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The Eighth International Workshop on Intuitionistic Fuzzy Sets and 
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applications of intuitionistic fuzzy sets and generalized nets pioneered by 
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Eigen fuzzy vectors for min−∗ product
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Abstract

Eigen fuzzy vectors and values were introduced by E. Sanchez [11] and

K.H. Kim, F.W. Roush [8].

Some articles (cf. [11], [12], [3]) consider eigen fuzzy vectors for

max−min product with discussion of the greatest solution and algorithms

for reach it. In [15] author consider properties of eigen fuzzy vectors for

max−min product with some assumption about given matrix. Moreover,

M. Wagenknecht, K. Hartmann (cf. [13]) consider fuzzy eigen vectors from

given intervals.

Later, those vectors were generalized for max−prod (cf. [2]) and

min−T (cf. [6]) product, where T denotes triangular norms.

Our considerations concern eigen fuzzy vectors for min−∗ product,

where ∗ is a monotonic operation with additional properties.

Keywords: eigen fuzzy vectors, eigenvectors, fuzzy relation equations.

1 Introduction

In this paper we present properties of eigen fuzzy vectors for min−∗ product,

where ∗ is a monotonic operation with additional properties.

In this study we formulate and solve two problems. The first one is about

properties of eigen fuzzy vectors for given matrix and operation. The second
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part is about properties of set of all matrices with common eigen fuzzy vector.

Moreover we present methods to obtain the least eigen fuzzy vector.

For short, operations ∨ and ∧ are used for numbers

a ∨ b = max{a, b}, a ∧ b = min{a, b}, a, b ∈ [0, 1] (1)

and for matrices with elements from [0, 1]:

(A ∨B)ij = max{aij , bij}, (A ∧B)ij = min{aij , bij}, (2)

and similarly

(A 6 B)⇔ ∀
i,j

(aij 6 bij). (3)

In particular

(a 6 b)⇔ ∀
k

(ak 6 bk) (4)

for a, b ∈ [0, 1]n.

Moreover, for short we denote 0 = [0, 0, . . . , 0]T and 1 = [1, 1, . . . , 1]T .

2 Properties of monotonic operations

We use a binary operation ∗ : [0, 1]2 → [0, 1] with some additional assumptions.

Lemma 1 (cf. [5], Lemma 5). Let ∗ : [0, 1]2 → [0, 1]. The following three

conditions are equivalent:

∀
a,b,c∈[0,1]

(b 6 c)⇒ (a ∗ b 6 a ∗ c, b ∗ a 6 b ∗ c), (5)

∀
a,b,c∈[0,1]

a ∗ (b ∧ c) = (a ∗ b) ∧ (a ∗ c), (b ∧ c) ∗ a = (b ∗ a) ∧ (c ∗ a), (6)

∀
a,b,c∈[0,1]

a ∗ (b ∨ c) = (a ∗ b) ∨ (a ∗ c), (b ∨ c) ∗ a = (b ∗ a) ∨ (c ∗ a). (7)

Example 1 ([9]). Typical binary operations ∗ on interval [0, 1] are triangular

norms and triangular conorms, especially

TM (x, y) = x ∧ y, SM (x, y) = x ∨ y, (8)

TP (x, y) = x · y, SP (x, y) = x + y − x · y, (9)

TL(x, y) = (x + y − 1) ∨ 0, SL(x, y) = (x + y) ∧ 1, (10)

TD(x, y) =

{

x ∧ y, x ∨ y = 1
0 for other

, SD(x, y) =

{

x ∨ y, x ∧ y = 0
1 for other

, (11)
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TFD(x, y) =

{

0, x + y 6 0, 5
x ∧ y for other

, SFD(x, y) =

{

1, x + y > 0, 5
x ∨ y for other

(12)

for x, y ∈ [0, 1].

Lemma 2 ([9], Remark 1.5, 1.16). Operations from Example 1 have the following

ordering

TD 6 T 6 TM 6 SM 6 S 6 SD, (13)

where T is a triangular norm and S is a triangular conorm.

Definition 1 (cf. [1], p. 327). An operation ∗ is infinitely inf −distributive (dis-

tributive over arbitrary infimum) if

∀
a,bt∈[0,1]

a ∗ (
∧

t∈T

bt) =
∧

t∈T

(a ∗ bt), (
∧

t∈T

bt) ∗ a =
∧

t∈T

(bt ∗ a) (14)

for arbitrary set T 6= ∅ of indexes. The set of all increasing operations ∗ with the

neutral element e = 0 will be denoted by D.

