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Nets (IWIFSGN-2011) is a continuation of this undertaking, and provides many 
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We hope that a collection of main contributions presented at the Workshop, 
completed with many papers by leading experts who have not been able to 
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Abstract

We propose the use of intuitionistic fuzzy sets as a tool for reasoning under

imperfect facts and imprecise knowledge.

We consider two issues for solution group decision problem in medical

diagnosis. We suggest application of diverse types of composition of intu-

itionistic fuzzy relations to this problem and we analyze their connection

with the reasoning scheme which is based on a distance between Atana-

ssov’s intuitionistic fuzzy sets.

Keywords: Atanassov’s intuitionistic fuzzy sets, decision making problem,

medical diagnosis.

1 Introduction

In this paper we propose the use of inuitionistic fuzzy sets as a tool for reasoning

under imperfect facts and imprecise knowledge.

We consider two issues for solution group decision problem in medical diag-

nosis. Since the connections between patients and symptoms, and symptoms and

diagnosis are given by intuitionistic fuzzy relations, a composition of fuzzy re-

lations is a natural way which allow to obtain connection between patients and

diagnosis. However, using the method based on a distance between Atanassov’s
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intuitionistic fuzzy sets we obtain more satisfactory answer. The idea of this pa-

per is to use diverse types of composition of intuitionistic fuzzy relations to this

problem, analyze their connection with the reasoning scheme which is based on

distance between Atanassov’s intuitionistic fuzzy sets and find a compromise be-

tween these two methods by proposing the assumption that has all (or given) prop-

erties obtained by the use of a method based on a distance between Atanassov’s

intuitionistic fuzzy sets. At the end of this paper we put open problems which are

connected with considered problem.

2 Basic definitions

Now we recall some definitions which will be helpful in our investigations. One

of the possible generalizations of a fuzzy set in X and a fuzzy relation in X × Y

is an Atanassov’s intuitionistic fuzzy sets or relations assign to each element of

the universe not only a membership degree but also non-membership degree.

Definition 1 ([1]). Let X,Y 6= ∅, A, Ad : X → [0, 1], R, Rd : X × Y → [0, 1]
be fuzzy sets fulfilling the condition

A(x) +Ad(x) ≤ 1, x ∈ X

and fuzzy relations fulfilling the condition

R(x, y) +Rd(x, y) ≤ 1, (x, y) ∈ X × Y.

A pair A = (A,Ad) is called an Atanassov’s intuitionistic fuzzy set and ρ =
(R,Rd) is called an Atanassov’s intuitionistic fuzzy relation. The family of all

Atanassov’s intuitionistic fuzzy relations (sets) described in the given sets X,Y

is denoted by AIFR(X,Y ) (AIFS(X)). In the case X = Y we will use the

notation AIFR(X).

The boundary elements in AIFR(X,Y ) are

1 = (1, 0) and 0 = (0, 1),

where 0, 1 are the constant fuzzy relations.

Moreover, basic operations for ρ = (R,Rd), σ = (P,P d) ∈ AIFR(X,Y ) (see

[2], Definition 1.4) are the union and the intersection build with fuzzy operations,

respectively

ρ ∨ σ = (R ∨ P,Rd ∧ P d), ρ ∧ σ = (R ∧ P,Rd ∨ P d).
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These operations can be presented more generaly by supremum and infimum. So

for arbitrary set K 6= ∅

(
∨

k∈K

ρk)(x, y) = (
∨

k∈K

Rk(x, y),
∧

k∈K

Rd
k(x, y)),

(
∧

k∈K

ρk)(x, y) = (
∧

k∈K

Rk(x, y),
∨

k∈K

Rd
k(x, y)).

Moreover, we can compare elements of AIFR(X,Y ). The order is defined

by

ρ ≤ σ ⇔ (R ≤ P, P d ≤ Rd).

(AIFR(X,Y ),≤) is a partially ordered set.

Operations ∨, ∧ are the binary supremum and infimum in the family AIFR(X,Y ),
respectively and (AIFR(X,Y ),∨,∧) is a complete, distributive lattice.

