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1. INTRODUCTION 

We shall be concerned with some problems arising in the mathematical 
theory of portfolio selection i.e. in the problem, given n risk investments and 
a capital w, of finding an allocation of the capital among the n investments 
which maximizes the expected u tility of the investor. . 

One of the most peculiar properties which have been found is the so-called 
separation property, i.e. the separation of the original set of n investm,ents 
into a certain number of "portfolios" which are linear combinations of certain 
nonintersecting subsets of the original sets of investmęnts and are sucb. tlłat 
the original set of investments_ can be replaced by these portfolios. 
The classical result is the following. . . __ _ · ... 

Consider the boundary of the region of admissible portfolios in the (o-, n), 
piane, where 

(1.1) 

(1.2) 

in which we have denoted by a-the standard deviation of the portfolios, by 1t 

its expected return, by r the expected return vector of the set of investments, 
and by V-the variance-covariance inatrix*>. 

The region of admissible portfolios includes, in the plane (v, n), or (a, n) 
the set of all points which can be reached by dividing the given unit capital 
in all possible ways among the given n-investments. Notice that in this formu
lation we allów a negative value of some competent xi cif the allocation vector, 
in this case the economic interpretation that a certain quantity x 1 of the in
vestment i has been borrowed. 
• In this case the -bounclary of the . region of admissible pottfolios is defined 

by the following ininiinization problem: : · ' 
> ' • ' ~-. ·-• -ł:~-.. 

•> This research has been partially supported by CNR, Comitato pet le scienze econon:iiche; 
sociologiche e statistiche. _ . , , . :.:: _ .. '., _ .. . . . 1. _. • 

•> Vu = a1 a1 Qu where Q,1 is the correlation coefficient between the i-th and the j-th in
vestment. 
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subject Jo 

·. -;. = XT j, 

and 

where e is the unit vector. 

(1.3) 

(1.4) 

(1.5) 

The last equality constraint 1.5. shows that x is indeed an allocation vector 
i.e. obtained by dividing the given unit capital 1. 

It is easy to solve the minimization problem analitically and to obtain the 
following [2]. · · 

Theotem (1 ;6) 
' ' 

If rańk V= n, and there does not exist any real number ó with x = óe, in 
the plane (v, n) the boundary of the region of admissible portfolios is given 
by the following parabole · 

v = (yn2 -,2Pn+rx)/(rxy-p2
) (1.7) 

where 

rx=rTV- 1r, P=rTv- 1 e, y=eTv- 1e (1.8) 

The parabola 1.7. is the locus of all and only points of the piane (v, n) to 
which there corresponds a unique allocation vector x, vector which is given 
by the equation 

which is linear in n. 
The vertex of the parabola is given by the values 

1 l v-lr 
Xv=-V- e=~~~ 

: y . . e·TV~ 1 e 
V = 1/y, n = pjy, 

The vertex of the parabola has the important property. 

Tbeorem (1.11) 

(1.9) 

(1.10) 

All portfolios on the boundary 1.9. are positively linearly correlated with 
the vertex portfolio Xv (1.10). ' 

In the case in which instead of the piane (v, n) one is interested in com
puting the boundary in the plat;ie (ó, n), where a= (v)½ this boundary is given 
by the 'foliowing branch of hyperbola ·· - · 

.· <1 = [(y;2 - 2Pn + rx)/(rxy- ,fJ2)]' 12 .• (Ll2) 
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., ; · 2. CLASSICAL RESULTS ON SEPARATION ··. " ' 

Assume now that one of the investments, say the n-th is riskless, i.e. eN == O . 
. In this case the variance-covariance matrix V is singular since its n-th row 

~nct'. column are identically zero. · · ' ' 
If the matrix V has rank n-1, and again there does not exists any real 

number b with x = be, in the piane (a, n:) the boundary of the region of admis
sible portfolios, degenerates into the following two straight lines: · 

n= rn±u(r;y-2rnP+a) . (2ll) 

thi:-ough .the point'r ~, the return -of :the ~1skless investmetii. 
Jn _2.1. we have . :use_d the following notations: 

I 
· ;; ~Tf";-J• p=rv e, (.2:2) 

jn which r denotes the expected return vector of the first (n- 1) ·risky invest
ments, with V the non-singular n-1 - minor of V, with e. the n-l ~dimensional 
unif vector, _· . . ' . . . , ' . .. V . • . . . 

Under these assumptions we have the following theórem_: 

Theorem (2.3) 
' . 

