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Stefanikova 49, 84101 Bratislava, Slovakia
email:beloslav.riecan @umb.sk

Abstrakt

Two binary operations on the real line are given satisfying some conditions.
The IE - property is proved with regard to the operations and with respect to
a state on IF-sets. The main instrument for the proof are I[E-property theorem
from [9, 10] and IF-state representation theorem from [5, 6].

Keywords:
1 Introduction
The classical inclusion exclusion property says that
m(AUB) =m(A) +m(B) —m(AN B),

whenever the domain of M is closed under the union A U B, the intersection
A N B, and the difference A \ B of any two sets A, B, and m is additive on this
domain. Of course, the property can be extended to any three sets A, B, C, (+)

m(AUBUC) =m(A) +m(B)+m(C)—m(ANB)—
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—m(ANC)—m(BNC)+m(ANBNCO),

to any four sets A, B,C, D
(++)

m(AUBUCUD) =m(A)+m(B)+m(C)+m(D) —m(ANB)—

—m(ANC)—m(AND)—m(BNC)—m(BND)—m(CND)+m(ANBNC)+
+m(ANBND)+m(ANCND)+m(BNCND)—-m(ANBNCND),

etc.This property was generalized for fuzzy sets, first probably in [8]. It was rea-
lized actually for I F'-sets, i.e. such pairs

A= (/JA;VA)
of functions y4,v4 : @ — [0, 1] such that
pa+rva <1

The function pi4 : @ — [0, 1] is called the membership function of A, the function
va : Q — [0, 1] is called the non - membership function of A. The fuzzy set is a
special case of I F'-set, where v4 = 1 — v/4.

The paper consists of three parts. In the first part we present the Kelemenova
IE - theorem. The theorem works with a mapping m : F' — H, where (H, +) is
a semigroup. There are given two operations [J, A on H satistfying the following
properties:

()m(a Ub) + m(MNb) = m(a) + m(b),

2)m((alb)Me)+m(anbMe) =m(aMe) +m(bMe).

As a consequence of the Kelemenova theorem a special case is considered
where (H, +) is a commutative group.

The second part is dedicated to the states on IF - sets. Using the Cignoli re-
presentation theorem the assumptions (10) and (2) stated above are proved.

Finally in the third part thye interval valued states are considerede and the
IE-property is obtained for them.
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2 The Kelemenova inclusion - exclusion theorem

In [9, 10] a simple but original idea is used. E. g. instead of (+) to use the equality
mAUBUC)+m(ANB)+m(ANC)+m(BNC) =

=m(A) +m(B)+m(C)+m(ANBNC),

instead of (++) the equality
m(AUBUCUD)+m(ANB)+m(ANC)+m(AN D)+

+m(BNC)+m(BND)+m(CND)+m(ANBNCND)=
=m(A)+m(B)+m(C)+m(D)+m(ANBNC)+
+m(ANBND)+m(ANCND)+m(BNnCND).

Let us to present the Kelemenova theorem.

Theorem 1. Let (G, LI, M) be an algebraic system, where L, 1 are binary ope-
rations, LI being commutative and associative 1 being associative. Let ) H, +) be
a commutative subgroup. Let m : G — H be a mapping satisfying the following
two conditions:

()m(a U b) + m(nb) = m(a) + m(b),

(2)m((alb)Me)+m(anbMe) =m(ale)+m(bMe).
Then for every n there holds

n

B)m(| | ar) + Sk<nh-evenS1<is <ine..ciy<nmiai, Mag, M ... Mag,) =
k=1

= Yh<n k—odd21<i) <iz<..<1<nM(@i; M a; M...Mag;).

Proof. See [10], Theorem 2.3.

Of course, if (H, + is a group, we can return again to the naturaql operationb
— and to present (3) in the usuaql form. as a corrolary of Theorem 1 we obtain the
following assertion.

