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A gradient theory of materials with memory and internal changes
O. W. DILLON IJr. (LEXINGTON) and P. PERZYNA (WARSZAWA)

The objective of this paper is a construction of the thermodynamic theory of a material with
memory and internal changes when higher gradients of the deformation and temperature are
taken into account. The fading memory phenomena is used to describe the rheological properties
and internal state variables are introduced to describe the internal structural changes during
plastic deformation of a material, Higher gradients of the deformation and temperature are
included to describe fine structure or the local behaviour observed in the electron microscope.
General and linearized theories are presented and physical motivations are given.

Celem obecnej pracy jest konstrukcja termodynamicznej teorii materialéw z pamigcia i z wewng-
trznymi zmianami strukturalnymi przy uwzglednieniu wyzszych gradientéw deformacji i tempera-
tury, Zjawisko zanikania pamigci wykorzystano do opisu wlasnosci reologicznych materiatu,
natomiast parametry wewnetrzne wprowadzono w celu opisu wewnetrznych zmian struktural-
nych, wywolanych deformacja plastyczng materialu. Wyzsze gradienty deformacji i temperatury
zostaly wlaczone, aby opisa¢ lokalne zachowanie si¢ zaobserwowane pod mikroskopem elektro-
;_mwym. Przedstawiono zaréwno teori¢ ogélna jak i zlinearyzowana oraz podano motywacje
izykalne,

Ilemsio pamHO# paboThl ABNAETCA CO3NAHHE TEPMOAHHAMHYECKOH TEOPHMM HaC/EACTBEHHBIX
MaTepHAaNoB ¢ BHYTPEHHHMH CTPYKTYDHBIMM H3MEHEHHAMH IYTEM yuéra BBICUIMX IDaIHeHTOB
gedopmarmy ¥ Temmeparyphl. SIBNeHMe 3aTyXaHMA HACHEACTBEHHOCTH HCHONL30BAHO A
OIMCAHMA PEOJIOTHMYECKHX CBOMCTB MaTepHaJIOB, TOT/IA KaK BHYTPEHHME IAPaMETPhl BBEICHBI
IO7IA OIMCAHMA BHYTPEHHMX CTPYKTYDHBIX M3MEHEHHil, BBISBAHHBIX IUtacTHdeckol aedopma-
ueli matrepuana. Beicime rpagueHTsl AedopMalpii B TeMIIEPaTyPhl BIJIOYEHB! B OMMCAHUE
A TOro, uToBBl YUECTs JIOKANBHOE MOBEAeHHE, HAb/DogaeMoe MOX 3JEKTPOHHBEIM MHKpO-
cxonom. Hapsiny c obmieit Teopueit npeacraBneH e€ NuHeHHEI! BADHAHT, 3 TAK}KE NPHBEICHBI
HEKOTOpEIE (PH3HYECKHE MOTHBHPOBKH.

1. Introduction

IN RECENT years, the thermodynamic theory of continua has been extensively used to describe
the properties of many kinds of materials. There is now a trend to base this description
on good physical and experimental foundations. This is especially true when the plastic
properties of the material are involved. A modern theory of plastic flow must consider
the microscopic investigations, because plastic deformations change not only the external
shape of a body but also its internal structure(*). One of the most basic of experimental
facts concerning plastic deformations is the non-homogeneity of the response when viewed
at the microscopic level(?). That is, the microscopic level response is non-homogeneous
in situations when the macroscopic response is uniform. In the past it has been tacitly
assumed that one can ignore the microscopic structure (and especially the non-homogeneity

(*) There are several papers published in which plasticity is based on the theory of dislocations (cf, Ei-
SENBERG [13], Fox [14], DirLoN and KraTocHVIL [12], LARDNER [26], MURA [29], and Sepov and BEr-
DICHEVSKI [37]).

(*) Cf. here the recent investigations published by Asasy [1].
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in the microstructure) in developing a theory to be used in practical applications. Undoubt-
edly, in some problems this is still true. However, some investigators now believe that it
is (possibly) very much more realistic to consider at least the effect of small scale response
on the large scale behavior. This permits the response functions or functionals to be used
in a much wider class of problems. Such reasoning is the very basis for much modern solid
state physics research and metallurgical studies.

