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Krzysztof Podolak X
Zakiad Teorii Komstrukeji

SYSTEM}IDENTIFICATION
IN STRUCTURAL MECHANICS - A SURVEY

Introduction

Structural engineering basically has as its primary pur-
pose the design of structure to a predictable leve] of perfor-
mance., To achieve this goal some serviceable tools are deve-
loped in a framework of structural mechanics. Among them a
pertinent anglysis of the structure, starting with a prelimi-
nary design and expected loads plays the fundamental role,

In structural analysis it is necessary to make use of abstract
and mathematical models, In reality an "a priori" mathemati-
cal representation remains to be idealized and only approxi-
mates the behavioural characteristics of extremly complex
structures in the real world,

The mathematical models of the structure response to me=-
chanical action are usually formulated in terms of differen-
tial equations /ordinary or partial ones/. An information
in a form of boupdary and/or initial conditions is required
to ensure a unique solution of mentioned differential equa-
tions, Punctions satisfyving differential equations tegether
with the proper boundary and/or initial conditions result
from a solution of the direct initial-boundary value problemn
in mathematical physics. The solution constitutes the basis
for the further structural analysis. Some questions concer-

ning the relations which connect structural mechanics with
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mathematical physics are discussed in [5{]_

The accuracy of the results of engineering analysis din
pfedictiou of the behaviour of the actual structure depends
on two fundamental factors: the mathematical model of the
structure and the computational algorithm for the solution
of the initial~boundary value problem of structural mechanics,

The complex geﬁmetry, loading conditions and material
properties characterizing the majority of the modern structu~

.res cause the amalytical methods to be insufficient for sol-
ving mentioned problems,

In this situation the numerical methods are widely ap-
plied. Recently an intensive development of these methods
takes plac;.Thay now permit to solve most linear and many
nonlinear problems of structural mechanics with accuracy ac- -
ceptable for practical purposes,

On the other hand the constitutive theory of material
behaviour is much advanced, It gives the possibilityvof
the descriptibn of mechanical properties for the broad class
of materials used in engineering practice, But the fundamenw
tal question is that the validity of a material model can _
only be verified on the basis of suiteable experiments.

Unfortunately, owing to limited capability of doing me-
asurement the majority of coutemporar& experimental tech-
niques is designed to the specimen configurations in which
the stress state is statically determinate. In addition the
specimens commonly utilized like slender rods and thin-wal-
led tubes are unsuitable in examining the mechanical beha-
viour of materials which exhibit nonhomogeneous and anmso-
tropic properties /for instance composities, fabricates/,

In the case of rock-~like materials, oftemn it is impos-~
sible to construct a suitable labora .ory specimens in order
to obtain the information needed for the prediction of rocke
mass behaviour.

The substancial difficulties arise when nonlinear mate~

rial properties are to be described. Then a large number of

http://rcin.org.pl



._5_.

complex, multiaxial deformation states should be produced and
observed in the laboratory to determine the constitutive func-
tion /model/ at least over the part of its domain 5f technical
interest, Unfortunately, it is practically impossible to rea-
lime sn experimental program which furuwishes the information
for the cumpiete description of the nonlinear material proper-
ties, :

The above remarks show that in many technologically impor-
tant situations the results of the laboratory experiments are
insufficient for the construction of the material models, In
this situation, the main reason why discrepancies between
theoretically prsdiéted and actual structure bohaviour oTten
arise is unsuitable choice of a model rather than approximate
method of the solution of the initial-boundary value problem
of structural mechanics, Then the pressing need arises for ma-
terial characterization techniques which are compatible in
sccuracy with the currently employed analytical methods.

One of the possible ways to achieve this goal consists
in utiliziong a measured response uf tﬁe actual structure to
a given excitation, These data are used either to produce
the bost functional representation of the considered struc-
ture, if its model is totally unknown or to determine values
of some parameters, if a preliminary model of the structure
is assumed. Tho determination of structural models in both
maﬁtioned situatioﬁs needs suitable procedures which are
devoioped in system identification framework., The results
arising from system identification can be applied equally as
in the design of structures so in the inspection of structures.

To facilitate a better understanding of listed above
remarks a .study from [@é] as an i1llustrative example
is outlined below, It presents an application of system
identification to structural mechanics purposes, The aim
of the study is to develope a matlerial characterization te=-
chnique useful for such spocimeng /systems/ in which stati-
cally indeterminate stress field arises. Some knowledge of

a material model is required to utiiize this technique, The
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study is restricted to linear elastic, anisotropic mate=-
rial in a state of plane stress, In an "a priori" model of
the system only values of parameters are unknown, The model
is used to formulate a boundary value problem correspondiug
to the experiment. The solution of this problem based on a
finite element method requires an initial set of parameter
values to be chosen. Experimental data are compared with
those following from the numerical solution of the bounda-
ry value problem, 4 least sguares type criterion is applied
to make a comparison, 4n application of the criterion
vields a new set of parameter values, It can be used to for-
mulate a next boundary value problem. In such a way a trial
and error process can'be expressed as a closedmlobp sequen=
ce of computational steps. This process continues until the
numerical and éxperimental results agree to some predetrmie
ned accuracy. In the described procedure both strain and
displacement measurements can be utilized. The application
of the procegure requires its convergence to be studied.

The notion of system identification originated from slec-
tric circuit theory was then widely developed in the framee -
work of control theory and in-the so~called "system science".
Until now a large numer of papers have been writtem on the
subject, A series of survey papers [3, 3, 12, 3@] and
several books iéB, 31, &1, 48-50, 59, Sél have been pu=
blished, At the same time many conferences were performed
to present and discuss applied and furdamental papers on
system identification /ef [35,5@} /+ The questions of the
teaching of identification at scademic high schools were
also discussed Eﬁij o« The first papers devoted to svstem
identification problems in structural mechanics appeared
st the end of sixties /for instance [@h, 56] /s The
objective of these papers was to determine the characte-
ristic parameters for linear elastic vibrating systems
with viscous damping.