Theorem 2. Let (G, LI, M) be an algebraic system, where L, 1 are binary ope-
rations, LI being commutative and associative 1 being associative. Let ) H, +) be
a commutative group. Let m : G — H be a mapping satisfying the following two
conditions:

(Dm(a L bd) +m(Mb) = m(a) + m(b),

2)m((alb)MNe)+m(anbMe) =m(aMe)+m(bMe).
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Then for every n there holds
n
(4)m( |_| ak) = Zlem(ai) — Ei<jm(ai M CLJ') + Ei<]~<km(ai Ma; i ak) —+ ...+
k=1

+21§i1<i2<m<ik§n(—1)km(aikﬂai2l"l..ﬂaik)+...—l—(—l)n+1m(a1ﬂa2|—l...l—lan).
Proof. Using the group operations we can express the element
m(a; Uag U ... Uay,)
as the sum of all sums
Yi<ii<..<ip<nm(ai, M...Ma;,)
with k£ odd minus the sum
Yi<ii<..<ip<nm(ai, M...Ma;,)
with k even. So at the end of the sequence of the sums we obtain
m(ar Mag M...May)

with the sign + if n is odd, or sign —, if n is even. Therefore the last element in
the sequence is
(—=1)""m(a; Mag M...MNay).

3 Cignoli representation

Let X be a non-empty set, .4 be the o-algebra of subsets of X. An [ F-vent is a
pair
A= (pa,va)
of Borel measurable functions
HA, VA - X = [O, 1]
such that
pa+rvg <1
Let F be the set of all I F-events. We shall use use the Lukasiewicz operations on
F:
A®B=((pa+pp)N1,(va+vp—1)VO0),
A®B=((pa+ps —1)V0,((va+ve)Al).

Definition 1. A mapping m : F — [0,1] is an I F-state if the following
properties are satisfied:
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@) m((lx,OX)) = 1,m((0x, lx)) =0,
(ii)) m(A® B) = m(A) + m(B) —m(A® B),
(ifi) Ay 2 A = m(An) S m(A).

The main instrument in our investigations is the following representation the-
orem.

Theorem 3. Let m : F — [0, 1] be an [ F-state. Then there exist probability
measures P, @ : A — [0,1] and « € R such that

mid) = [ juadP+a(i= [ (ua+va)i@)

forall A € F.

Proof. See [5, 6, 16].

Now let us return to our general binary operations LI, [ on R. We shall say that
U, M forms an [ F-pair, if the following identities are satisfied:

aldb=a+b—allb,
(aUb)Mc=aNc+bMNec—aNbfe.
We define the corresponding operations on F:
AUB = (uaUpup,1—(1—v4) U (1 —-rpg)),

ANB = (uaMpup,1—(1—v4) (1 —vp)).

Of course, we assume that AL B € F, AN B € F whenever A, B € F.Itis
satisfied if LI, [ are monotone, i.e.

a<b=—alldb<alUc,alb<allc.
Indeed, since ug +v4 < 1,up +vp <1, and
AUB = (uaUpup,1—(1—va)U(1l—vp)),

we obtain
palpp+1—(1—-va)U(1l—vp) <
S(1—I/A)I_l(l—VB)+1—(1—VA)L|(1—I/B):1,

hence
A Be F= AUBEeF.
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Similarly it can be proved that
A Be F=— ANBEF.

Theorem 4. Let (LI, 1) be an [ F-pair of operations on R, m : F — [0, 1] be
an [ F'-state. Then

(x)m(AU B) +m(AN B) =m(A) + m(B),
(xx)m((AUB)NC)+m(ANBMNC)=m(ANB)+m(ANC).

Proof. The main instrument is Theorem 3:

m(A) = /,uAdP +a(l — /(,uA +v4)dQ,

m(B) = [ undP+a(1 = [(ua-+va)iQ,
m(A LJ B) = /,U,AquP + a(l — /(,uAuB + I/AUB)dQ,

m(ANB) = /,LLAHBdP +a(l — /(,UAHB +vAnB)dQ,

Of curse,
HAUB = AU B, pAnB = pA T B,

and therefore

pA+pup = pAaldpup+ pAallup = pAauB + HANB,

/uAdP+/quP= /“AquP—F/,UAHBdPa

/Mm+/ww=/Mmm+/Mmm.
On the oher hand

hence

l/AuB—i-VAmB:1—(1—Z/A)I_l(l—I/B)—i-l—(l—I/A)l_l(l—VB):

=2—(1—va+1—vp)=v4+vs,

/mm+/wm:/m@m+/me.
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Summarizing all the equalities we obtain
m(A) +m(B) = m(AU B) +m(AN B).