The objective of this paper is an attempt to develop a fundamental framework within
which there is consistency of a wide variety of experimental data and mathematical assump-
tions. It is likely that practical problems (as distinct from basic phenomena) will require
a tremendously simplified version of this paper. In this case, our objective is to bring the
necessary assumptions into the open rather than to have them be implicit.

A secondary purpose is to show how to introduce some aspects of the small scale res-
ponse into a continuum theory of plasticity.

We shall construct the thermodynamic theory of a material with memory and internal
changes when higher gradients of the deformation and temperature are taken into account(3).
The fading memory phenomena will be used to describe the rheological properties and
internal state variables will be introduced to describe the internal structural changes during
plastic deformation of a material. These internal structural changes are the continuum
analogue of atomistic rearrangements.

For many purposes and almost all practical design procedures, internal variables as
described below will suffice for introducing the effect of the small scale response on the
large scale deformations. However, by their very nature, internal variables are inadequate
for reproducing the fine structure in the deformation field during a standard tensile or
compressive test. When one finds it necessary to actually include this small scale structure
itself (as contrasted to just its effects), we suggest that higher gradients of the deformation
and temperature be used in the constitutive relations(*). The reason that higher deform-
ation gradients in the constitutive relations lead to a fine structure in the deformation
fields associated with the standard experiments requires experience with this type theory.

There are other heuristic arguments which suggest that higher gradients cannot always
be neglected in plasticity. The most important of these is the observation that plasticity
means changes in the defect structure and defects in turn mean high strain gradients. A sec-
ond major argument is indirectly contained in theories of work hardening especially in

(%) The thermodynamic theory of materials with memory has been developed by CoLemaN [7, 8],
cf. also CoLeMAN and MizeL [10] and GURTIN [19]. Thermodynamics with internal state variables has
been proposed by CoLEMAN and GURTIN [9] and VaLanis [40]. The formulation of the thermodynamic
theory of a rate sensitive plastic material within the framework of thermodynamics of material with internal
state variables was given by PERzyNA and Woino [35], cf. also generalizations presented by PERzYNA [33].
A similar theory of rate dependent plasticity was formulated independently by KraTocHVIL and DILLON
{23, 24). They assumed that quantities which are related to the dislocation motion and the dislocation
arrangement in a material play the role of the internal state variables. The construction of the thermody-
namic theory of a material with both memory and internal changes and its application to the description
of an elastic-viscoplastic material has been presented by PERZYNA [34].

(*) Similar conception has been used for an elastic material by Green and RIvLIN [16, 17], for a ma-
terial with fading memory by Zanorsk1 [42] and GURTIN [19] and for an elastic-plastic material by GREEN,
McInnis and NaGHDI [18] and DiLLoN and KraTtocHviL [12].
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those based on Seeger’s model. In these theories work hardening is assumed to be due to
interacting dislocations. These interactions occur over a large number of atomistic or
dislocation spacings. The associated force field in these models is therefore inherently
“non-local”. Even in the elastic range when non-local force fields are an essential feature
of the phenomena, higher gradients of the deformation function should be included in
the continuum theory. Furthermore, the whole theory known as the continuous distri-
bution of dislocations(®) has for some years been based on residual stresses being related
to gradients of part (or all) of the rotation field. In fact, one of the major weaknesses in
the continuous distribution of dislocations is its inability to describe the case of a bar in
tension where average rotations do not change. Gradient theories can represent the changes
in the residual stresses in this case. However, the most convincing argument is to examine
the results obtained in special cases.

The difficulty with using higher gradients is the absence of a criterion for deciding
what order derivatives are likely to be most important in a specific material.

The response of real materials is very complex when one wishes to simultaneously
consider elastic, viscous and plastic effects and when one is further interested (of necessity)
in the microscopic mechanisms which occur during the deformation process. The consid-
eration of this complex behavior may not be necessary in a specific problem but it is our
judgement that consistency between mathematical models and features of real materials
requires a framework that is large enough to contain all of these effects and thereby is
complex.

2. General theory

Let us consider a body # with particle X and assume that this body can deform inelas-
tically and conduct heat.