Definition 2 (cf. [4], Definition 1). Let a, b ∈ [0, 1]. The following binary opera-

tion in [0, 1] is called the dual implication induced by the operation ∗

a
∗

← b = min{t ∈ [0, 1] : a ∗ t > b} for a, b ∈ [0, 1], (15)

if they exist.

Corollary 1. If binary operation ∗ : [0, 1]2 → [0, 1] is increasing with neutral

element e = 0, then we have

a
∗

← a = 0 for a ∈ [0, 1]. (16)

Lemma 3 (cf. [4], Lemma 2). If ∗ : [0, 1]2 → [0, 1] is an increasing operation,

then the dual implication induced by the operation ∗ is decreasing with respect to

the first variable and increasing with respect to the second variable.

Theorem 1 (cf. [10], Theorem 3, p. 186). Let ∗ : [0, 1]2 → [0, 1] be increasing

operation and a, b, c, d ∈ [0, 1]. If dual implication exists for suitable arguments

then it has the following properties

a
∗

← (a ∗ b) 6 b 6 a ∗ (a
∗

← b), (17)

(a ∗ c > b)⇔ (c > a
∗

← b), (18)

(a
∗

← b) ∨ (a
∗

← d) > a
∗

← (b ∨ d). (19)
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Proof. From (15) we obtain b 6 a ∗ (a
∗

← b) and

a
∗

← (a ∗ b) = min{c ∈ [0, 1] : a ∗ c > a ∗ b} 6 b,

thus we have (17). By monotonicity we obtain

c > a
∗

← b⇒ a ∗ c > b.

According to the formula (17) and Lemma 3 we obtain

a ∗ c > b⇒ c > a
∗

← (a ∗ c) > a
∗

← b,

which proves (18). Let b, d ∈ L where b 6 d. From this we get

a
∗

← (b ∨ d) = a
∗

← d 6 (a
∗

← b) ∨ (a
∗

← d),

what gives (19).

Definition 3 (cf. [14]). Let A ∈ [0, 1]m×n, B ∈ [0, 1]n×p and operation ∗ :
[0, 1]2 → [0, 1] . The matrix A ◦B is called min−∗ product of matrices A and B

if

(A ◦B)ik =

n
∧

j=1

(aij ∗ bjk), i = 1, 2, . . . ,m, k = 1, 2, . . . , p. (20)

Lemma 4. If an operation ∗ is infinitely distributive and associative, then product

(20) has the following properties

(A ◦B) ◦ C = A ◦ (B ◦ C), (21)

α ∗ (A ◦B) = (α ∗A) ◦B. (22)

Proof. From (20) and assumptions we obtain

((A ◦ B) ◦ C)il =
n
∧

k=1

n
∧

j=1

((aij ∗ bjk) ∗ ckl) =
n
∧

j=1

n
∧

k=1

(aij ∗ (bjk ∗ ckl)) =

(A ◦ (B ◦ C))il,
which gives (21). Moreover we get

α ∗ (A ◦B)ik = α ∗
n
∧

j=1

(aij ∗ bjk) =
n
∧

j=1

α ∗ (aij ∗ bjk) =
n
∧

j=1

((α ∗ aij) ∗ bjk) =

((α ∗A) ◦B)ik
what proves (22).

Lemma 5. If an operation ∗ is increasing, then min−∗ product is also increasing,

it means

(A 6 B)⇐ (A ◦ C 6 B ◦ C, C ◦A 6 C ◦B). (23)
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Proof. Since ∗ increasing operation then by (3) we get

(A 6 B) ⇔ ∀
i,j

(aij 6 bij) ⇒ ∀
i,j,l

(aij ∗ cjl 6 bij ∗ cjl) ⇒ ∀
i,l

(
n
∧

j=1

(aij ∗ cjl) 6

n
∧

j=1

(bij ∗ cjl))⇔ (A ◦D 6 B ◦D),

and similarly we get the second part of (23).

Corollary 2. Let A,B ∈ [0, 1]n×n, b, c ∈ [0, 1]n. If an operation ∗ is increasing,

then

(A 6 B)⇐ (A ◦ c 6 B ◦ c), (24)

(c 6 d)⇐ (A ◦ c 6 A ◦ d). (25)

3 Eigen fuzzy vectors

Let n ∈ N, A ∈ [0, 1]n×n.

Definition 4 ([8], Definition 4.2). A column (row) eigen fuzzy vector of matrix A

is a vector x such that A ◦ x = λ ∗ x (or x ◦A = λ ∗ x) for some λ ∈ [0, 1]. Such

number λ is called eigen fuzzy value. The family of all such solutions is denoted

by Eλ(A, ∗) for some λ.