Thereafter the system identification was applied to

various engineering problems of structural mechanics,
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Some of them are listed below,

As a first example the determination of the model for
structural systems undergoing seismic effects can be men-
tioped. Both, linear [35] and nonlinear [}é] properties
of structural systems are considered, The resulting models
can then be used for various purposes, both in prediction
of the behaviour of existing structures and aseismic design
of the structures,

The paper [bij discusses in a general manner the
applicability of system identification to material charac=-
terization purposes. In [Aé] material canstants for an
anisotropic; linear elasiic body in a plane stress stato
are determined. A model déécribing a nonlinear elastic beha=
viour of rubber-like materials is conslidered in [}i] .

The paper [Bé] treats the designing of metal working machi-
nes, A useful procedure for testing and inspection of actu=-
al, concrete dam is developsd in ]:1@] s A brief review

of some methods for’model structure testing is presented

in 66] . Some gquestions related to biomechanics, such as
farmulﬂtion of phenomenological models of processes occuring
in living systems are studied in [54] .

A term of structural identification was introduced in
a review of literature [Ei] for the problems referred to
the application of methods in system identification to struc-
tural engineering. :

This paper presents a review of the work done in this
field during the last twelve years, The reference given
here are, it is hoped, representative. However, the list
of papers is by no means complete and is only a personal
search of accessible literature.

The arrangement of the paper is the following. In Sec~
tion 2 the notion of the system identification is defined
and some ways of the classification of the problems refer-
red to this subject are mentioned, In Section 3 the papers
concerning the identification of quasistatic and static

systems are reviewed. Section 4 is devoted to the discussion
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of the publications referred to the identification of dyna-
mic systems. In Section 5 three mathematical methods are
treated, which are applied in system identification, Needs
for future research are discussed in Section 6, The final
Section 7 presents some conclusions arising from the re-
Vviewed material.

2, Formulation and dlassification of system identifica-
tion Eroblems

A commonly accepted definition of the system identifi-
cation in control theory as well as in structural mechanics
Jef [&, 53, 6@] / was proposed in EbZ] and 1t has the follo=
wing form: "Identification is the determination, on the ba-
sis of input and output, of a system within a specified class
of systems, to ihich the system under test is equivalent",

In relation to structural identification "system" in the

above definition means a model of the structure which re-
flects main physical anu geoimetricai feacures of this struc-
ture. The system accepts inputs/excitation, loading/ and
produces outputs /responses/. Meaning of "a class of systems™
is twofold and it depends on a Hype of identification pro-
cess, i.e., without any knowledge of a model or with an assu=—
med model. In a first case a certain class of functionals

and in a second ome an “a priori" model with some unknown
paraneters is considered. Then, an experiment with the ac-
tual systom should be carried out 'and the system response
/output/ to suitable loading /ivnput/ measured,

An important item is the notion of equiValeﬁce linking
theory and experiment in every system identification pro-
cedure [}é] . It is usually formulated in terms of a crite~
rion and it takes the form of a functional with respect
to the actual system response and the model response.

Below the classification of the svstem identification
problems in structural mechanics is represented from the
"class of models" standpoint. The models can be characterized
using nonparametric representation or in parametric form
/see, for example DQ] Lis



-—9_

In the case of nonparametric system identification-no assump-

tions are made about the structure of the model, It is often
called the input-output "black-box" model of a system, The ul-
timate objective of the identification process is-to predict
the response of the considered system, As a fesult an overall
description of the complete structure in terms of certain
functions like impulse response, transfer functions etc. is
obtained. For instance, in [37,653 the response of structu-
ral systems to strong earthquake ground shaking is conside-
red on the basis of nonparametric system identification.
Wiener theory of nonlinear system characterization is applied.
Both, linear and nonlinear behaviour of the structures are
taken into account, :

_Often some "a priori" information on the system permit
formulation of its mathematical model in which only some para-
meters are unknown, The system response is assumed to depend
on these parameters. In this situation a parametric system
identification problem /PSIP/ can be formulated.

In view of the scope of this paper PSIP
are presented below in a more detailed form. Likewise the ge=
neral formulation, the PSIP, in accordance with [ji] y 1s
charecterized by the following three basic elements: a class
of models, a class of inputs and a criterion /see also [EJ,GEV.

The formulation of the model structure as well as its
parametrization is greatly intuitive and usually based on
experieuce with the behaviour of actual system, The choice
of the model remarkably affects the computatiomal effort requi-
red by idantification'procedure, the possibility to get
unique‘solution etc, An analysis of the theoretical "a prio-
ri" model is helpful in planning an experiment for identi=-
fication purposes /Jcf [35] Lo

As for as the class of inputs are concerned, it should
be emphasized that in order to be able to identify particu=-
lar effects, one must apply inputs that involve these effects
in the system to identify, For instance, if the plastic model
of the system is identified, the applied loading conditions
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must cause plastic flow in this system. Further comments on
the role of a class of inputs in system identification one §
can find, for iwstance, in [1,53_] .
' As it was mentioned above the criterion function is

closely related to the notion of thé system eguivalence.

It should be constructed such that a good fit of the model
_response to the actual system response is obtained when the
function is minimized as a function of the unknown model
. parameters, Typically, the criterion function has the form:

/2.4/ elt;p)= Jylt)-ym (t;p)]

where y({')] Ym ('(;p) arg the actual /measured/ system respone
se and the model response, respectively,'and P is a vecw

= ” must be
chosen, Then the criterion function is minimized as a func-

-tor of unknown model parameters. & norm l

tion of model parameters. By some minimimation procegdure
a vector Py is selected, which satisfies the condition

o) e(t;po)=rrgn [ﬂ(t;ﬁ)] -

Mostly, the ecriterion function is expressed in a form

t &
W3/~ o elfp) =f[y(8)-ym(B;pJ]TW[y(S)—ym(S;p]]dB
0

where W is a positive, weighting matrix to be specified,
The minimization of the expression /2.3/ can be inter-
preted as a least square cfiterion for error e.
Relations /2_2/,/ 2.3/ define an optimization problem
which can be solved applying algorithms described for in-
stance in [3,293 .
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Fig.1. The diasgram of the parameiric system
identification problem

* The idea of parametric system identification problem
can be represented in the simple flow charit form shown in
Fig.1., As one can see there, the actual system and its
mathematical model are subjecited toc the same. input, Ths
system output is measured and the model output is calcula-
ted as a function of the values of model paramesters, The
model error determined in the sense of the criretion func-
tion is thep used in & parameter-adjusting algorithm in
order to select the parameter vector that minimizes the cri-
terion function,

System identification problems may bs subdivided in se-
veral ways and some of these will be mentioned below.

