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MATHEMATICAL MODEL OF ECONOMIC EXCHANGE -

INTRODUCTION

The goal of this paper is an attempt to present a model of open national
economy using mathematical methods and investigate an influence of economic
exchange on its development. There is considered a group of N-states leading
production activity and performing an economic exchange. It is assumed
that each state can lead an exchange with all others or only some of them.
The possibility of creation a group of states acting against other ‘group or
states is excluded. Each state has his utility function which can be for exampie
the State revenue. '

The exchange has to pass in a way how to maximize utility function. We will
have N-functionals maximized with respect to certain decision variables.
From mathematical point of view we will seek equilibrium points in such
stated problem. After the introducing information we can pass to the con-
struction. and describing the model. T '

DESCRIPTION OF THE MODEL

‘We consider a group of N-states taking part in the exchange of goods bet-
ween one another. A model of the state economy is similar to others. They
differ only in parameters of individual parts of economy...For. this reason,
in further considerations we restrict ourselves to the case of presenting the
model of one state' economy and to showing relations with others.

Let us suppose, we have taken the state with number j. Further assumption
is that. all parts of the model are linear. The economic process is considered
on interval [0, T]. During this period it is assumed that a structure of
economy is changing according to the given function. There are assumed follo-
wing condition of economic exchange. Each state establishes its.export possi-
bility Uy, butit does not get insight into the fashion it is established. A criterion
can be of economic type as for example: we can export only excess crossing
a prescribed limit of a.given good. So if the state number j has established maxi-
functio quantity of export, then each other state .can make a decision about
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purchases in th framework of these possibilities. Let w;=(u;, ... u5) be a
vector whose i-th component is vector of purchases u,, of goods wh1ch are sold
by the state j to the state i.

In a similar way behave remalmng states. If" the export 11m1t of the state j
from state i we denote by V9, then v; means a purchase vector of state j in
state i and v§= (v, ..., v;y). We divide vector v; into two parts vf and v,
relating to consumer and investment purchases. It ought to be emphasized
that the model iscreated with regard to decision variables related to export

and import.

Now_we can pass to the mathematical deseribing, of the model. For this
aim, we introduce a few notations. Let R, be a set of all real nonnegative the
numbers and R} their n-time Cartesian product. In the following V;; be a set
of the form

ds : : : '
'—{UJI’Uji .Vj(:>vjiER’(')} , . . (D

where -

<y-x=(%.n%) y=0;..y) and x<y for i<n

and R S :
V=% Va N
means the Cartesian product of sets deﬁned above '
u;={u;u < UjueR} RS . B €))

From above it follows that V;, U; C R% are convex closed and bounded
The equation describing economic process has linear form, namely

Zi(t) = Po ,(t) z(D+ PJ(t) (v 1(0) 25+ M,(t) (v’ ® z’(t) +

where . : :
P,(t) — is a measurable nXn functlon matrix of vanable t. '
Matrix P,(t)= P,(t) I—Kt)) where K,(f) is a consumption matrix, that
means K (¢t) z is part of production Which is appropriate for consumption.
Under fixed ¢, Py(t)(v) and M(¢) (v) are linear operators mapping R" ¥
into a space of n X »n matrices. In the end for fixed we have measurable bounded
function of ¢ the values of which are nX# matrices. '
Let us define v = [, v*]. Matrices Py(t) (v)'and M,(t) (v) have similar structure
to P, (), but they are related to that part of economy which ‘can be controlled.
Moreover matrix M;(¢) (v) meetsthe case, when some part of productlon is
introduced to the circulation with some time lag .
‘z/(t) — is a n-dimensional vector, representing goods made by the ]—th econo-
.my and aggregated to same level. - - . S
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P e - . ° N
" Let 'U i € V and 2 uﬂ e Uf
=1
A function v;,(t) and u,(¢) are measurable with respect to ¢. Imitial condltlon
for equation (4) has the form

AWy =) fer te[—h,0] j=1,..N = . )

Equation (4) with initial condition (5) is a linear differential equation with
time lag: From a practical point of view the stability of this equation is im-
portant. An equation is called stable, if his spectrum lay on the feft hand 51de of
imagine axis.