We look for solutions x ∈ [0, 1]n, x = (x1, x2, . . . , xn)T of min−∗ system

A ◦ x = λ ∗ x, i.e.

n
∧

j=1

(aij ∗ xj) = λ ∗ xi, i = 1, . . . , n. (26)

Example 2. Let ◦, ⊛ mean min−SM and min−SL composition, respectively.

We have

A =

[

0.5 0.7
1 0.9

]

, v =

[

0.5
0.9

]

A ◦ v =

[

0.5
0.9

]

= λ ∗ v,A ⊛ v =

[

1
1

]

,

v ∈ Eλ(A,SM ) for λ ∈ [0, 0.5], but v /∈ Eµ(A,SL) for µ ∈ [0, 1].

Lemma 6. Let ∗ be an operation with neutral element e = 0.

0 ∈ E0(A, ∗)⇔

n
∧

j=1

(aij) = 0, i = 1, . . . , n. (27)
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Proof. Knowing that e = 0 we get

n
∧

j=1

(aij ∗ 0) =

n
∧

j=1

aij = 0 for i = 1, . . . , n.

It proves (27).

Example 3. Let ∗ be an operation with zero element z = 0. We have 0 ∈ Eλ(A, ∗)
for any λ ∈ [0, 1].

Lemma 7. Let ∗ be arbitrary t-conorm. If λ > 0 then 0 /∈ Eλ(A, ∗) for any

matrix A.

Proof. Suppose that 0 ∈ Eλ(A, ∗) for λ > 0. Using Lemma 2 we have

A ◦ 0 = λ ∗ 0 > λ ∨ 0 > 0.

It gives contradiction with supposition 0 ∈ Eλ(A, ∗).

Lemma 8. If ∗ is increasing with e = 0 then 1 ∈ Eλ(A, ∗) for λ ∈ [0, 1].

Proof. Using increasing property we get

n
∧

j=1

(aij ∗ 1) >

n
∧

j=1

(0 ∗ 1) = 1, for i = 1, . . . , n.

Moreover 1 = 0 ∗ 1 6 λ ∗ 1 6 1. Thus we obtain 1 ∈ Eλ(A, ∗) for any

λ ∈ [0, 1].

Example 4. Let ∗ = TL, n = 3 and

A =





0.2 0.9 0.5
0.6 0.7 0.3
1 0.5 0.9



 , A ⊛ 1 =





0.2 0.9 0.5
0.6 0.7 0.3
1 0.5 0.9



 ⊛





1
1
1



 =





0.2
0.3
0.5



 .

TL /∈ D, because TL is increasing operation with e = 1. We can observe 1 /∈

Eλ(A, ∗), where λ ∈ [0, 1].

We introduce the following vectors v1 ∈ [0, 1]n, v0 ∈ [0, 1]n and numbers

α, δ:

v1

i =

n
∧

j=1

aij, α =

n
∨

i=1

v1

i , v0

λi = λ ∗ α, δ =
∧

j=1

v1

j for i = 1, 2, . . . n. (28)
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Lemma 9. Let β ∈ [α, 1]. If x = [β, . . . , β]T , then x ∈ Eλ(A,∨) for λ 6 β.

Proof. Using (28) we have β = α∨β > v1

i ∨β > 0∨β = β. From this it follows

that
n
∧

j=1

(aij ∨ β) = (

n
∧

j=1

aij) ∨ β = v1

i ∨ β = β.

Moreover λ ∨ xi = λ ∨ β = β for λ 6 β. Thus x ∈ Eλ(A,∨) for λ 6 β.

Corollary 3. Let v0

λ as in (28). v0

λ ∈ Eλ(A,∨) for λ 6 δ.

Theorem 2. If v1 ∈ Eλ(A,∨), then v1 = minEλ(A,∨) for λ 6 δ.

Proof. Let x ∈ Eλ(A,∨), thus we have

λ ∨ xi =
∧

j∈I

(aij ∨ x1

j) >

∧

j∈I

aij = vi = δ ∨ vi.

It means that v1 = min Eλ(A,∨) for λ 6 δ.

Example 5. Let ∗ = ∨, λ = 0 and matrix A be from Example 4.Using (28) we

obtain v0 and v1.

v1 =





0.2
0.3
0.5



 , v0 =





0.5
0.5
0.5



 .