They can be considered in both probabilistic or determi=-
nistic framework, In general; these two approaches utilize
different methods in identification procedurs cf [1] 5
Then, another kind of classification of system identifica-
tion problems can be introduced, which divides them into:
stochastic system identification problems and determimistic
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system ideptification problems,

Following classifications usually sapplied in mechauiés
one can consider separately identification problems of dyna-
mical systems and identification problems of guasi=static
systems,

For the farther e¢lassification of system identification
problems the reader is referred to the Hook[:sé] related
to shock and vibration systems,

3, Identification of guasi-static and static systems

The materiael characterization is the maiu objective
of the papers concerned with guasi-static and static problems
listed in this Section, - _

4 suitable theoretical basis for material characteriza—
tion in the system identification framework 1s developed
in [51 - 5i]

Paper [5ﬂ discusses the general guestion of formula~
ting an initial~boundary value problem of mathematical phy-~
sics as a mo&el of a structural system. Same mathematical
modelling techniques useful in the structural design process
are reviewed, An application of PSIP to the material chardc-
terdzation is discussed and its direct relation to numerical
solution algorithms of the problems of mathematical physics
is emphasized.

In [5%] a gquestion of coonstitutive modelling based on
the notion of an isolated material element is discussed as
a parametric system identification problem, Some methods for
selection of model perameters characterizing isolated mate-
rial elements are reviewed, It is shown that the constitu~
tive modelling leads to an iuverse initial-boundary value
problem. & number of significant questions related to the
formulation and solution of the irnverse problem are discus-—
sed, Some examples from the literature; related to both ma-
terial characterization and structursl identification, are
presented in order to illustrate the methodology developed
in the paper. /
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The fundamental questions relovant ‘to the material charac-
terization are considered in [55] o The problem of the choice
of a constitutive theory of material behaviour is compactly
discussed. Material characterisation is presented in a form
of the PSIP. The paper contains some remarks conceruing the
effect of changes in model paresmeters on the value of crite-
rion function as well s the model response, Also the ques-
tion of compatibility of models with the currently applied
computational methods for solution of field problems is brie-
fly discussed, ’

Adpart from the general type papers mentioned above, one
can find in the litersture e number of publications concerning
the particular problems of material characterization in which
the system identification meihods are utilized.

3:1s Elastic systems

In [hé] some computaéi;nal procedures are proposed for
material charactarizatioﬁ of elastic solids in a plane stress
state, They are derived from the finite element solution of :
a suitable boundary value problem applying a least square type cri-
terion function, Statically indeterminate test specimens are
used to acquire the experimental data. The application of the
procedure for determinatien of material constants characteri-
zing a particular ponlinear elastic material is presented.

The material characterization problem for anisotropic,
linear-eiastic solids in plane stress state is considered in

[;é] . Two iterative procedures for material parameters
computation based on the least~squaro error criterion are
presented,. In the characterigstion process strains or dis-
placements can be utilized separately as measured quantities,
The possibility of incorporating both strain end displacement
measursments in the same characterizaiion procedure is men—
tioned, A comparison of the suggested procedures is presented
from the computational efficiency standpoint. The paper also
contains a study of the effect of various kinds of errors
on accuracy and convergence properties of the characteriza-~
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tion procedures,

An approach to the material characterization problem aX-
tending the application of finite element concepts to discre-
tization of the constitutive stress fumction over ité domain
is presented in [}6, Bi] . The method introduced there is
used to identify the paremetrized stress response function /model/
for isotropic, incomppassibla, nonlinear élastic solid expo=~
sed to generalized plane stress state., In the identifileation
procedure a least squares type criterion function is applied.
In order to solve a systen of algebraic equations describing
identificetion problem the Newton-=Raphson iterative method is
employed, :

From the solution the unknown material parameters are obtained,
Some questions arising from Fdata copruption” as wedl as loca~
tion of measurement points are examined. Data corruption pro-
vides @ certain kind of dats which are .used in testing the
stabillity and accuracy of some pumerical procedures rslated

te PSIP, They are called "corrupted deta" and are produced

by introducing‘an additive noise to data following from a
known solution of a suitable initial-boundary value problem,
This soclution is regarded as a Pesult of a numerical experi-
ment, The additive noise introduced to data simulates possi-
ble errors which may appear in an identification procedure.

In Eé] an approach to control of actual behaviour
of concrete dams is presented, It assumes the elastic Dbeha~
viour of dam=-bedrock system, for prediction of the system
response to various loading conditlions.Some thermal effects
are also included into considerations. The Tinite eslement
method is applied to calculate the respouse of the dam.

The estimates of structural parameters are derived by using
a suitable procedure based on least sauares method. The
control system built on the basis of this approach was
successfully applied to the contrel "im real time" of actual
dams,

The applicability of the system identification to some
problems in geotechnical engineering such as rock excavie
tions and construction of embankments is discussed in Eﬂﬂ -

http://rcin.org.pl
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In order tc predict the averall responses of these geotech-
nical systems, the elestic model is considered.

: Two procsedures are suggested for the calculation of the
modal parameters /elastic moduli/. These are: au iterative
least square procedure aad a simplex search strategy,’

3.2, Inelastic systems

4 method for material characterizatiop based on a si-
'nilar concept to that utilized by system identification is
proposed in {5%] « The aim of this paper is t¢ characterisze
physically nonlinesr viscoelastic solid undsrgoing quasie -
.static deformations, It is osmphasized that tﬁe material
-characterization and numerical solution of the suitabls
boundary value problem should be consldered simultaneously.