The fuzzy relation πρ : X × Y → [0, 1] is associated with each Atanassov’s

intuitionistic fuzzy relation ρ = (R,Rd), where

πρ(x, y) = 1−R(x, y)−Rd(x, y), x ∈ X, y ∈ Y.

The number πρ(x, y) is called an index of an element (x, y) in an Atanassov’s

intuitionistic fuzzy relation ρ. It is described as an index (a degree) of hesitation

whether x and y are in the relation ρ or not. This value is also regarded as a

measure of non-determinacy or uncertainty and is useful in applications.

Primarily we will use special classes of operations which are useful in our con-

siderations for FR(X,Y ), i.e. triangular norms (t-norms) and triangular conorms

(t-conorms), which are useful in approximate reasoning, e.g. for medical diagno-

sis or information retrieval.

Definition 2 (cf. [6]). A t-norm T is an increasing, commutative, associative

operation T : [0, 1]2 → [0, 1] with neutral element 1.

A t-conorm S is an increasing, commutative, associative operation

S : [0, 1]2 → [0, 1] with neutral element 0.

Example 1. Well-known t-norms and t-conorms are:

TM (x, y) = min(x, y), SM (x, y) = max(x, y), (1)

TP (x, y) = x · y, SP (x, y) = x+ y − xy, (2)
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These operations are associative and as a result they have n-argument repre-

sentations.

TM (x1, ..., xn) =
n
∧

i=1
xi, SM (x1, ..., xn) =

n
∨

i=1
xi, (3)

TP (x1, ..., xn) =
n
∏

i=1
xi, SP (x1, ..., xn) = 1−

n
∏

i=1
(1− xi). (4)

Now, let us recall the notion of composition in its standard form

Definition 3 (cf. [5], [3]). Let σ ∈ AIFR(X × Y ), ρ ∈ AIFR(Y,Z). Let

denote σ = (P,P d), ρ = (R,Rd). By the composition of relations σ and ρ we

call the relation σ ◦ ρ ∈ AIFR(X × Z),

(σ ◦ ρ)(x, z) = ((P ◦R)(x, z), (P d ◦′ Rd)(x, z)), (5)

where

(P ◦R)(x, z) = Sy∈Y T (P (x, y), R(y, z)),

(P d ◦′ Rd)(x, z) = Ty∈Y S(P
d(x, y), Rd(y, z)).

According to [3], Proposition 1 we obtain that the following condition holds

0 ≤ (P ◦R)(x, z) + (P d ◦′ Rd)(x, z) ≤ 1, (x, z) ∈ X × Z.

3 Medical diagnosis

We should pay attention to the fact that intuitionistic fuzzy relations we can use

in medical diagnosis. As we know, the approach presented in [4] involves the

following three steps:

1) Determination of symptoms.

A set of n patients is considered. For each patient pi, i = 1, 2, ..., n, a set of

symptoms S is given. As a result, an intuitionistic fuzzy relation Q is between the

set of patients and the set of symptoms S .

2) Formulation of medical knowledge expressed by intuitionistic fuzzy

relations.

It is assumed that another intuitionistic fuzzy relation R is given - from a set of

symptoms S to the set of diagnoses D (medical knowledge) and

3) Determination of diagnosis on the basic of a max-min composition of

intuitionistic fuzzy relations.

The composition C of intuitionistic fuzzy relations R and Q describes the state of
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a patient given in terms of a membership function C(pi, dk) and non-membership

function Cd(pi, dk), for each patient pi and diagnosis dk.

There exist Atanassov’s intuitionistic fuzzy relations which are not comparable.

So we consider a fuzzy relation which will allow to obtain a diagnosis.

We generalize this method to diverse compositions and we compare the result

with the method based on distance between two Atanassov’s intuitionistic fuzzy

relations.

Example 2. Let there be set of patients: P = {A,B,C,D}. The set of considered

symptoms is S = {Temperature, Headache, Stomach pain, Cough, Chest pain}.

The intuitionistic fuzzy relation Q = (q, qd) is given in table below that contains

descripture of symptoms for a group of patients.

Table 1.