The deformation of a particle X in body & is described by the function of motion
«%(X, t). This function determines the spatial position x occupied by the material point
X at time ¢, which in the reference configuration # occupied the position X, i.e.,

2.1) x = y(X,1).

The components of the function y are assumed to be jointly n+ 1 — times continuously
differentiable with respect to the material coordinates X and twice continuously differen-
tiable with respect to time ¢.

Let #(X) be a small neighborhood of X in4 and let Y denote a typical particle in A" (X).
The motion at ¥ can be described by the function of motion at X and by a sequence of
deformation gradients(°)

2) F=Vy(X,1),VF=V3y(X,1),..VIF =Vitly(X,1),...,V"F = V"*1y(X, 1),

(®) Cf. here for instance BiLy [2], KrgNER [25], MINDLIN [28], MINDLIN and TmERsTEN [27] and
Tourin [39].

(°) One can use the fading property in space to describe the same phenomena (non-local effects).
Essentially, we base our description on the principle of local action but in nonlinear sense. Classical models
of a material, of course, have local properties in linear sense only. This occurs when we put n = 0,
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where the operator V denotes the differentiation with respect to the material coordinates X.
Thus we can write the motion of a neighboring particle Y in terms of the generic one

Q3) (%0 = XX, )+ Z IOt v»‘F(x 1) (Y—X) 1 4o(|Y—X["+1),

Jj=0

where o(|Y—X|"*1) denotes the error which has the property that(’)

o(IY—X|"*")

2.4 lim Y=xprT = 0.

[¥—X["+1s0

Similarly, to describe the distribution of the temperature in the body # with the error
o(|J¥Y—X|") we need to know higher gradients of temperature, i.e.,

@.5) S, 1) = DX, 1)+ Z—via(x 1) (Y=X).

Jj=0
For the sake of convenience, we choose to use
(2:6) C = F'F
as the deformation tensor and to introduce the deformation-temperature pair as follows
27 A = (C, §).

Thus, to describe the deformation and the distribution of temperature in a body #
with the error o(|Y—X|"), it suffices to know n gradients of A in the particle X, i.e.,

(2.8) Vid = (VIC,Vi9), j=0,1,2,..,n

A thermodynamic process within the body 4 is described by a set of functions which
contain parameters that are of three different types. The first are the generalized deform-
ation-temperature pairs V/4,j = 0, 1, 2,..., n, given in (2.8), the second are those depen-
dent variables /7 which occur in the balance laws. The third type are known as internal
state variables w. We introduce the internal state variables to describe those effects which
are due to internal changes occuring in a material but which are not explicitly considered
in the conservation of energy expression. In other words, the internal state variables serve
to describe the part of internal dissipation implied by structural changes of a material
during inelastic deformations.

Thus a thermodynamic process in £ will be described by the set of functions

29) (VIAX, ,JIX, 1), o(X, 1)}, j=0,1,2,..,m,

defined for every particle X in & and for every time ¢. For the material considered herein,
it suffices to let I7 represent the following variables

(2']0) H(X$ t) = {'p(X! f), ??(X, t), TR(})(Xs f), QR(X: I)}’ .} ™ Os 1: 23 veey My
(") We know of no criterion which determines which values of n > 0 are responsible for which physical

effects to develop a mathematical criterion for the error that can be tolerated by a truncation of the series
in (2.3).
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where y(X, r) denotes the specific free energy per unit mass, and 5(X, ¢) the specific entropy.
The Tr;)(X,1),j=0,1,2,...,n, are the generalized stresses(®) and ggr(X, ) is the heat
flux vector per unit surface in the reference configuration #.

In order to specify the response of a material in a body £, we shall use the notion of
a generalized particle p (cf. WANG [41]). In a gradient theory of a material with memory
and internal changes a generalized particle p is characterized as follows:

1) it is described by the set of functions

@11) g6) = (ViAt=s);0()), sel0,®), j=0,1,2,..,n

where V/A'(1—s), s € [0, ), denotes the history of the j-th order gradient of the deform-
ation-temperature pair 4 = (C, 9);

2) it is equipped with response functionals which define the properties of the materials
by the constitutive equations as follows(®)

(2.12) II(t) = L(g(s)), ()= 2(g(s)), sel0, ).