' Iﬁ order to solve the problem an iterative method ' is propo-
sed. & case of an axially defnrmeﬁi statically indeterminate
nonlinear viscoelastic rod'ié considered o 1llustrate the
method, An iterative procedure resulting from the quasili=-
nearization is applied in [%7] to. identify material pare-
meters of uonlinear, wviscoelastic solidg.

Material cheractierization of linear viscoslastic solids
formulated ns parametgiﬁ systeon identification problem was
first pressuted in [}h » In order to sclve this identifi-
cation problem a quasilinegrization mathod was used, An ap-‘
Plication of this method to the ddentification problem in
the theory of thaermorheologically simple materials is pre=-

“sented in [}{] « The characteristic functions describing
material behsviour are determined {rom experimoutal data

~usipg differential aspproximation aund quasilinearization,
The study can be consildered as an example of the more gene~
ral problem of modelling nonlineaf éonstitut1VG oquations,
In order to illusirate the Teasibility and amccuracy of the
method a pumsrical example is presented,

System identification problems for nonlinear Vvisco-
elastic materials governed by Volterra integral equations
are consideved in ES, 25, 26__j +« In [15] a pumerical
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procedure for materfal characterization is developed using
general input-output measurements, The guesticns of stabi-
lity apnd accuracy of the proposed procedure are tested by
numerical experimentation using simulated, corrupted and
uncorrupted data, The identificutiou problem in a case with
inputs restricted to the form given in. terms of one-—dimen-
sional step functibns, is considered in Eéi] ~

The extended Gauss-Newton iterative procedure is em-
Ploved to solve the optimimatieon problem formulated on the
basis of weighted least sguares type of criterion. Experi-
mental data obtailned fYom relaxation tests are utiliged in
examining the predictive a@bility of the considered model.

A quasilinearization method is proposed in [26] to solve
the minimization problem arising from the material characte-
rization procedure. Unlike [?5] the generalized inputs are
used for identification purposes, :

In [§q] a quadratic programming approach is suggested
to ddentify . fhe elastic perfectly plastic model represen~
ting the behaviour of some pgeotechuical systems. A piece-~
wise linear approximation of the yield locus 4in the stress
space is used in the identifi&ation procedure, The nutlinsd
study hes only a preliminary character.

Applications of so-called hybrid identification are
desoribed in [?4] « Some algorithms are sugsested in the
paper to identify wviscoelastic and plastic properties of
structures. The basic constitutive relation is taken in a
form of regression, The use of the finite element method
as a basis for describing the entire identification problem
is examined, One can consider the study to be an extension
of the results derived io [Bi] « The paper also presents a
variety of possible applications of developed technigues to
structural identification.

http://rcin.org.pl
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%, Idsutification of dypamic systems

The coanstructicn of models for the descriptioh of the
overall structure behaviour constitutes the main purpose
of the system identification problems presented in papers
reported below. A common featurs of the models considered
there is that mass is Iumped at nodal points which are
interconnected by deformazble elemsnis. Applying this appro-
ach one can represent the actual structure by a model with
a finlte number of degrees of freedom, The mechanical pro=-
perties of the deformable elements affect the structural
model response,

Mathematical models determined by system identifica-
tion can be used in engineering analysis of structures, for
evaluation of structural safety under various lsading
conditions or to active control of complex stiructures in
civil eungineering. ' i

The book [3@] /editad 1972/ presents the current sta-

te of system identificetion with & special emphasis given to.

structural dynamics, This work collects, compares and asaly-
ses various contemporary methods used in system identifice-
tion, and included details of selected recent investigations
examples. Several parts of the book are concerned with the
current state in specific areas of application, such as

thé large structures, aerospace structures, high speed gro-
und transportation systems, automotive structures and machi-
ne tool gystems.

as

A comprehensive review on system identification in struc-

tural dynamics up to about 1973 is presented in [57 ol 1O
papers described in that survey are not mentionsd below,
A further development of identification methods in

structural dynamics is reviewed by the authors of Bz, 62, TQ

Some techniques devoted to identification of the dypamic
characteristics of complex structures are presented in
[8, 9, 38, 73, 75, 78, 82
In view of the form of mathematical models copsidered
in the papers reviewed here the following presentation is
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divided ipto two parts.
4.1, Linear models

The modal analysis methods are widely applied in iden=
tification problems for linear systems. If the damplng ma-
trix satisfies certain conditions; then in the case of sys-
tems with & finite number of degrees of freedom the normal
modes can be used to uncouple the equations of motion. These
‘uncoupled egquations represent the individual modal responses.
Foer esach mode the svstem identification preoblem can be for-
mulated idepedently. By solving these problems one can iden-
tify eigenfrequencies, modal damping, effective masses,
stiffness propertiss and mode shapes,

An application of modal analysis to identification of
dynamic properties of one - dimensional chain is presented
in [éi] i In BS, 3&] several procedures for identification
of the eigenparameters are developed utilizing a modél
analysis appr?ach. Identification of these parameters proce-
eds through the minimigation of the least square type cri~
terion function, In order to solve the minimization problem,
gradient technigques are applied, It is shown that the appli-
cation of the proposed minimization algorithms leads to a global
mioimun of criterion function for which the values of model
parameters are calculated, Some significant questions fela-
ted to a number sud location of measurement points are dise
cussed, The application od the defelopad procedures to the
identification of actual structures like multistory buildipgs
are studied, £

An identification method is developed in [ﬁé] t0 deter=—
mine natural frequencies, mode shapes and goneralized mass,
stiffness and damping matrices describing a structural sys-
tem. The method uses fregquency respcuse data at a finite
number of discrete frequencies. The response dats can be
obtained from sinusoidal vibration tests with either basse
excitation; or single or multipoint excitation,

4 generalization of the inverse of a matrix, so-called
"pseudoinverse" is presented in [35] . The pssudo~inverse

http://rcin.org.pl
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is used to calculate welghted least-mean~square and weigh-
ted minimum-~porm solutions to illeconditioned linear sys-
tems. It is copvenient tool in the identification of vibra-
ting systems, where the oumber of measurements and forcing
points are of'ten different and the confidence in different
moasurements and models varies. Several mathematical methods
based on the pseundo-inverse notion are presented. These

are useful in the planoing of wvibration tests /i.e. in pla=-
eing vibrators and accelerometers/, analyzing data to iden-
tify eldgenparameteres, adjusting mess and stiffpness matirices
- and identifying unknown forces acting on a known structure,