Q Temperature Headache Stomach Cough Chest

pain pain

A (0.3, 0) (0.9, 0) (0.7, 0.3) (0.7, 0) (0, 1)

B (0.3, 0.4) (0.7, 0.3) (0.5, 0.2) (0.3, 0.7) (0.5, 0)

C (0.3, 0.7) (0.4, 0.1) (0.5, 0.5) (0.3, 0.6) (0.4, 0.5)

D (0.3, 0.5) (0.4, 0.2) (0.2, 0.3) (0.2, 0.6) (0.4, 0.2)

Let us consider the set of diagnosis D ={Viral fever, Malaria, Typhoid, Stom-

ach problem, Chest problem}.

The intuitionistic fuzzy relation R = (r, rd) (the medical data describing de-

pendencies between the symptoms and a diagnosis, as expert knowledge [4] is

given in the table

Table 2.

R Viral Malaria Typhoid Stomach Chest

fever problem problem

Temperature (0.4, 0) (0.7, 0) (0.3, 0.3) (0.1, 0.7) (0.1, 0.8)

Headache (0.3, 0.5) (0.2, 0.6) (0.6, 0.1) (0.2, 0.4) (0, 0.8)

Stomach (0.1, 0.7) (0, 0.9) (0.2, 0.7) (0.8, 0) (0.2, 0.8)

pain

Cough (0.4, 0.3) (0.7, 0) (0.2, 0.6) (0.2, 0.7) (0.2, 0.8)

Chest pain (0.1, 0.7) (0.1, 0.8) (0.1, 0.9) (0.2, 0.7) (0.8, 0.1)
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Similarly as the mentioned authors we use the (max-min, min-max) composi-

tion and we obtain the relation C = (c, cd) between the patients and the diagnosis

given in the Table 3, where for all i ∈ P, j ∈ D (see (5), (1), (3))

C(i, j) = (Q ◦ R)(i, j) =

(

∨

k∈S

(q(i, k) ∧ r(k, j)),
∧

k∈S

(qd(i, k) ∨ rd(k, j))

)

.

Table 3.

C Viral fever Malaria Typhoid Stomach Chest

problem problem

A (0.4, 0) (0.7, 0) (0.6, 0.1) (0.7, 0.3) (0.2, 0.8)

B (0.3, 0.4) (0.3, 0.4) (0.6, 0.3) (0.5, 0.2) (0.5, 0.1)

C (0.3, 0.5) (0.3, 0.6) (0.4, 0.2) (0.5, 0.4) (0.4, 0.5)

D (0.3, 0.5) (0.3, 0.5) (0.4, 0.2) (0.2, 0.3) (0.4, 0.2)

Moreover, to compare the obtained results we construct the relation

SC = c− cdπC . (6)

Table 4.

SC Viral fever Malaria Typhoid Stomach Chest

problem problem

A 0.4 0.7 0.57 0.7 0.2

B 0.18 0.18 0.57 0.44 0.46

C 0.2 0.24 0.32 0.46 0.35

D 0.2 0.2 0.32 0.05 0.32

The greatest element in each row points out the diagnosis for a given patient.

For example, we can see that patient B has typhoid, but for A we obtain the same

value in two columns. Thus, we observe that this method doesn’t give always the

diagnosis.

This is why in the next paragraph we consider another method which was

introduced by Szmidt and Kacprzyk.
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3.1 Distance between any two intuitionistic fuzzy sets

The method uses distance between any two intuitionistic fuzzy sets A and B con-

taining n elements [7], e.g. the normalized Hamming distance:

lIFS(A,B) =
1

2n

n
∑

i=1

(|A(xi)−B(xi)|+|Ad(xi)−Bd(xi)|+|πA(xi)−πB(xi)|),

where 0 ≤ lIFS(A,B) ≤ 1.
To find a proper diagnosis we minimize the distance between intuitionistic fuzzy

relations R and Q.

Table 5.

lIFS(R,Q) Viral fever Malaria Typhoid Stomach Chest

problem problem

A 0.32 0.33 0.29 0.41 0.67

B 0.36 0.51 0.27 0.27 0.33

C 0.27 0.42 0.2 0.2 0.3

D 0.28 0.43 0.19 0.25 0.27

So we calculate for each patient the distance between her symptoms and the

symptoms characteristic for each diagnoses using the following formula

lIFS(R,Q)(i, j) =

1

10

5
∑

k=1

(|R(k, i) −Q(j, k)| + |Rd(k, i)−Qd(j, k)| + |πR(k, i) − πQ(j, k)|),

where i ∈ D, j ∈ P .

