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187.

ON THE SUMS OF CERTAIN SERIES ARISING FROM 
THE EQUATION x = u + tfx.

[From the Quarterly Mathematical Journal, vol. IL (1858), pp. 167—l7l.]
Lagrange has given the following formula for the sum of the inverse nth powers of the roots of the equation x = u + tfx,Σ (z~n) = u~n + (— nu~n~1fu) ∣ + (— nu~n~1f2u)' + &c. (1)

where n is a positive integer and the series on the second side of the equation is to be continued as long as the exponent of u remains negative (Théorie des Equations 
Numériques, p. 225). Applying this to the equation x — 1 + txs, we haveX (i→) = 1-” - J i. 1-“+·-· + ” ~ ^], + 1> f. l→+≈→...

+(_), <*(>-y+¾-n∙∙∙(o-y+.υ i, 1-,,+4,-3 _ &c (2)
to be continued while the exponent of 1 remains negative.Let n = μs + ρ, p being not greater than s — 1, the series may always be continued up to q = μ, and no further. In fact writing the above value for n and putting 
q = μ + θ, the general term is(-X+∙ Γ"2⅛T0) (/“ + p) (p - ft> + p + 0 - 1>∙∙∙(p - <⅛ + 1) l-^+'+^>.
Now if p+μ- θ (s — 1) is negative or zero, the term is to be rejected on account of the index of 1 not being negative, and if this quantity be positive, then since
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187] ON THE SUMS OF CERTAIN SERIES &C. 125

P - θs +1 is necessarily negative for any value of Θ greater than zero, the factorial 
(p-θs + μ + θ- l)...(p- 0s+l) begins with a positive and ends with a negative factor, and since the successive factors diminish by unity, one of them is necessarily equal to zero, or the term vanishes ; hence the series is always to be continued up to q = μ.Hence2 (2-M-p) = 1 _ + P t + (∕^ + p) {(μ-2)s + p + l) t21 1.2, z×g O + p) {(μ-g)s+p + g-i}...iθ*-g)g+p + i} 

v j 1.2...q— &c. (3)continued to q — μ.By taking the terms in a reverse order, it is easy to derive(-),i- s (,—)=+p) [ ^+713>∙^+1> - ¾⅛

j ,∕ √P'+P +f∕'s'-7~1)∙∙∙<>+lP ? 2.3∕..(p + <zμ
I - &C. (4)continued to q = μ. cc -}-1Suppose in particular s = 2, and t =----- -7-, so that the equation in a becomes-- o - = — a +t- , whence χ = -α or tκ = ‰-, or substituting in (2), we find

o)1 . ∕a + 1 Vn ∕a + l∖*<~-1>
continued to the term involving I ~αΓ~J θr ( ^~a2 )Put a = — a + b ∙ and therefore 

a
b a +1 _ b a + 1 _ ab 

a + a ’ a a + b, a2 (a + 6)2 ’we obtain
ttu +bn n ab n(n-3) aib^i „(a+6)" = 1 “ Ï (a + δ)2 + 1.2 (ÏÏ+6/ ^ &C·or

(a + b}n- an~ bn . ja,, , n — 3z ,λ,, _ ,
,ltl⅛(a + ⅛) = <a +1)---- 2“ (a + b, ab

+ ^n~i^~5∖a + b)n~7 a,V - ⅛c, (7),

to be continued as long as the exponent of (a + b) on the second side is negative.
www.rcin.org.pl



126 ON THE SUMS OF CERTAIN SERIES [187This formula, which is easily deducible from that for the expansion of cosw0 in powers of cos θ, is employed by M. Stern, Crelle, t. xx. [1840], in proving the following theorem : If ,S = l-^3 + <"-^"-5>-⅛c. (8)
continued to the first term that vanishes, then according as n is of the form 6k + 3, 
Qk + 1, Qk or 6k + 2,

S = -, S = Q, S = --, S = -, (9)nnnwhich is in fact immediately deduced from it by writing b = ωa, ω being one of the impossible cube roots of unity. Substituting the above values of x in the equation (4),∩ I fly,+1 ∏ ∣fl1→-f⅛ιħJl∣^ + 1^ α2 I (Z> + 2)(p + l)i>(P-l) °4 l 1(l+aX+ — (l+a) ^-(2p + l)a∣l+-2-r fl + 1 +2.3.4.δ (ΓΓι)8+-∫'(10)
/1 V . /1 ■ f√k-r ⅝ i1 I P a2 , (H1W-1) a4 1 1(l + ay> +(i+a)-p= 2p j-+ 2i+I+ ------- ΓΪ4------ (i+l)2+-J ,(U)whence(1 + a∕+> + (1 + a)P = (2p + 1) a ∣1 + + -}