The threse-storey actual structure is studied to illuS=
trate the utilization of the proposed mathematical methods,

In [iﬂ a pumerical method is suggested for identify-
ing the demping coefficients of a linear, multidimensional,
riﬂ;ating system from its frequency response, which is known
over some frequency rangs,, The least square technique is
used to construct the objective function, which depends on
the difference between the actual sysfem response and the
model response. The system identification is then reduced
to an optimization problem. The solution to this problem is
performed in an iterative manner by processing one freguency
point at & time, To illustrate the use of the proposed method
sOme unumerical examples involving viscous damping are pre-—
sented,

A discreet model of a nine story steel frame is identi~
fied in [}] . The elemeuts of mass, stiffness and damping
matrics are determined from the availeble information about
mode shapes,

The choice of the best objective function, the minimi-
zation of the objective function, and the design of the
optimum experiments are the problems discussed in Dﬂ .
Objective functions in the form of ordipary least squares,
maximum likelihood and maximum "a posteriori” /or Bayesian/
estimations yielding from the estimation theory are charac-
terized. The minimization of the objective function by
using the linearization is described., A main part of the
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paper is deveted to m formulation of criteria for the de-
sign of optimum experiments., Parallels between system iden=
tification and moderm design are underlined. The examples

of the heat cornduction in solids are used to illustrate ide~
as presented in the paper., Some proﬁlams related to model
didentification of vibrating structures are studied in [51,
53, 85, Bé] . Suitable identificaticn ﬁrocedurea are also
suggested in these papers,

Yhen the relationship counnecting the observed quanti=-
ties and the unknown model parameters is not linear; then
nonlinear least sguares can be applied [H] to formulate
the identification problem. The considerations presented
in [h] are concentrated on the gtructural dynamics problems,
for which the method of nonlinear least sguares is discussed
from applicatibn in time domaio analysis, frequency nnalysis'
and modal analysis standpoint. An iverative procedure is
proposed to compute the corrections to the dipitial guess of
model parameters. The nonlinear least squares estimates
obtained at lhe i~th iteration are compared with those
calculated by using the method of ordinary least squares,
maximum likelihood and Bayesian estimation,

An attempt is made to investigate the uniqueness of the
system identification problem in [55] « A linear twoede-
gree of freedom, damped, Vvibrating system as a model of a
two-storey structure is'considerad. The stiffness and dam=-
ping parameters are determined from a knowledge of the base
acceleration and the corresponding roof or first storey
response records obtained during strong greound shaking. It
is assumed that there is no noise in the measurements and
there is no soil~structure interactions, The theorems for-
mulated ic the paper show that proper locations of the
measuring instruments lead to uniauc solution of the identie
fication problem. Tﬁe results obtained for the two-storey
structure can be extended o an n-story s&stem.

The probleﬁ'of optimal sensor location for identifica~
tion using time domain data is studies in [B{] « The beha-~
viour of the considered system is described by a set of
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linear ordinary differential equatiocns, The solution of the
problem results from a suitable probabilistic analysis of
observation errors, In {Bé] the uniqueness of . the results
in identification of dymamic properties of soil and struce
tural systems is coaosidered; N degrees of freedom, lumped
system consisting of masses ;springs and dampers is used to-
model an N=story structure or an N-layered soil medium,
Only a linear range of the system response is investigated.
It is assumed that the mass distribution in both the struc-
tural and the soil system is known., Some concepts and the
nature of ponuniquensss of identification are illustrated
through a numerical example,

There are a few examples of approaches which do oot use
pormal modes but directly iddentif'y the abstract parameters
in the equations of motion,

Such a nonmodal approach to identification of vibra-
ting structures using response time history was presented
in a survey paper [?é] « Error-free computer experiments
on a simulated spring-mass chain were conducted to calculate
improved values of the model parameters, :

In IB?] a structure is modelled in a form of the
contipnuous shear beam using forced linear differential
equation, & computationgl procedure is developed, based on
a pemalty function method; to identify a space-dependent
stiffness coefficients, The success of the identification
-process is strongly dependent upon the closemess of the
initial guesses to the exact values of the identified quantity,
and upon the nature of the ground motions used as the input
data,

4.2. Nonlinear models

Under various loading conditions the actual structures
exhib;t a nonlinear behaviour, Consoguently, new mathema-
tical models and different from those mentiored in &;l_ ne=
thods vielding the sclutions to the system identification
problems are reauired,
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The book [76] presents some current methods applied in
the identification of the nonlinear vibrating systems, It also
contains a comprehensive description of techmiques used for
linear systems, The identif ication of nonlinear systems by
use of models with one degree of freedom is discussed in '

[29, 72] . 4 guasilinearization method is employed in [ 72
to determine the model parameters,

In the paper [ki] the damping forces are determined
" from known resonance characteristics of the nonlinear sys-
tem under study. Some praciical aspects related to identi-
fiability of nonlinear elastic systems are discussed in [ﬁ;],

Using @ quesilinearization and nonlinear filtering
approach the procedures are developed in [ﬁS] for the deter=
mination of the characteristics of the nonlinear spring.

To represent the force-displacement 1aw of the spring a non-
" linear integral Volterra equation was nsed. :

Some examples of the application of metheds in system
identificatiqn to construction of models describing beha-
viour of the structures undergoipg seismic excitations
are presented in [kz-z@ » Papers [?3, 2@ compriba a com=
pact form of the detailed study presented ian [22] ;

In PB] three different; efficient methods are proposed
for the determination of model parameters, These are the fol-
lowing: the directi search, filtering approach and Gauss-
Newton method. An extensive experimentation using simlated
data is performed. Oue~degree of freedcm, nonlinear medel
of the viscous type is used to discuss the accuracy and sta-
bility of the proposed methods., Only results related to the
experiments with impuls of the seismic type are reported ino
the paper.