To find a proper diagnosis we minimize the obtained distance. We observe that

obtained result is different from the one obtained in the first method (patient D)

and we do not have clear diagnosis for B and C.

This is why, we consider other types of compositions in order to find the opti-

mal diagnosis which will coincide with the distance method and this new method

also give clear solution.

First we apply (max-TP , TP -max) composition and we obtain the relation

C = (c, cd) between the patients and the diagnosis given in the Table 6, where for

all i ∈ P, j ∈ D (see (5), (1), (3), (2), (4))

C(i, j) = (Q ◦ R)(i, j) =

(

∨

k∈S

TP (q(i, k), r(k, j)), TP
k∈S

(qd(i, k) ∨ rd(k, j))

)

.
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Table 6.

C Viral fever Malaria Typhoid Stomach Chest

problem problem

A (0.28, 0) (0.49, 0) (0.54, 0.1) (0.56, 0.3) (0.14, 0.8)

B (0.21, 0.4) (0.21, 0.4) (0.42, 0.37) (0.4, 0.2) (0.4, 0.1)

C (0.12, 0.6) (0.21, 0.6) (0.24, 0.28) (0.4, 0.5) (0.32, 0.55)

D (0.12, 0.5) (0.21, 0.5) (0.24, 0.28) (0.16, 0.3) (0.32, 0.28)

Using the formula (6) to Table 6 we obtain the diagnosis different from the

ones in the distance method:

Table 7.

SC Viral fever Malaria Typhoid Stomach Chest

problem problem

A 0.28 0.49 0.504 0.518 0.092

B 0.054 0.054 0.3423 0.32 0.35

C -0.048 0.096 0.1056 0.35 0.2485

D -0.07 0.065 0.1056 -0.002 0.208

So, next we apply (SP −TP , TP −SP ) composition and we obtain the relation

C = (c, cd) between the patients and the diagnosis given in the Table 6, where for

all i ∈ P, j ∈ D (see (5), (2), (4))

C(i, j) =

(

SP
k∈S

(TP (q(i, k), r(k, j))), TP
k∈S

(SP (q
d(i, k), rd(k, j)))

)

.

Table 8.

C Viral fever Malaria Typhoid Stomach Chest

problem problem

A (0.569, 0) (0.66, 0) (0.69, 0.01) (0.69, 0.06) (0.28, 0.44)

B (0.45, 0.11) (0.49, 0.15) (0.57, 0.13) (0.57, 0.06) (0.51, 0.06)

C (0.38, 0.22) (0.45, 0.24) (0.44, 0.15) (0.53, 0.17) (0.44, 0.36)

D (0.33, 0.13) (0.39, 0.16) (0.39, 0.11) (0.34, 0.09) (0.39, 0.16)

Using the formula (6) to Table 8 we obtain the same diagnosis as in the dis-

tance method and also we obtain the solutions to the previously not solved case

(B and C).
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Table 9.

SC Viral fever Malaria Typhoid Stomach Chest

problem problem

A 0.569849 0.669622 0.686203 0.68478 0.160579

B 0.39948 0.43647 0.537699 0.554575 0.481776

C 0.290444 0.373825 0.376546 0.486323 0.370623

D 0.259622 0.329725 0.332474 0.28709 0.318353

As a result (SP − TP , TP − SP ) composition seems to be the best one.

4 Conclusions

On the basis of our observations we want to put the following problems:

• which properties of applied composition and operations are essential for ob-

taining the proper and clear diagnosis,

• how can we replace the relation SC with another transformation for which

there will be no such situation as for C

(0.3, 0.7, 0) and (0.3, 0, 0.7)

where the second triple seems to be better (because the non-membership value

is zero) but for both triples we obtain the same value of SC ,

• consider the composition according to the Goguen’s definition but we don’t

like to use two separate compositions for membership and non-membership func-

tions, which allow us to take into account also the value of hestitation degree (as

it is considered in distance method used in paper [7]). It should be noted here that

by the application the Definition 3 the hestitation function is not considered, only

membership and nonmembership functions are taking into account.
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