Based on Theorem 2 we get that v1 = min E0(A,∨) and using Corollary 3 we

know that v0

0
∈ E(A,∨). But exists vectors x ∈ [v1, v0], such that x /∈ E0(A,∨).

Particularly,

x =





0.3
0.4
0.5



 /∈ E0(A,∧), because A ◦ x =





0.4
0.4
0.5





x /∈ E0(A,∨).

Lemma 10. Let ∗ be an increasing, inf −distributive operation with e = 0, β ∈

[0, 1]. If

∀
i∈I

v1

i = δ, (29)

then x = [β, β, . . . , β]T is the eigen fuzzy vector and λ = δ. Moreover if ∗ = ∨
and β > δ, then constant vectors are eigen fuzzy vectors x for λ 6 β λ ∈ [0, β].
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Proof. Based on (28) and using assumption (29) we get

n
∧

j=1

(aij ∗ β) = (
n
∧

j=1

(aij)) ∗ β = v1

i ∗ β = δ ∗ β = λ ∗ β for i ∈ {1, 2, . . . , n}.

Especially for ∗ = ∨ and β > δ we obtain

β = β ∨ β > δ ∨ β > 0 ∧ β = β,

and thus λ ∈ [0, β].

Example 6. Let ∗ = SL and a matrix A be from Example 4. Matrix A does not

fulfill (29). Based on (10) we can observe that for β < 1 constant vectors x are

not eigen fuzzy vectors. Only vector 1 is an eigen fuzzy vector for λ ∈ [0, 1].

Corollary 4. Under assumptions of Lemma 10, vector v0 is an eigen fuzzy vector

and vector 0 is the least eigen fuzzy vector for λ = δ.

Lemma 11. Let ∗ ∈ D. If exists l ∈ {1, 2, . . . , n} for which

∀
i∈{1,2,...,n}

v1

i = ail and all = 0, (30)

then v1 = minE0(A, ∗).

Proof. Based on assumptions we get

n
∧

t=1

(ait ∗

n
∧

j=1

atj) =
n
∧

t=1

(ait ∗ atl) = ail ∗ all = ail ∗ 0 = ail = 0 ∗ ail.

Thus v1 ∈ E0(A, ∗). Moreover if exists another y ∈ E0(A, ∗) we obtain

yi =

n
∧

j=1

(aij ∗ yj) >

n
∧

j=1

(aij ∗ 0) =

n
∧

j=1

aij = ail = v1

i for i ∈ {1, 2, . . . , n}.

Hence we have v1 = min E0(A, ∗).

Example 7. Let ∗ = TL /∈ D. A matrix A fulfills condition (30)

A =





0.7 0.3 0.4
0.5 0 0.8
1 0.9 0.9



 , x =





0.3
0

0.9



 , A ◦ x = λ ∗





0
0
0



 =





0
0
0



 .

We can see that x /∈ Eλ(A, ∗) for λ ∈ [0, 1].
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Theorem 3. Let ∗ ∈ D. If A is an idempotent matrix, then minE0(A, ∗) = v1.

Proof. From assumption, that A is an idempotent matrix we have

aij =

n
∧

t=1

(ait ∗ atj).

Using inf-distributivity we obtain
n
∧

j=1

(aij ∗ v1

j ) =
n
∧

j=1

(aij ∗
n
∧

t=1

ajt) =
n
∧

j=1

n
∧

t=1

(aij ∗ ajt) =
n
∧

j=1

n
∧

t=1

(ait) =
n
∧

t=1

(ait) =

v1

j = 0 ∗ v1

j .

for each i ∈ {1, 2, . . . , n}. It means that v1 ∈ E(A, ∗). Moreover if exists another

y ∈ E0(A, ∗) we obtain

yi =

n
∧

j=1

(aij ∗ yj) >

n
∧

j=1

(aij ∗ 0) =

n
∧

j=1

aij = ail = v1

i for i ∈ {1, 2, . . . , n}.

Since we have v1 = min E0(A, ∗).

In the article [12] Sanchez gave the algorithm for min E1(A,∧). In the same

way we get algorithm for calculating minE0(A,∨).

1. Calculate x := v1.

2. While A ◦ x 6= x, we place x := A ◦ x.

3. If A ◦ x = x, then we have minE(A,∨) := x.

Example 8. Let ∗ = ∧ and

A =





1 0.4 0.5
0.5 0.8 1
1 0.6 0.5



 , v1 =





0.4
0.5
0.6



 , v2 = A ◦ v1 =





0.4
0.4
0.4



 .

We can observe that v2 ∈ E(A, ∗), but 0 = minE(A, ∗).

