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Wojciech Szczepinski
Zbigniew Wesolowski

Institute of Fundamental Technological Research

ON CERTAIN METHODS OF DETERMINING THE ELLIPSES AND

ELLIPSOIDS OF THE POSITIONING ACCURACY OF ROBOT MANIPULATORS

Abstract

When analysing the problem of the | :.*inn ng accuracy of
robot manipulators it is important to knowv how large are the
random deviations of the hand from the desired position if the
Jolint positioning errors possess a normal distribution. Two simple
methods of determining the ellipses end ellipsoids of probability
concentration are proposed. One of them consists in finding at
first the polygon or polyhedron of the positioning accuracy,and
then in finding the ellipse or ellipsoid of the principal axes and
second order moments coinciding with those of the polygon or
polyhedron respectively. In the second of proposed methods a
computer generates random Gaussian deviations from the desired
Joint positions. The calculated numerous positioning errors are
forming elliptical or ellipsoidal pattern demonstrating good
agreement with theoretically obtained ellipses or ellipsoids of

probability concentration.
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1. Introduction

Small changes of position of the hand of a manipulator are
caused among others by small random deviations AqII from the
desired (nominal) Joint co-ordinate q? In the case of a revolute
Joint the deviation Aq) corresponds to a small angular deviation
Ael from the desired angle 8:. In the case of a prismatic joint
Aql corresponds to a small linear deviation Alifrom the desired
distance l:.

The problem of the positioning accuracy of robot manipulators
has been analysed in several papers and books. Basic notions are
discussed in the book by R. P. Paul [1]. A mathematical model of
random positioning errors has been developed by A. Kumar and K.J.
Waldron [2]. In the paper by A.Antshev et all [3] the problem of
calculating the elllpsoids of the positioning accuracy has been
shortly mentioned.

Following Ref.[2] three sources of positioning errors may be
distinguished:

1. Errors in positioning the joints accurately.

2. Dynamic errors due to elastic deflections of individual

members of the manipulator.

3. Mechanical clearance in the system.

In the present paper only errors in positioning the hand
accurately due to random Gaussian errors in positioning the joints
will be analysed. A particular positioning error of the hand may
be represented by a displacement vector whose components represent
deviations from the desired (nominal) co-ordinates of the

hand. Since the joint positioning errors have random magnitudes in

http://rcin.org.pl



each of the repeated cycles, the end point of such a vector will
have random co-ordinates. Analysing a large number  of
realizatlons of the movement of the manipulator we have to deal
with the problem of the probability concentration of the
distribution of the end points of all displacement vectors.

For manipulators operating in two dimensions the probability
concentration may be represented by an ellipse of equal
probability. For a general case when the manipulator operates in
three dimensions the probablility concentration may be represented
by a certain ellipsoid. We shall present below two approximate
methods of determining such ellipses and ellipsoids for robot
manipulators.

Let us assume that hand positioning errors are the result of
random errors in Jjoint positions. The errors AqI are assumed to be
distributed according to a normal distribution. Thus the
probability that the joint positioning error is of a magnitude Aqi

is given by the formula

A q 2
plAgq) = —————— exp [— % [—1] ] , (1)

o Ven i

where clls the standard deviation, whose value depends on the
accuracy of the joint labelled by the index 1|

In the present work an approximate theoretical procedure for
determining the probability concentration ellipses and ellipsoids
has been used (cf.Cramer’'s book [4]). At first we shall assume
that instead of the normal distribution (1) of Joint positioning

errors, this distribution is uniform with the same standard
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deviation o -

Then we shall fir . » uch uniform distribution the reglons
within which all the possible error displacements of the hand
will be located. For mani.ulators operating in two dimenslions such
regions take the form of certain polygons, while for manipulators
operating in three aiw . 5 ons they have the form of certain
polyhedrons. As the final step of calculatlions we shall find the
orientation and dimensions of the ellipses or ellipsoids of the
same principal axes and ==2nond order moments as those of the

corresponding polygons or polyhedrons respectively.

2. Ellipses of positioning accuracy concentration

We shall now analyse the positioning accuracy of manipulators
operating in two dimensions. Any position of a chosen reference
point of the hand is defined by its two Cartesian co-ordinates
X, Y. Each co-ordinate is a certain function of the Jjoint position

parameters q|= q?¢ Aq‘

X =K s O e v g ), (2)

Y=Y (q, g 0000 v g ).

To analyse the hand positioning errors we shall use a local
co-ordinate system x, y with the axes parallel to the
corresponding axes of the basic system X, Y and the origin at the
desired position of the reference point on the hand. The
positioning error will be represented by a displacement vector
with the components

x =X - X°, y=Y-Y , (3)
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where X°,Y® define the desired position of the hand an X, Y are
the actual co-ordinates of the hand position.