It follows from the considerations that the direct se-
arch algorithm is computationally very efficient., Direct
search does pot require an initial estimate for the model
parameters, but it requires the unknocwn parameters to appeax
linearly in the mathematical model .and the measurementa
te be very accurate. This procedure may be used to provido‘
estimatos which can be utilized as the best initial
estimatos for the Gauss~Newton or
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filtering procsdures, These latter two are exempt from the
limitations of the direct method.

In [éh] the filteiing method is applied to determine the
unkpown parameters for two differsnt models., Only one~de-
zree of fredom vibrating systems are cousidered as the struce
tural models. One of them is characterized by a pieceuise'
function of displacements, which represents the restoring
‘forces. This model enables the description of the elasto-
‘plastic behaviour of the structurs, Numerical experimenta-
tion using simulated data is conducted to demonstrate feasi-
bility and accuracy of the parameter identification algo-.
rithm for the above model, ;

The second model of fhe viscous type is used to illustra=-
te the suitability of the filtering method in the problem
utilizing real data. The parameters determined by the iden=~
tification procedure are employed to predict the response
of the real structure. i

&n identification problem is considered in [ﬁﬂ to
determine @ ponlinear behavicur of the structure undergoing
the dynamic loading conditions. Some preliminary results on
that problem, later developed in [20] ; are presented,

Twe nonlinear filtering methods are emploved in [20] to
determine the unknown parameters of three~degree of freedom
mathematical models, which simulate the behaviour of an
actual structure undergoing seismic elffects, The restoring
forces in the models are assumed to be of viscous differen-
tial type. To perform the identification procedure, the data
measured on @ thrcs-storsyrsteel frame tested on a seismic
table are used. Numerical experimentation using simulated
data i3 carried out in order to demonstrate the stability
of the suggested procedure, Some rTomarks concerning the
identifiability of the considered systems are placed in the
paper,

An extensive study is carried out to test the predic-
tive ability of the identified wmodels,
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5. Mathematical methods

The diversity of mathematical methods appropriate to
the solution of system identificetion problems is indica-
ted by the guantity of literature devoted to the subject over
the past several yesars, It is not the iotent of this paper
to review or 'comparp all these methods. To the conitrary,
only three approaches are choseun to present in this Section,
_ Pirst, the nonlinear filtering method is described. Next,
the gradient technique is presented, Finally,the quasilinea-
rization approach is discussed.

5.1. Nonlinear filtering method

The notion. of the filter means the system used for the
separation of a signal which has been perturbed by the addi-
tion of noise or s random process. The problem of determi-
ning of the state of such a system from nolsy measurements
is called filtering.

The filtering methods arise from the estimation theory

[13, 17, 14ﬂ « The gemeral linear nonstatiopary filtering
problem is essentially completély solved /see [ﬁgV ¢ and the
nonlinear filtering methods are considerably advanced.

Vhen some criterion -~ evaluating a filter -~ is invol-
ved in a filtering problem, them this latter yields an
optimum filter. One possible way of the determination of the
optimal nonlinear filter is presented below.

Counsider a system described by the set of nonlinear
differential equations:

(5.1) d=glu),

where U (t) y is an augmented state vector which conta-
ins the state variables and the model parameters as its
components / @§  denotss time derivative/,
The hehaviour of the system is observed in the interval
[0;T] . 4 linear form of the observation equation is :

http://rcin.org.pl



iR ET

assamed
( 5-2) w=|] U+ Tl 9
where W is a vector represeunting the observed evolu-

tion of the system, r is a rectangular matrix, and‘l‘
denotes the observation error vector,

The goal is to detormipe an optimal estimate of the
state of the system at time T dn the basis of obser-
vations carried out on the interval (0,7 ). The consi=
dered procedure requires the minimization of the quadra=-
tic error functional f(W(T)T] given by

20 05 i
(5.3) flu(T)T)= [ (v~ )it (w(0)- by A (u(0)-B))
0

where D is the best "4 priori" estimate of 4(0) -
and A is a ponsingular symmetric matrix estabilishing
the degree of confidence in such an estimate, The expres-
8ion [aap ) in /5.3/ denotes the usual ipner product
> aiBi of the vectors (X and B .
By taking derivatives in/S.B/ one can construct a

partial differentinl equation for f(u(T))T) iv a follo-
wing form

(5.4) frle,T)=(w-Tew-Te)-(fele,T)gle)) ;

where for simplicity of the notation U (T)= ( ids in=

troduced, in //5_,4/ fe stands for the gradient of f A
i.e,

((5.5) fc{c,T}z{ai_— angcf ] !
/C1 2 N

The initial condition for f(G}T} ia the following

{ 5.6) fle,0)= le-b,A (e-b)).
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(5.7) e(T)=arg min fle,T)
€

denotes the optimal filter, then
(5-8) fc {Q,T]=O.
Taking total derivatives :l.n/ 5.8/ one can obtain a

differential equation for the optimal filter e(T) in
the foilowing form

sl
(5.9) idj‘%‘z_fcc { e,T)ch(e,T).
4n expression for fer can be derived by differen—

tiation of /5,4/ and then introduced into /5.9/ . Such a
transformation produces a new form of the Eq. /5.9/

(5.10) -—? (e)+Q(T)I'Tw Fe),

where the superscript T denotes a matrix transposition,
apnd is the matrix given by ;

(5.11) Qi1 = 2fcle.T |.