Similarly the identity (**) can be proved.
As a consequence of Theorem 2 and Theorem 4 we obtain the following result.
Theorem 5. Let (LJ,11) be an I E-pair of binary operations on R, m : F —
[0, 1] be an I F-state. Then for any n € N and any Ai € F(i = 1,2.,,,,n)

n

m(|| Ai) = SR (=DM Sicicine iy gn (1) m(Ay N A 111 Ayy)
=1

Of courese, one can choose some special /E - operations on R.
Theorem 6. Put a V b = max(a,b),a A b = min(a, b) for any a,b € R. Let
m : F — [0, 1] be an I F-state. Then

n

m(\/ Ai) = S (DM Sicicine iy gn (1) m(Ai A Aip A A Ay
=1

forany n € N and any A4, ..., A, € F.
Proof. Evidently
aVb+anb=a+b

and
(avb)ANc+aANbANc=aNc+bAc,

hence (V, A) is an I E-pair.
Theorem 7. Put acb = a+b—a.b,arb = a.bforany a,b € R.Letm : F —
[0, 1] be an I F-state. Then

m(ol_1 A)) = Sp_ (— D)8 <y cigencipan (1) m( Ay, m Ay T T Ay).

forany n € N and any Ay, ..., A, € F.
Proof. Evidently

acb+arb=a+b—ab+ab=a+b,
and
(acb)we + ambre = (a + b — a.b).c + a.b.c = a.c + b.c = awc + bre,

hence (o, ) is an I E-pair.

177



4 Grzegorzewski’s concept of IF - probability

P. Grzegorzewski defined ([7]) the probability of an IF-event A = (p4,v4) as a
compact interval

P(A) = | /X padP,1— /X vadP).

Axiomatically the probability was defined in [13] by the following way:

Definition 2. A mapping P : F — J, where J = {[a,b];a,b € R,a < b} is
IF-probability, if the following conditions are satisfied:

1. P((1,0)) = [17 1]7 P((0, 1)) = [07 0]’

22A®B=(0,1) = P(A® B)=P(A) +P(B),

3.An /' A= P(Ay) /P(A).

Recall that [a,b] + [c,d] = [a + ¢, b+ d], and [ay,, b,]  |a,b] means a,,
a,b, " b. On the other hand A,, = (an.b,) ~ A = (a,b) means pa,
KA VAR N VA-

Theorem 8. Let P : F — J be a probability. Denote P(A) = [P1(A),
P2(A)]. Then P is an IF-probability if and only if Py, P, are states.

The proof is straightforward.

Theorem 9. Let (L, 1) be an IE-pair of binary operations on R. Let P : F —
J be an IF-probability. Then

P A = SRy (D) Sigi cin e cinan (DFP(Ay, M AL ML T A).

Proof. It follows by Theorem 8 and Theorem 5 if we use the formula [a, b] —
[e,d] =[a—¢c,b—d].
S5 Conclusion

In the paper the Kelemenové inclusion exclusion theorem ([10]) is applied to the
Atanassov intuitionistic fuzzy system ([1]). Similarly as in [4] two binary opera-
tions LI, I on the family of all IF-events are considered satisfying the identity

(xx)m((AUB)MC)+m(ANBMNC)=m(ANB)+m(ANC).
Recently in [13] it was proved that the identity

(AuUB)NC=AnNBNC+ANB+ANC—-AnBNcC
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implies

n

| | Ai = S0 ()M Sy cinencinan (1) Ay, A ML MA,

i=1
for every t-norm M and every t-conorm LI. Therefore using Butnariu - Klement
representation theorem ([2, 3]) the inclusion - exclusion principle is proved for
fuzzy events. It would be interesting to use the Cignoli representation theorem for
proving the principle for IF-events. Moreover, recall that the assumption of the
Kelemenova theorem ( (1) and (2) in Theorem 1) are weaker that in [13].
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