We shall assume that the concentration of the two-dimensional
distribution of the hand positioning error may be represented in

the reference system x,y by a certaln ellipse
2 2 %
— + LA - 2 e o Y__ = const, (4)
ox oy y Ox oy

where ox, oy are the standard deviations and p” is the
correlation coefficient.

According to the approximate procedure used in this paper we shall
at first assume that the distribution of joint positioning errors
is uniform with the same standard deviation as that of the
original Gaussian distribution. Note that the two standard
deviations are equal if the errors in the uniform distribution are
limited by two extreme values io’| \/3_-.

It has been demonstrated in [5] that when Joint positioning
errors vary within two extreme values, then the end point of any
error displacement vector of the hand will lie inside a certain
polygon bounded by several pairs of parallel straight lines. The

equations of these lines are

n a X a X
5 9 X 8 X
vx_axy=z ga  dq Ad, (5)
9.9, aiq, =1 8y 8y

Q|
Q

@
el

r

Writing consecutively such equations for a

1 Joint

positioning parameters q  we obtain the equations of several
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families of parallel straight 1lines. Their extreme positions
constitute the edges of the polygon of the positioning accuracy.
Now having found the polygon we can calculate its second
order (inertia) moments and then find the orientation of its
principal axes 1,2 and second order principal moments Jx’Jz' The
principal radil a and b of the ellipse of probability
concentration can be calculated by solving the following system

of equations

ma

|

b=, %ﬂab=J . (6)

2.1. Examples

As the working examples we shall determine the ellipses of
the probability concentration of the positioning accuracy for
a simple manipulator - 'h two revolute joints shown schematically

in Fig. 1. The position of the hand (point 0) is determined by

by y

Fig.1.
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the functions of two independent variables Blend 92

X=1cos ® + 1cos (B + ©),
1 1 2 1 2 N
Y=1,s8in® + 1sin (B + ©)) ,
1 2 1 2

1
In the particular examples we assume
1 = 1 = 1000 mm .
1 2
Standard deviations for the normal distribution of Joint

positioning errors are taken to be

g = g = 0,01 rad .
1 2

The polygon of the positioning accuracy will be bounded by extreme
positions of straight lines determined by the equations

[ef. Eqn. (5)].

4% ax
oy _ox_ _ |9% 98 | (8a)
a8, ae Y aY avy 2’
a6 4de
2 1
for the first family of lines and
8% 8x
g—% X - g—% y = J 91 g 62 AE] (8b)
2 2 ay a4y
a8 438
1 2

for the second family of lines, Here AB1 = A82= 10,01 V[; rad.
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Example 1.

Desired position of the hand is determined by the following
Joint positioning angles

m. (9)

Making use of relations (7) and equations (8) we find that the
polygon of the positioning accuracy is bounded by two pairs of
stralght lines
X+ y=217.3 mm ,
y = *17.3 mm .
The polygon is shown in Fig. 2.
The second order (inertia) moments of the polygon with

respect to the reference axes x and y are

4 4

J = —=dh =12 . 10" mm, J = h =24 . 10" mm

x
—

~
[«2]

J o= - d*n®=12. 10" mm'

Now the principal second order moments of the polygon can be found
by constructing the Mohr circle. These principal moments are
J, =314 . 10" m, J, = 4.6 . 10" m".
The principal axis 1 makes the angle of 31°30' with the x-axis as
shown in the figure.
The principal radii of the ellipse of probability

concentration can now be calculated by solving the system of

equations (6). Finally we obtain
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a = 31.87 mm , b= 12.23 mm .

The ellipse is shown in Fig. 2.
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Fig.2

The theoretically calculated ellipse from Fig.2 has been
compared with the results of a numerical experiment. Random small
Gaussian deviations from the desired nominal Joint positions (9)
have been numerically generated by a program for a personal
computer calculating the displacement of the hand from its nominal
position. Calculated displaced positions are shown in Fig.3 as the
corresponding points. Altogether five thousand repeated cycles of
the movement have been numerically simulated with randomly
generated joint positioning errors. Theoretical ellipse from Fig.2
is also shown in the figure for ready comparison. It can be seen
that the theoretical ellipse coincides well with the assembly of

points obtained in the numerical experiment.
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Example 2.