The Eq./ 5.10/ shows that the optimal filter @(T)
is obtained by integrating a slightly modified form of thse
original system equation /5. 1/ -

As an initial condition, the following one can be used

(5.12) e (0)=h

Assuming the fuaction g (c.) to be representable in
the form



AT

{ 5.13) gle)=gle)+ gele)lc-e)

in the neighbourhond of the optimal filter @(T) , it is
possible to derive, with the use of / 5.4/ -‘/5,§/ , the
d:lffe‘rent:l,al equatinns for t;he matrix Q,(T) 2

(5.4) S8-g.10)q +Qgile)-al' T

#ith ao initisl condition
(5.15) Qo) =A" _
Equationa/;5;16/g//5,1%/’,/%.1%/ and //5.1§/ ; ine

tegrated simultaneously, provide the optimal filter e(T)

in & sequential maoner,

5.2, Gradiant method

It was already meontioned that the system identifica=-
tion problem can be formulated as an optimization problem.,
6nee the problem including a relevant objective function
is defined, an appropriate optimization technique must be
chosan, Since anslytical methods ceénnot be applied in most
practical cases; owing to the complexity of the required
mathematical manipuiations, numerical search techniques
should be utilized., These techniques are eppliadj*iteratively
uotil no further improvement is possible. The most effective
methods of search become available if the objective function
derivetives are ceasily obtained, The resulting gradient me-
thods may atteupt to follow the function gradient closely,

‘as in the method of steepest ascent /descent/ [%é] SOT
use it in guiding the search as in the conjugate gradient
methods,

. The varisus techniques are grouped according to the
methods used to determine the two essential features of any
search method, i.e., the direction and sifge of the subse~

quent step in the iterative procedure.
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In the general optimization problem; no cne technigue can
be singled out as the most efficient, and each type must be
exémined iﬁ relation to the problem under study,

In order to illustrate some ildeas, which form the basis
of the gradient methods, the steepest ascent /descent/ ap-
proach is presented below, It is well kpswn thatv the greatest
rate of improvement of the function will be found by moving
along the gradient, This is called the direetion of steepest
-ascent, if the maximum is sought. This direction is a local
property rather than a global one, It means that a move star
tipg in the direction of steepest asc9nt will not necessarily
end up aligned along the new direction of steepest ascent .
associated with the new ﬁoint. In other words, the direction
of steepest ascent generally waries from point to point,

The locus of infinitely small moves along the line of steepest
ascepnt will generally be a2 curved line. The described above
situation is indicatsd in Fig.2.

%24

Base point

Fig.2., The sketch of the steepest ascent /descent/ sea
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Let flx) wve an diff'erentiable objective
function defined in n~dimensional space of the variables
X; 4 where i = 1,2,0.eyn0 and X=(X;Xg-....Xp).
Denote by S a parameter reprsesenting leugth of the arc
of the curve drawn in this space. :
The problem is to take a small step dsS in such a
way that the objective function increases/decreases/ as much
. as possible. Here

(5.16) (ds)? 'i (dx;)2.

The change in f(x) 1s given by

df _§QF, dx
(5.2 5o 40w as

By maximizing /minimizing/ of g;— subject to the
condition /5.16/ the diredtion of steepest ascent /descent/
can be determined., To this end a modified objective function
should be considered

(5.18) F= Z gf dx; A[1_Z(dXI

where )\ is a Légranj.an maltiplier, Differentiating with
respect to dX',/dS vields the necessary condition

dip- ekl
(5919) AR axj' for j= R

This result shows that the divection of the steepest
ascent /descent/ is a vector parallel to the gradient
of the function f(%).

Substitutina./‘5.19/ into the c'onstrnint/5.16/ Provi-

des
] e R
£ i Wé(@xj L

]
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Solviug‘/b.zq/ for A vields

(5.21) )~ r\/ 8}; &

By substituting /5.19/ iuto /5,17/ and applying’
(5.21) one can obtain

2of
s22)l —dd-sf"—:i\/j;(%;)z

The positive sign gives the directivu of the greatest
increase in fix) ¢ Whereas the negative sign gives
the direction ¢ the gréatest decrease in f(x)

The next problem, at the giveun base point® x 1 s is
to decide the distamce of the move, 4 lius drawn from this
peint in the direction of the greatest improvement can bo
represeunted in & parametric Torm as

(5-23] : (ief) {i) af/a j {
X :Xj:t( )
V s

where the superscripts are used to distinguish the quantie-
ties calculated in twe successive iterstions, The positive

i)
&s ,

-..)<

fb4a

sign is used for the steepest ascent and the negative one
for the steepest descent, b

The objoctive function f(x) car ba expressed ia terms
of the parameter S through /5.23/ ., Then the value of S
the step size AS can be determined so that f reaches
its extremum, This can be adopted as the new base point,
and the procedure repeated.

5,3, Quasilinearigation

Quasilinearization is & mathematical method devoted
to the study of nonlinear boundary value problem, Il accore
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dence with this method, the properties of the generally non-
linear function ars derived from the properties of the asso-
ciated family of linear‘functions /quasilinear representa=
tion [7 ] /.

The origin of guasilinearizatlion lies in the thedry of
dypamic programmipg, Lo particular, an important develepmeﬁt
of this method is obtained if the considerations are restric=-
ted to the study of nonlinear operators exhibiting some kind
of convexilty /concavity/ because they afford a very couvenient
guasiiinear representation in terms of the mazrimum (mi.n:umm)
operation,

Quasilinearization yields & successive approximation
procedure which is used to approach the soclution of the origi-
nal nonlinear boundary valus problem. This procedure is quadra-
tically coovergent /cf [}] / and it requires moderate amo-
unts of computation at each stage.

Possibly the most sig;ificant application of quasiline=~
arization lies in its ability %o solve large systems of func-
tiopnal equations of various kinds subject to suitable imitial
and boundary conditions, in a very efficient and accurate
manner. :

In this Section the application of the method to systems
of ordinary differential equations is presented. To this end
the following nonlinear system of first-order ordinary dif-
ferential is considered

(5.24) f%f—z:g‘(ul :

where WU is the N-dimensional vector with componeutslh(x),
Wix),..... Ufx) ana glu) is the N-dimensionul vector with
components gﬂuﬂxhuﬂxhuniqu)) [t 0 SN,

The beundary conditions have the form

(85 (0)=(1;, = ;,z’octgk

[ 5.25) .
uilb) = 35, i = k+1,k+2,....,N,
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where (Z-l.’ iy 8are given scalars,

It sbould be mentionmed here, that there is mo difficul=-
ty in applying the same general technique to the casc where
there are nonliuoear boundary conditionq.