+ 2p U+ I ^2-1 + ...],= r suppose, (12)
i.e A (-)p (1 + a)P = (-X+1 U or (1 + o)p = (-)p Σ (-)*+1 U,where Δ and Σ refer to the variable p. The summation is readily effected by means of the formulæΣ (-)*+1 (2p + 1) {p + s + 1).. .{p - s) = (-)* (p + s + 1).. .{p - « -1),Σ (-)p+1 (p + s)...(p - s) 2p = (-)p {p + s)...(p - s - 1), and we thence find∕ι , il 4- P(P~v> g2 i (j> + l)^(P~l)(P~2) tt* + 1(l+α)- ^1+ 12 l+α+ 1.2.3.4 (l + a)2 + ,,'∫

l tf ∖p l (P + 1)P(2>-1) α2 l 1 /1O1+atι+—∏T3— ι+^+-p ( 3)
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187] ARISING FROM THE EQUATION X = U + tfx. 127a formula of Euler’s (Pet. Trans. 1811) demonstrated likewise by M. Catalan (JΛouville,t. ιx. [1844], pp. 161—174) by induction. It may be expressed also in the slightly different form∏ 4- a∖P - ∫1 + 0> + 1)P g2 . <P + 2)(ff+ 1Mff~1) g4 , 1V h ' [ 1.2 l+α 1.2.3.4 (l + α)2 + ,,,∫
, α fp l (p + i)p(p-i) g2 , ) z11λ+ l + α[l+ 1.2.3 l+α+-∫∙

The two series (13), (14) are each of them supposed to contain p + 1 terms, p being an integer; but since the terms after these all of them vanish, the series may be continued indefinitely. Suppose the two sides expanded in powers of p, the coefficients will be separately equal, and thus the identity of the two sides will be independent of the particular values of p, or the equations (13), (14), and similarly, (10), (11), (12) are true for any values of p whatever. It is to be observed that the series for negative values of p do not differ essentially from those for the corresponding positive values ; as may be seen immediately by writing — p for p, and for α.
Suppose next s = 3, or that the equation in x is x = 1 + ta3 ; to rationalise theroots of this, assume t = , then values of x are(P + θ)∕32 + 3 _ ∕32 + 3 ∕32 + 3

x~2(β + iγ x 2(0-1)’* β2-l'and hence2“ {(β + l)w + (-)n (β - l)n} + (β2 - l)n _
(β3 + Z)r

l-nit + n K-1) , _ «(»-n(»-8) i,... + (_y n(n-2r-^..(n-3r + 1) r + fec (15)

where t = , and the series is to be continued up to the term involvingtfn, i⅛(w~1) or i⅛<'i-2>.Again, from the formula (4) we deduce the three following forms,2≈ {(0 + l)3μ+(—)jx(0-l)3μ[+(02 - 1 )∙> = t ) — 2^(02-l)⅛
q fl (Zi + l)Λ4-ι , (∕x + 3)(μ + 2)(p+l)μ(∕x-1) x χ (μ+2q-l)...(μ-q+l) )
+f~'ΓΓι----------- 2.3.4.5.β----------- i Γ3Z⅝ i -∫'(16)
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128 ON THE SUMS OF CERTAIN SERIES <⅛C. [187

23μ+l ∖(β + 1 )3μ+l _ (β - l)≈*+1} + (β2 ~ l)3*t+1 _(~)μ 22^ (∕32 - l)2μ (β2 + 3)η I η ίι ^ + 2×^ + 1^r1 +(-)/^ + 2g)"^~g —)⅜-g...}. (m(3μ + l)jl--------- 2?374 -∙+V 2.3...39 + 1 ∫
w 2⅛*+a {(+ 1)^+2 + (-χ (β - l)3'i+2} + (∕32 - l)3*i+2 _(_)μ _ g2μ (^2 _ 1)2 (^2 + 3)2

ZQ ,oχf∕*+l (^ + 3)(∕λ + 2)(∕i+1)∕x + Z λg0* + 2g +1)...(∕*-q +.1)rg I (18V(3∕χ + 2)∣--2---------------- 2.37475 “ Ç ' 2.3...(39+2) ∫,vall of them continued up to 9 = μ.2, Stone Buildings, lsi April, 1857.
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