Desired position of the hand of the manipulator shown in
Fig.1 1is determined by the following values of the Joint

positioning angles

Repeating the procedure described in Example 1 we find the
theoretical ellipse of the probability concentration of the
positioning accuracy. The ellipse is compared in Fig.4 with the
results of a numerical experiment analogous to that described in

the previous example.
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"1 x(mm)
i ki

Example 3.
Desired position of the hand is now determined by the

Joint positioning angles
9l = 0, e, =

The theoretical ellipse is compared in Fig. 5 with the result of

numerical experiment as in the previous examples.

ylmm)
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3. Ellipsolds of positloning accuracy concentration

Now we shall analyse the positioning accuracy for more
general cases of manipulators operating in three dimensions. In a
Cartesian co-ordinate system X.Y,Z any position of a chosen
reference point of the hand is defined by its three co-ordinates.
Each co-ordinate Is a certailn function of Joint positioning

parameters ql-q?mqi

x=x(ql,qz. ....... i) )
Y=Y (qi, AT R (10)
Z=2 (ql. AR . qn)

To analyse hand positioning errors we shall introduce a local
co-ordinate system X, y, 2z, with the axes parallel to the
respective axes of the basic system X, Y, Z and the origin at the
desired position of the hand. Any positioning error will be
represented by a certain vector v with the components

x = X-X°, R A zi w2 2 (11)
where X°,Y%,2° define the desired position of the hand and
X, Y, Z are the actual co-ordinates of the hand position.

We shall assume that the concentration of the
three-dimensional distribution of the hand positioning errors may

be represented in the reference system x,y.z by a certain

ellipsoid
2 2 2
x + ry + z % Yy y z
(=) "6 " - 20, « e v -
y z x y
z X
& Zp“ _0'_ T = const , (12)
z X

http://rcin.org.pl



15

where o g s are standard deviations and gy 0 ez p, are
correlation coefficients.

Similarly as in the two-dimensional problem we shall at first
assume that the distribution of Joint positioning errors |is
uniform and that it is limited by the extreme values tvlv/;-“

It has been demonstrated in ihe previous paper [6] that
when the Joint positioning errors vary within certain limits (Jjoint
positioning tolerances), then the end points of all vectors of the
error displacement from the desired position of the hand will lie
inside a certain polyhedron bounded by a family of pairs of
parallel planes. The equations of these planes have the following

form

8y 8y 6z 8z 8 X ax
a q. a q, a q, a q, a q. a q,
x + y + zZ =
0z 8z aX 8X oY 8y
a q a q, ] q, a q, a qa, ] qa,
Sake., B . B
g a q, a q, a q,
- B
= E: a q a qa a q, Aql. (13)
= 4% ez gR
a q a q a q,

The end point of the vector of hand positioning error moves along
one of such planes when two Jjoint positioning errors Aqr and Aq-
change, while all remaining Joint positioning errors are kept
constant,

We shall obtaln the two extreme positions of these planes by
taking appropriately the extreme values of the Jjoint positioning

errors Aq1= * alV/; or Aq‘x -flV 3 . Taking consecutively all
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the possible combinations of palrs of Jjolnt positioning errors Aqr
and Aq_ as changing parameters we obtain equations of various
familles of parallel planes and then their extreme positions
forming the faces of the polyhedron of the positioning accuracy.

Now following the known procedure (cf.[4]) we can find the
orientation and dimensions of the ellipsoid (12), which should
have the same principal axes and second order moments as the
polyhedron.

Having found the polyhedron in the space of positioning
errors we can calculate its second order moments (volumé inertia
moments) with respect to the reference axes x, y, z. As the next
step we can find the orientation of the principal axes 1, 2, 3 of

the polyhedron and also 1its second order principal moments

The principal radii a, b. ¢ of the ellipsoid can be
calculated by solving the system of equations

%naahc;J], 1—4Tlabsc=J2,
(14)
4 g% .

i5 Ia b.e = Ja'

where Jl, J2 ,J:3 are the second order principal moments

calculated for the polyhedron.

3.1. Examples

As the working examples we shall determine the positioning
accuracy ellipsoids for the hand of a simple 4-R manipulator with
four revolute kinematic pairs. The manipulator is shown

schematically in Fig. 6. Joint positions are determined by three
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positioning angles 61, 82, 63. Position of the Joint with

the axis 4-4 has no influence on the position of the hand.