4 Properties of the set of matrices with the same eigen

fuzzy vector

The set of all matrices for which v is an eigen fuzzy vector with an eigen fuzzy

value λ is denoted by EFλ(v, ∗).
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Theorem 4. Let v ∈ [0, 1)n and ∗ ∈ D be a commutative, infinitely

inf −distributive operation.If matrix W = (wij) has the following form

wij = vj
∗

← vi, for i, j ∈ {1, 2, . . . , n}, (31)

then W = min EF0(v, ∗).

Proof. According to the formula (17) and by using commutativity of operation ∗

we obtain

n
∧

j=1

(wij ∗ vj) =

n
∧

j=1

((vj
∗

← vi) ∗ vj) =

n
∧

j=1

(vj ∗ (vj
∗

← vi)) >

n
∧

j=1

vi = vi.

From Corollary 1 we have

n
∧

j=1

(wij ∗ vj) =

n
∧

j=1

((vj
∗

← vi) ∗ vj) =

n
∧

j=1

(0 ∗ vj) 6

n
∧

j=1

vj 6 vi = 0 ∗ vi.

It means that v is an eigen fuzzy vector of W with an eigen fuzzy value λ = 0.

Suppose that A ∈ EF0(v, ∗). Based on (18) we have

(aij ∗ vj > vi)⇔ (aij > vj
∗

← vi) for i, j ∈ {1, 2, . . . , n}.

It proves that W 6 A.

Finally, we obtain W = min EF (v, ∗).

Theorem 5. Let v ∈ [0, 1)n and ∗ be an increasing operation.

If A ∈ EFλ(v, ∗) and B ∈ EFµ(v, ∗), then

A ∧B ∈ EFλ∧µ(v, ∗). (32)

Proof. For given A ∈ Eλ(v, ∗) and B ∈ Eµ(v, ∗), based on the Lemma 1, we

obtain

(A ∧B) ◦ v = (A ◦ v) ∧ (B ◦ v) = (λ ∗ v) ∧ (µ ∗ v) = (λ ∧ µ) ∗ v.

It means that A ∧B ∈ EFλ∧µ(v, ∗).

Corollary 5. Let v ∈ [0, 1)n and ∗ be an increasing operation.

If A,B ∈ EFλ(v, ∗), then A ∧B ∈ EFλ(v, ∗).

Theorem 6. Let v ∈ [0, 1)n and ∗ be a triangular a triangular conorm. If A ∈

EFλ(v, ∗) and B ∈ EFµ(v, ∗), then

A ◦B ∈ EFλ∗µ(v, ∗). (33)
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Proof. According to (21), (22) and using commutativity of operation ∗ we obtain

(A ◦B) ◦ x = A ◦ (B ◦ x) = A ◦ (µ ∗ x) = (A ◦ x) ∗ µ = λ ∗ x ∗ µ = λ ∗ µ ∗ x.

In consequence we get (33).

Theorem 7. Let v ∈ [0, 1)n and ∗ be an increasing operation with e = 0.

If A 6 B and A,B ∈ EFλ(v, ∗), then [A,B] ∈ EFλ(v, ∗).

Proof. Let A 6 C 6 B. Using (23) we have

λ ∗ x = A ◦ x 6 C ◦ x 6 B ◦ x = λ ∗ x.

It means that for arbitrary matrix C ∈ [A,B], C ∈ EFλ(v, ∗). In consequence

we obtain [A,B] ∈ EFλ(v, ∗).

Corollary 6. Let v ∈ [0, 1)n and ∗ be an increasing operation with e = 0.

If A 6 B and A,B ∈ EFλ(v, ∗) then C ∨D ∈ EFλ(v, ∗).

Example 9. Let λ ∈ [0, 0.3), n = 2, ∗ = ∨ and

s =

[

0.3
0.4

]

,W =

[

0 0
0.4 0

]

, C =

[

0.3 1
1 0.4

]

,D =

[

0.3 1
0.4 1

]

,

We have EFλ(s,∨) = [W,C] ∪ [W,D].

(C ∧D) ◦ s =

[

0.3 1
0.4 0.4

]

◦

[

0.3
0.4

]

=

[

0.3
0.4

]

,

(C ∨D) ◦ s =

[

0.3 1
1 1

]

◦

[

0.3
0.4

]

=

[

0.3
1

]

6= s.

Moreover, we can observe C ∧ D ∈ [W,C] and C ∧ D ∈ [W,D], but

C ∨D /∈ EFλ(v,∨). We use x = a11+a11

2
, y = a21+a22

2
to illustrate it.
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