi, (x) = 1-Fi (x) for i = 1, 2, ... , 2r, then 
eo eo 

(4.3) Fj]>(x) = P(N}';> < x) = 1- J ... J ~(x-x2 -x2,)F~(x-x2 -x4) ... 
-eo -eo 

... F2r-t (x- X2r-2 -x2r)dF2 (x2)dF4(X4) ... dF2,(x2,). 

P r o o f. From the equation for complete probability, we have 

Fj]>(x) = P[min(X2,+X1 +X2, X2 +X3 +X4 , ••• , X2r-2 +X2r-1 +X2,) < x] 
eo 

= f P[min(X2,+X1 +X2,X2+X3+X4, ... ,X2,_2+X2,_1 +x2,) < x]dF2,(x2,). 
-eo 

From Theorem 3, we have: 
eo eo eo 

F}]>(x) = J (1- J ... J i;.(x-x2,-x2)~(x-x2-x4) ... F2r-t(X-X2r-2-x2,) x 
-eo -eo -eo 

eo eo 

= 1- J ... J F1(X-X2,-X2)F3(x-x2 -x4) ... F2r-1 (X-X2r-2 -x2,) x 
-eo -eo 

Theorem 4 has been proved. 
It is easy to check by means of the same methods as in part 3 that the estimate is correct 

( 4.4) Fj]>(x) ~ F2r * F 1 * F2 (x) + F2 * F3 * F4(x) + ... + F2r-2 * F2r-t * F2,(x). 

In the case of the random variables X, i = 1, 2, ... , 2r with normal distributions, 
estimation (4.4) can be written in the following form: 

r 

(4.5) Fj]>(x) ~ 2 C/J (z1), 

i=l 

where 

and mo = m2, O'o = 0'2r· 
CoROLLARY 2. Let us discuss a structure with three minimal critical sets satisfying the 

relation (4.1). Making use of the Theorem 4 for r = 3, we have: 
eo eo eo 

Fjj>(x) = 1- J J J i;.(x-x2-x6)F3(x-x2-x4)Fs(x-x4-x6) x 
-eo -eo -eo 

This equation was found in [1]. 
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E x a m p 1 e 2. We have a single-chamber rectangular frame, as shown in Fig. 4b, 
with identical expected rod sections. Boundary moments in dangerous sections in this 
frame have norma] distribution with the expected value E(M) = 5400 kGm and with 
coefficient of variability 0.1. The height and width of the frame are 8.0 m. Loading is 
identical and equals to 3780 kG. We want to estimate from the top the probability of frame 
failure, and to estimate the calculated boundary bearing capacity of the frame at the level 
of confidence of 0.99865. 

The expected ultimate bearing capacity of an four minimal sets of elements 
measured by transverse loading is identical and equals: 

E(NA) = 4(5400+2 ~ 0.5 X 5400) = 5400 kG. 

The standard deviation of the ultimate bearing capacity of an four minimal critical 
sets of the elements is identical: 

4 ·-------~~--~~ 
O'..tt = g y 5402 +2 X (0.5 X 540)2 = 331 kG. 

The probability of destruction of one minimal critical set of elements has been calcu­
lated by means of tables of normal distribution [7]: q1 = P(NA < 3780) = 0.06 4792. 
Estimation ( 4.5) of the danger of frame failure is 

q = P(N < 3780) ~ 4 X 0.064792 = 0.051917. 

The ultimate bearing capacity N0 of the frame at the level of p = 0.99865 is determined 
as follows: from (4.5), we have 

1-p 
q1 = q/4 = -4- = 0.25. 0.00135 = 0.0003375, 

argument z1 = 3.4 is taken from tables [7], and as a result we have N0 ~ 5400-3.4 · 331 = 
= 4275 kG. 

5. Conclusions 

On the basis of the theorems derived in this work, it is possible to estimate from 
below, in a simple way, the safety of elasto-plastic continuous beams and single-chamber 
frames loaded in a typical manner, or to estimate the danger from the top. On the basis 
of these estimates, it is possible to determine objectively the ultimate bearing capacity 
of the elasto-plastic structure class discussed at any level of confidence. 
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