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Abstract

In the present paper a new distance between intuitionistic fuzzy sets is de-

fined – the result of which is an ordered intuitionistic fuzzy pair. A way of

applying it to configurations resulting from modeling fire spread with game

method for modeling with intuitionistic fuzzy estimates is proposed.

Keywords: Intuitionistic Fuzzy Set, Distance, game method for modelling,

fire spread

1 Introduction

In a series of papers [3–8] several ideas for approximating (and predicting) forest

fire spread through Game method for modelling [2] have been proposed.

The basic structure of these models lies in the following assumptions - the area

of concern is represented by a grid (square or hexagonal) in which under certain

rules the process (in this particular case - fire spreading) the process develops

iteratively. A simple illustration of the way these types of models develop is

taken from [5] is shown on Figure 1. Although in this particular case the values

Modern Approaches in Fuzzy Sets, Intuitionistic Fuzzy Sets, Generalized Nets and Related

Topics. Volume II: Applications (K.T. Atanassow, W. Homenda, O. Hryniewicz, J. Kacprzyk,

M. Krawczak, Z. Nahorski, E. Szmidt, S. Zadrożny, Eds.), IBS PAN - SRI PAS, Warsaw, 2014
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Figure 1: First iterations of a simplified fire spread model with GMM

describing the spread are not intuitionistic fuzzy pairs, it is entirely possible to

implement such models. For this purpose we consider a new distance that could

help us choose the most appropriate among them.

2 The proposed distance

Here we will introduce and investigate new distance the result of which is an

ordered pair of values from the interval [0, 1]. Let the intuitionistic fuzzy sets

A and B be given (defined over the same (discrete) universe X). For the basic

definitions of intuitionistic fuzzy sets we refer the reader to [1].

Definition 1. Given an intuitionistic fuzzy sets A defined over a universe X and

X∗ ⊂ X let

A/X∗ def
= {〈x, µA(x), νA(x)〉|x ∈ X∗}

Let X0(A,B) denote the maximal subset of X, such that for the two fixed

IFSs A and B
d(A/X0(A,B), B/X0(A,B)) = 0,

where d : IFS(X0(A,B)) × IFS(X0(A,B)) → [0, 1] is a distance (normalized

with a coefficient inversely proportional to the number of elements of X0). Of
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course, if X0(A,B) = ∅, then we agree that

A/∅
def
= ∅.

and thus

|X0(A,B)|
def
= 0.

We can now define another type of distance between two intuitionistic fuzzy

sets

Theorem 1. Let d be a distance between A and B defined over X (for simplicity,

we will only consider discrete universe sets X). Then

D(A,B) =
〈

1−
|X0(A,B)|

|X|
, |X \X0(A,B)|d(A/X \X0(A,B), B/X \X0(A,B))

〉

is a distance between the IFSs A and B defined over the same universe set X.

Proof. The first property is obvious, i.e.

D(A,B) = 〈0, 0〉 ⇔ A = B

and also

D(A,B) = 〈a, b〉 ≥ 〈0, 0〉

where 〈a, b〉 ≥ 〈c, d〉 is to be understood as a ≥ c and b ≥ d. The symmetry is

ensured since d is a distance. It remains only to prove the triangle inequality, i.e.

D(A,B) +D(B,C) ≥ D(A,C) (1)

If any two of these sets coincide the inequality is trivial. Let A,B and C be

different. Then let us denote D(A,B) = 〈a1, b1〉, D(B,C) = 〈a2, b2〉 and

D(A,C) = 〈a3, b3〉. We have to show that a1 + a2 ≥ a3 and b1 + b2 ≥ b3.
Let us look at a1 + a2 ≥ a3. We have

a1 + a2 = 2−
|X0(A,B)|+ |X0(B,C)|

|X|
; a3 = 1−

|X0(A,C)|

|X|

Thus a1 + a2 ≥ a3 is equivalent to

1 ≥
|X0(A,B)|+ |X0(B,C)|

|X|
−

|X0(A,C)|

|X|
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i.e. to

|X| ≥ |X0|+ |X1| − |X2| (2)

where X0 = X0(A,B), X1 = X0(B,C), X2 = X0(A,C). Let us consider

|X∗|
def
= |X0|+ |X1|. (3)

We have two cases:

(a) |X∗| ≤ |X|
(b) |X∗| ≥ |X|
Case (a) is trivial since (2) is obviously true.

Let us consider case (b). Let us first suppose that |X0 ∩X1| = 0, i.e. X0 and

X1 have no common elements, and since X0 ⊂ X, X1 ⊂ X we have X0 ∪X1 ⊆
X, thus we have

|X∗| = |X0|+ |X1| ≤ |X|,

hence at best they are equal and (2) is fulfilled.

Finally let |X0 ∩X1| 6= 0. Then

|X| = |X0|+ |X1| − |X0 ∩X1|

since X0 \ (X0 ∩X1) and X1 have no common elements and are both subsets of

X.
Now using the fact that X0∩X1 ⊆ X2, i.e. |X0∩X1| ≤ |X2|, we obtain that

|X| ≥ |X∗| − |(X0 ∩X1)| ≥ |X∗| − |X2|

hence (2) is fulfilled.

Let us now consider the second component b1 + b2 ≥ b3. We have to show

that:

(|X| − |X0|)(d(A/(X \X0), B/(X \X0)))+

(|X| − |X1|)(d(B/(X \X1), C/(X \X1))) ≥

(|X| − |X2|)(d(A/(X \X2), C/(X \X2)))

The last is obviously true since d is a normalized distance and its normalizing

coefficient is inversely proportional to the number of elements in the sets, which

happen to coincide exactly with the coefficients in the above inequality.

This completes the proof.
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3 Application of the new distance

Let there be given a finite number of rulesets with intuitionistic fuzzy estimates for

the forest fire development {R1, R2, . . . , Rk}, where k > 1 is a natural number.

Let the result of applying the i-th rule at j-the iteration result in a configuration

denoted by Ci,j .
We can represent the actual (discretized in iterations) development of the for-

est fire (or one predicted by another method/model/simulation tool) with intuition-

istic fuzzy sets whose membership functions are strictly 1s or 0s for the elements,

and the non-membership are the complementary. We will denote these sets by Fj .
What we will be further interested in are two things: how close are the results

produced by our rules to the actual forest fire development and how similar they

are to each other.

In other words we consider the distances D(Fj , Ci,j) and D(Ci,j , Cm,j) with

m 6= i.
For each iteration j we have a preference towards such rule Ci that has a

score 〈ai,j , bi,j〉 which is close to 〈0, 0〉. We are only interested in such scores that

have b ≤ ε, where ε is preliminarily chosen threshold value. Among all these

preference is to be given to those that have a < θ, where θ is another threshold

value. Let us define:

B(i, j) =

{

1 if bi,j ≤ ε

0, otherwise
(4)

A(i, j) =

{

1
2 if ai,j ≤ θ

0, otherwise
(5)

Thus we can assign a rank of a rule as follows:

r(Ri) =
N
∑

j=1

B(i, j) +
N
∑

j=1

A(i, j), (6)

where N is the number of total iterations.

This allows us to sieve through rules which are inadequate (in terms of good

enough score) and discard them.

4 Conclusion

We have proposed a method for ranking rulesets aimed at representing forest fire

spread. This also allows for discarding rulesets that fall beneath a certain threshold

of accuracy (compared to real or simulated data).
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