Using the basic ideas of the quasiliueériuation one can
generate & sequence of linear eguations

vl
(5.26) QU7 g(un)+ Jun ™,
where u”“ is subject to boundary conditions
{i5.27) U?H O=ai , i=12,.,k,
ub)=p i = kel k# 2, N,

with u’ an initial guess, The superscripts used in abovVe
relations indicate the order of the slement in the appro-
ximating sequence, Here J[U") is the Jacobian matrix
defined by relation

J(un) = agi n
Uj

n n
a_(U1 U2 q..... UN):

The presented iterative scheme is similar to the New-
ten-Raphson procedure, which is used to find a sequence of
approximations to the root of the scalar equation.

In general, linear differeuntial equations /5,25/ mus t
be integz;ated numerically. Since the problem is now linear,
by addipng solutions together properly, one can construct a
solution of the origipal problem from the solution of a
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series of linear boundary value problems,
Quasilinearization offers a unified device to study

the properties of the déscribed approximating sequence

and to establish appropriate intervals of convergence,

6. Needs for future research

It arises from the present survey, that most.of the
literature devoted to system identification in structural
mechanics deals with the determination of linear systems,
Most current testing and measurement techniques do not pro-
vide sufficient information to uniguely identify the non=-
linear behaviour of actual structures, To avoid further
damasge of the structure; the forcing quautities applied to
structural identification studies are usually of low mag-
nitude, Consequently, the resulting mathematical reprasen=
tations of the structure ate only useful in calculations
iovolving the linear or slightly nonlinear behaviour of this
structure, Therefore, more studises are needed in the subject
area of nonlinear structural identification,

It 1is also known that structural behaviour under extre=-
me loading conditions is nonlinear as well as inelastic,

So, needs exist for a further development of identification
procedures for inelastic systems,

Moreover, the possible applications of the existing methodo-
logy for system identification to determination of other
structural cheracteristics, such as the demage state and
reliability measures, should be investigated.

Ons of the important problems which appear, especially,
when civil engineering structures are studied is to ascer~
tain the behaviourail characteristics of actual structures
under the actual conditions to which they will be subjected
during their lifetime., This is the main reason for the furt~
her increase of the experience in conducting of so=
called fullescale tests,

System identification clearly belongs to the class of
inoverse problems and as such very often leads to ill-posed
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formulations. The way to tramsform these formulations into
well=posed problems is by the incorporation of appropriate
additional information on the functions or functiownals to be
determined. A proper selection of the gbove information from
system identification standpoint, as well as studies referred
to uniqueness aud stability of the suitable initial=boundary
wvalue problem counstitute the object of identifiasbility. Much
Ivork remains to be dome to explore all importent questions
arising from this domain [Ej -

The accuracy of the results of aoy identification proe-
cedure is degraded by a combipation of measurement, modelling
and numerical errors, For that reason the further develop-
ment of methods of error aunalysis referred to system ldenti-
fication is requirsd,

In view of numbers of differemt methods and techniques
utilived in the existing literaturs on system identification
it seems to be highly desirable to provide a solid methodo~
logical framewWork to this theory. ¢

It . is dmpossible tﬁ mention here 2ll the needs arising
from the accessible literature on structursl identification,
These listed obove are, in the author’s opinion, the most
significant in future research referred to this subject,
‘Many more. suggestions are contained iﬁ the papers cited here
anq their references. i

7. Conclusions

It is evident from the¢ scope of the examples presented
herein that the structural identification is a field in rapid
developiment. 4 large number of different methods is sugges-
ted and analysed in the reported papers, Nevertheless, it
is resomable to state that no one technique is superior
for system identification under all situations. Currently,
structural identification does not present a unified field,
The reasons for this are obvious, sipce identification pro-
blems belong to the class of inverse problems of mathemati-
cal physics, It is well kpnown from the'existing literature
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that theoretical foundations of -inverse problems sre conside-
rably less developad than those in the case of direct probe
lems, It should be emphésized that only a small class of care-
fully chosen inverss problems is amenable to a complete analy=-
tical treaément. ; :

In gemeral, difficulties imn solving of inverse prohlems
arise from their iptrinsic unstable mature, Thenm, one must
expect, if any identification problem is considered, that oven
small errors in ipput data will produce arbitrarily large
errors in the identified quantity, The following errors can
appear in any real problem: errors in the model, measurement
errors in taking data, errors associated with a method used to
solve the problem for instance, discretization in space and
in time . The above remarks show that the sensitivity ana-
lysis should be considered as an important compopent of & the
didentification problem. : '

Some results fnllowiué from the literature point out
that the best safeguard against poor results due to errors
in taking data is to have a number of redundané measurements,
In other words, the dimension of the data vector should be
much larger than that of the parameter vector.Owing to. this: situ-
ation it is pbssibla to “filtér" the noise in the Aaéa by
using the least squares error method,

Vhat is more, one can recognize the possibility that
either the test data or the structural model may be random
variables, Then, the original deterministic idemtification
problem must be modified by imbedding in & probabilistic
framework, Such a formulation makes it possible to exploit
the tools of estimation and decision theory, Furthermore,
the probabilistic representation of some identification pro=-
blems seems to be more adequate thaﬂ deterministic descrip-
tion,

A8 it was already emphasized, both the experiment and the
analysis of the initial-boundary valuse problem are closely
connected in any identification procedure, Because of the
cogplaxity of the problems under study, an increasing use
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of advanced computational methods in structural identifica=
tion is observed. This involves questions of a selevotion
of the best numerical algorithm for every identification
problem, Cften numerical experimentation using simulated
data is utilized to show the feasiﬁuity of the suggested
method, )

4ds pointed out earlier, substantial difficulties appear
when the nonlinear or dnelastic model of the structure is
> identified, For imstance, in the case of characterization
of nonlinear elastic materials any extrapolation of the
results to different ranges of strains from those used in
the identification process may be not valid.,

. Similarly, essential difficulties arise, if the actual
stractures bshaviour umisr sxtraordiuary loading counditions must
be studied usiﬁg the data acquired from full-scale tests.

Experience to date indicates one of the most striking
fact that relatively simple mathematical relations and only
modest bumber of parameters are required to produce excel~
lent models of rather complex structural behaviour.,

The criterion which is probably most used for the struce
tural identification purposes is the integral form of the-
least squared error, because it normally leads to smoother

error surfaces and hence rapid convergence of computations,
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