The response functional L represents the free energy functional y, the entropy functional N,
the generalized stress functionals T(;,(j= 0, 1, 2, ..., n) and the heat flux functional Q, i.e.,

2.13) L={pN. Ty, 0}, j=0,1,2,...n

Let us denote by 2 a common domain of functionals L and 0.

A thermodynamic process described by (2.9) is said to be admissible in @ if it is com-
patible with the constitutive assumption (2.12) at each generalized particle p of & and
at all time ¢ € (— oo, o0).

We now explain why in the function g(s) which describes the generalized particle p
[see Eq. (2.11)] we need both the history and internal variable parameters. Qur basic con-

(®) The generalized stresses Tr(j(X, 1),/ =0, 1, 2, ..., n, we understand in the following way. For
a body # we consider that we know the resultant generalized forces fU)(W), j=0,1,2,...,n. For
Jj = 0, the force fr0)(%) will be a vector, for j = 1, fi1)(%) will be a second order tensor, etc. We assume that
all set functions fm(g), i=0,1,2,...,nare ¢ —finite measures on %. Then the Lebesgue Decompo-
sition Theorem (see HaLMos [22], p. 134) yields

fB) = [ by, navn+ [ tg(x,ndAR), =0,1,2,..,n
B 0B

The integrable functions b(;)(x, ) ,j = 0,1, 2, ..., n, represent the generalized body forces and the inte-
grable functions #(;)(x, 1),/ = 0, 1, 2, ..., n, represent the generalized contact forces. According to a Theo-
rem of Cauchy (see GURTIN, MizEL and WiLLIAMS [21], we can write the contact forces as,

f(})(x, f) = T‘U’)(xs t)n(x! f}, j — 0: l, 2; seey M,y

where n(x, ¢) is a unit vector. We shall introduce the new generalized stress tensors in the reference configu-
ration

Tr(j) = JF-UDTH(F-)T, j=0,1,2,..,n,

where J = detF > 0. All generalized stress tensors Tr) (7=0,1,2,...,n) are invariant upon the
change of frame, ie., Tr(j) = Tr(p,Ji=0,1,2, ..., n.

We understand that during the thermodynamic process the generalized body forces b(j(x,1), j =
=0,1,2,...,n, can be determined by balance laws. In orther words, there are additional equations of
motion (cf. here for instance Tourmn [29] and DrrLon and KraTOCHVIL [12]).

(°) We have assumed that all constitutive equations describing the physical properties of a material
satisfy the principle of material frame-indifference as formulated by Norr [30].
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cept is that the history may describe anelastic response of a material while the internal
state variables can be used to consider inelastic effects with plastic flow included. As shown
below, this splits the internal dissipation of our material into two parts. We assume that
the first reason for the internal dissipation is internal friction and the second is the internal-
changes generated by plastic flow(*?).

This interpretation suggests that a convenient set of the internal state variables for
the material considered herein is as follows(*!)

(2.19) o={xPI'M}, i=12,.,m

where the scalar » represents the work-hardening parameter, the second-order tensor P
denotes the inelastic deformation tensor, and the tensors I'® (i = 1,2, ..., m) are the
dislocation arrangement tensors. For definiteness we assume here that the internal state
variables remain invariant upon the change of the reference frame, i.e.,

(2.15) us% P-P and IOSTO =12 ..m

Thus the response functional £2 in (2.12) represents the functional K describing the
rate of the work-hardening parameter %, the functional G determining the rate of the
inelastic deformation tensor P and the functionals Z® defining the rate of change of the
arrangement tensors ', i.e.,

(2.16) Q={KG 2z}, i=1,2,..,m

The energy balance equation (the first law of thermodynamics) can be written as follows

1 o o Bl X . A e
(2.17) "2—95;2{1'3(1)‘wc}—dl"qx—ex(v'i‘ﬁﬂ'l'@ﬂ)'i'ex' =0,
7=o

where the dot denotes the material differentiation with respect to time ¢, pg is the mass
density in the reference configuration #, the operator div is computed with respect to
the material coordinates, r denotes the heat supply per unit mass and unit time, and the
expression(!?)