In the paper we dont deal with stability because it is difficult to say anything
interesting about this equation under so general assumptions. It should be noted
that the set of all controls » for which it remains stable, creates certain convex
cone S,

Thus for Ve V; n S solutions stil stay stable. From this it follows that
changes of F; can cause instability of equation (4). Last fact can be interpreted
as that instability of the world market can cause instability of national econo-
my. An other important problem is the export-import balance. If we denote
by p(t) i=1 ... N prices of goods in the i-th state at the moment ¢ then the
import-export balance can be stated in the form

T T
' b(,i(Pi(t)’ v;(1)> dt = (,g c;piE), u;{0)> dt , (6)

for ¢ 1,..N
where ¢;; — is a monetary conversion.
- The system of equations (6) says that there ought to be economic balance
each state with each other. But it is possible to assume less restrictive assump-
tion as

N T . ‘ N T ‘ ‘
; j {pit), v;(t)>dt = 'Z'o 6[ c;piH,upt)>dt j=1...N (69

The condition (6°) says, that the value of all of this what we sell to other
states must be equal to our entire purchases. Now we pass to the problem
of valuation of economic activity of each state.

As utility functional we can take value of productlon durmg the penod
[0, 71,

s0 get

Kj=max}(pj(t),zj(t))dt j=1...N ' - (M

SeV; O

So we get a problem of polioptimizatibh.
-If Vy; is given by (1) and ¥, by (3) then we have

N )
UIJ-:",iZI"Vij o Lo .i' . . o (8)



where a sum is understood in the algebraw sense. Let V5 denote the set of all
measurable selectors of V;. : :
We deﬁne a functlon of the form

eV i= t R - .
where vy =y .. Vm) ‘
fis a linear contmuous functional on the family of all compact convex sets
with Hausdorf distance. Since we can come with max under the sign of the
sum thus we get

. . N ’ ‘ - o
f(Vn: e a V_;N) = Z f;(V,u) o - o (10
where  f{V;) = max j {pdt), v D) dt
: v,ieVJ. ]
. ) ) . N - -
gofVlj: LR ] VNJ‘),'._' max z _,u I <p}(t): Ji(t)> d' . ) (11)
.  ue(Fige,Fay) i=1 .

Then the balance equation gets a form ‘
SWp=oWy, V) =0 j=1,..JN- 12
or ‘

N . o . '

L ()= eV) =0 j=1,..N . (13

So we have a system of N — equations with 2 — variables.
. Solutions of this system, 1f they ex1st create certain cone E.
* Let us define

‘ N .
C= {(V:'j)j,i=1...ﬁ ‘; Vij= Uj i=1,.. ,N} ) (]4)

The set C physically means a set of divisions of all offers between states takin
part in the economic exchange.
Let us take

Co=CnE - RN o (15)
and then for (V;);;-,...5€ Cy we define .
Vi= {000 = (000, om@®)i 0D € Vi f(V)=F@)} j=1,..,N (16)

V' -— are convex closed sets and such that for each element belongmg to them
"~ we have economic balance.

236




In a simple case they can reduce to a single point. Now we can pass to ‘r_he
problem of polioptimization but on (V) .
j=1 N

—guﬁ f i), Z>dt j=1,..,N (17)
V; 0 j=1’

We will look for an equilibrium in the sense of Nash. For this aim, we write
the Hamilton — Jacobi equation

M 1 suf <grad, W, [Po(0+ (0 6] 20+ M) 0 t—

5t 8e¥ 5

N .
+ Y ()~ O +<pA), @y =0 for j=1,.. N

Wwhere W; is a value of a differential game described by equation (4) with
functionals (17). It is possible to show the existence of value W, of this game,
and the existence of optimal strategies. We can show also Lipschitz-continuity
of W,(t, z) with respect to (¢, z;), what implies differentiability of W, and
equation (18) is satisfied almost everywhere.
* Since functionals K, j=1{ ... N and what implies W, depend also on (V3); =
=1... N we optimize them with respect to these sets in the sense of Pareto
on the family C, transformed according to (16).

Generally we can take more complex equations and functionals but at
same level it occurs impossible to consider them even so generally.

SUMMARY

‘The problem of n-state exchange economy is considered. The economy of
each state is described by linear differential equation of a retarded type. In the
model of the economy there are considered two sectors, the sector of means
of production and the sector of means of consumption.

Each state designates maximal quantity of desired export. In the framework
of this possibility, each state chooses suitable for it quantity of import.
This quantity appeares in the equation that describes the model in the form
of control.

A linear functional is assumed as utility functional. The functional is maxi-
mized with respect to import and moreover there is assumed import-export
equilibrium to be fulfilled. From mathematical pomt of view this problem is
a n-person differential game.

Further generalization are discussed as well.
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