Fig.8

The position of the hand in the basic reference system X,Y,2

is determined by the co-ordinates

X=1 llcos 82 + lzcos (82 + ea)] cos 91,
Y = lisin 82 + lzsln (82 + 63). (158)

Z=[lcos® + 1cos (8 +8)] sine

These co-ordinates are functions of three random independent
variables 81. 82 63. Linear dimensions lland 12 do not change
their values.Thus for the problem in question general relations(10)

are written in the particular form (15).
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Numerical examples for the manipulator shown in Fig. 6 will
be calculated for the following data
1l = 12 = 1000 mm . (16)

Standard deviations of Joint positioning errors are taken to be

g =g = T = 0.01 rad.
1 2 3

These standard deviations are taken deliberately large in order to
demonstrate that the linear theory used when equations (13) were
derived may be applied in a wide range of joint positioning errors
similarly as in two-dimensional problems discussed in Section 2.
The polyhedron of the positioning accuracy will be bounded by

extreme positions of planes determined by the equations [cf.eqn

(13)]
oY oY 0z oz ax 8Xx
ge 58 e EIC) ae e
r B8 X + r Iy+ r B8 z =
az 8z 8 X 8 X ay ay
ae 38 age e ) e
r B8 r s r L]
ax X ax
3 e 3 e ae
g r 5 1
=Z 8 R TS (17)
i= (2 8 i

-
@ @
N_O©
® @
N @
D @
N ©

|
|
|

s
(o]
@
(o]
D
@

-
»

-

where A 9]- 10,01 v 3 rad.
Example 1 .

Desired position of the hand is determined by the following

nominal values of Joint positioning angles

o |
81 = 92=0, 63— 5"' (18)
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Making use of relations (15) and (17) we obtain that the
polyhedron of the positioning accuracy is bounded by three pairs
of planes. The equations of these planes are

X +y =t 17.3 mm,
y=2%17.3 mm , (19)
z =% 17.3 mm
The polyhedron is shown in Fig. 7.

BRMCIERL AkISS \y PRINCIPAL AXIS 2

h=34,6 mm

The second order moments of the polyhedron with respect to

the reference planes are

J o= td®he=826. 10°m°,
xx B
J = > dh’e =413 . 10°m°,
yy 12
J = rdhe’=4.13. 10°m®
zz 12

and the mixed second order moment with respect to the planes x, z

and y , z 1is

2 - 15T O 8 v
Jx-y il d"h" e=-4.13 . 10 mm.

Now principal second order moments of the polyhedron can be found
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by constructing Mohr circles. These principal second order moments
are
J= 10.85 . 10° mn®,  J= 1.58 . 10° mn} g, 41 10% mn®
The principal axis 1 makes the angle 7=31°30" with the direction
of the x-axis as shown in the figure.

The principal radil of the ellipsoid of probablility
concentration can now be calculated by solving equations (14).

Finally we obtain

a = 35.32 mm, b = 13.48 mm , c = 21.79 mm.

Three projections of this ellipsoid are shown in Fig. 8.

Fig.8
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The theoretical ellipsold has been compared with the results
of a numerical experiment. Random small Gaussian deviations from
the desired Joint positions (18) have been numerically generated
by a program for a personal computer calculating the displacement
of the hand from its nominal position. Calculated displaced
positions are shown in Fig. 9 as projections of the corresponding
points. Altogether five thousand repeated cycles of the movement
have been numerically simulated with randomly generated Joint
positioning errors. Theoretical ellipsoid from Fig. 8 1s also
shown in Fig.8. It can be seen that the ellipsoid obtalned

theoretically coincides well with the assembly of points obtained

during the numerical experiment.

Fig.9
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Example 2.

In this example the same manipulator shown in Fig.6 1is
considered. However, now the desired position of the hand lis
different than that analysed in the previous example. It is now
determined by the following nominal values of Jjoint positioning
angles
ghhs 5.0 o, =%—n. (20)
Repeating the procedure described in the Example 1 we obtain

the following values of the principal radii of the ellipsoid of

probability concentration of positlioning accuracy

a= 23.7 mm, b =14.0 mm , ¢ =6.4 mm.
yimm)

y(mm)

z{mm)

zlmm) Fig. 10
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28°30" with the

The principal axis 1 makes the angle 7
direction of the x-axis.

As in the Example 1 theoretical ellipsoid has been compared
with the results of a numerical experiment analogous to that
described above. Random positioning errors of the hand calculated
by the computer are shown in Fig. 10 together with the projectlions

of the theoretical ellipsoid.

4. Concluding remarks

All the examples presented above demonstrate that the
theoretical ellipses and ellipsolds of the probablility
concentration calculated with the use of the proposed simple
approximate method coincide well with the results of numerical
simulation. Thus thls approximate method seems to be of practical
significance for the analy‘sls' of the positioning accuracy of
manipulators. The exa.mﬁles show ‘.moreover how strongly the
positioning accuracy depe_z.nd's_»on the particular position in which

the manipulator is operating.
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