If r n#{}/? one of the two straight lines 2.1. is tangent to the branch of hy
perbola 

. y = [(yn2-2j3n:+a)/(5.y-P2)]' fc _(?.4) 

which .is the boundary of the · region of attraction corresponding to the · first 
n-1 investment. · · 
The tangency point is given by: 

(rn e- r)7v- 1r 
(rne-r)7v- 1e 

* (rne-r)7v - 1(rne'-r) 
V = ~ 

[(rn e-rrv-1e]2 

· The corresponding allocation vector has the form: 

V~ - 1( - ") * rne-r . 
X----~-

-(" - ")Ty~ - 1-rn e-r e 

(2.5) 

(2.6) 

(2.7) 

Now, due to the linearity of the vector x as a function of n:, which still holds 
on the boundary 2.1. it is easy to see that the following theorem holds: 

Tbeorem . (separ~d.on) (2.8)' 

The original set of n investments is equivalent, to the combination of the 
riskless investment x„ and ofthe "optima) portfolio of risky investments" x* 
(2~: . . 
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No.tice that in tbii; case "sepl;lration" i.e. the equivalence between the set 
of the giv:en n investments and a certain number of portfolios each of which 
containing different assets, coincide with the property of "return to scale"
i.e. linearity of the boundary, which as shown by Stone [l] depends entirely 
on the homogenity of a as a function of x. 

3. SEPARATION WITH ONLY RISKY ASSETS: THE SINGULAR 
CASE 

In the case in which the matrix V is singular, without any null rows {no 
r1skless investments) and there does not exist any investment which is a mutual 
fund, i.e. which is a linear combination of other investment then v in the 
plane (a, n), boundary is still de:fined by two strnight lines 

(3;1) 

Trough the point rn which is the return of a particular riskless portfolio 
(equivalent riskless asset). Indeed the problem can be formally reduced to 
the same problem investigated in § 2. - . · 

In 3,1. we have den:oted by ii.,}3and y the same constants as in 2.2. where 
now V denotes a non singular n-1 ~ minor of the matrix V. 

The value of the equivalent riskless portfolio x, can be easily computed. 
Notice however that even the boundary is a straight line (return to scale), 

it does not necessarily follow that there exists separation and in particular 
that the investments contained in the equiva:lent riskless portfolio are comple
tely di'fferent from those contained in the portfolio x* (2. 7) corresponding to 
our problem i.e. to the portfolio · · 

* v-\rne-r) 
X=--~~---,------

(r.e-rfV-1e 
(3.2) 

4. SEPARATION WITH ONLY RISKY ASSETS, SOME GENERAL 
RESULTS 

Since separation is completely independent from the linearity of the boun
dary of the region of admissible portfolios it is worthwhile to investigate some· 
conditions· which ensure separation. -

We can make first the -following preliminary remark: 

Remitrk (4.1) 

If at the boundary of the region of admissible portfolios the allocation 
vector x is a linear funetion ·of n, then if it exist separation it must be amoog 
exactly two portfolios. Then, since the two portfolios must. define the whole 
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boundary, iri tlie plarie (a, n) the boundary muśt 'be a branch: of hyperbóla 
(possibly degeńei:'ated its asymptotes) and one of the two portfolios must lay 
iń' fhe vertex. · · · · · 

· From the expressions 1.10 it immediately folio ws : · 

Theorem ( 4.2) 

A necessary condition for separation is that 

(V- 1e); = 0 

. for some i= 1, ... , n. 

_Theorem (4.4) 

A sufficient condition for separation is that 

(Vde);=O 

for n-1 values of the index i. 

(4.3) 

(4.5) 

For the possibility constructing cases of separation in which the sufficient ' 
condition 4.4. is not met we are stili forced to investigate conditions under 
which more then one components of the vector x simultaneously vanish 
at the same point of the boundary of the region of admissible portfolios. 

For that we shall rewrite the expression 1.9 in the form: 

(4,6) 

The conditions under which the components i and j of the vector x vanish 
at the same point of the boundary are then the following: 

a(V- 1e);-/J(V- 1r)i 

y (V- 1r);-/J(V- 1e); 

a(V- 1r)j-/J (V- 1r)j 

')' cv- l r)j- /3 (V- 1e)j 

which shows that the sufficient condition 4.4. is not necessary. 

5. CONCLUSIONS 

(4.7) 

The possibility of separation between assets is one of the main problems 
in portfolio selection. 

Beside the problem which we have treated in this paper it is of interest in 
the case in which the risk is not measured by an homogeneous function of 
the allocation vector x. In this case the w hole structure of the problem changes, 
and it is in generał impossible to find the analytical expression for the boundary 
of admissible portfolios, · · 

In certain cases [3] however even in these more generał models separation 
can stili be proved. 
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SUMMARY 

The work concerns some problems arising in the mathematical theory 
of portfolio selection i.e. in the problem, given n risk investments and a capital 
w, of finding an allocation of the capital among the n investments which ma
ximizes the expected utility of the investor. 

One of the most peculiar properties which have been found is the so-called 
separation property, i.e. the separation of the original set of n investments into 
a certain number of "portfolios" which are linear combinations of certain 
nonintersecting subsets of the original sets of investments and are such that 
the original set of investments can be replaced by these portfolios. 
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