1 c P
2.18 —_ Trepn-VIC} =w
(2.18) Jon ;-20; {Trey-V'C}

represents the net working per unit mass of the generalized stresses on the rates of gradients
of deformation tensor.
The function r(X, t) is then uniquely determined by Eq. (2.17). We shall require that

(*9) This concept has been first introduced in Refs. [33, 34].

('!) There is no assumed connection between the total deformation tensor € and the inelastic deform-
ation tensor P. The deformation tensor C is described by the function of motion while the inelastic de-
formation tensor P occurs as an internal state variable and is therefore determined by the solution of the
initial-value problem for an ordinary first-order differential equation (cf. PERZynA and Woino [35] and
PERZYNA [33, 34]).

(*2) The result of the operator denoted by dot is a scalar,
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for a real thermodynamic process in & for any time ¢ an additional thermodynamic postu-
late be satisfied. This is equivalent to the following inequality(*3)

"'} L .
@19 it D, Ty VIC) =1 — 070 > 0
R =3 @r

which must be satisfied for every generalized particle p in 4.
Let us write the constitutive assumption in the form

II(t) = L(VAi(s), VA@); o(1)), s € (0, ),
@(t) = 2(g(s)), sel0, ),

where V/A!(s), s € (0, o0) is the reduced history of V/A.

To investigate the restrictions imposed on the constitutive equations by the thermo-
dynamic postulate, we shall need the principle of fading memory for a material with both
memory and internal changes.

Let A(s) denote a fixed influence function, i.e., a continuous monotone decreasing
function with s2i(s) integrable in s on [0, c0); let us define the norms

(2.20)

a

(2.21) IViAGs)| = [ IVA@G)Ph(s)ds, j=0,1,2,...,n,
0
where
(2.22) IVVA(s)| = {V/A-VIA}zr = {ViC-(V)C)T + VI8 (V)T }1;

let o, denote the set of all measurable real-valued functions {V/A(s)} on [0, ) for
Jj=0,1,2,...,n with D ||V/A(s)]| < oo.
j=0

The fading memory assumption can be stated as follows('4):

1. For each fixed {V/4,w}, j=0,1,2,...,n, the response functionals (represented
by L) regarded as functions of V/A!(s), s € (0, ®),j = 0, 1, 2, ..., n, have for their common
domain 9 a neighborhood in 5, of the rest history.

2. The functionals are Fréchet-differentiable throughout 2 with respect to the A-norm.

3. For each fixed V/A!(s), se (0, ©),j =0, 1,2, ..., n, in D the functionals regarded
as functions of V/4, j=0,1,2,...,n and w are piecewise continuously differentiable
with respect to their natural norms,

4. All derivatives are piecewise continuous functions of g(s) in 2.

It follows from the fading memory postulate that the free energy functional y has
the chain-rule property, so the time derivative of y exists at f and obeys the formula

(2.23)

PO = D (Gvicy- YO+ Y @oioy VD) + Y, 8p(e@IVAID) + 0. v(2(5))-d (1),

J=0 Jj=0 j=0

(**) This inequality is implied by the Clausius-Duhem inequality (cf. COLEMAN and NoLL [6]).
(%) Cf. CoLemaN [7], and CoLEmMAN and MizeL [10].
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where dyjc v is the derivative of y with respect to the present value V/C holding all V/#,
all reduced histories V7! and w fixed, dvjsy has an analogous meaning, 6, is the Fréchet-
derivative of y with respect to the reduced history V/ A! holding the present values V/A
(j=0,1,2,...,n) and w fixed, and 8, is the derivative of y with respect to the present
value of the internal state variable w holding the present values V/A (j=0,1,2, ...,7)
and the reduced histories V/AX(j= 0, 1, 2, ..., n) fixed.

The thermodynamic postulate (2.19) becomes

n

I N o R 8 m i 5
Q) - ;o’ {[Tein—20x001c91-VIC} — Qo+ 1) g (dvkop- V<5

- 2 89 (g VD) — 2,y ()b () — 9: Fr- V> 0.

Jjm0
Choosing arbitrary values V—*.C and Vi-ﬁ forj=0,1,2,...,n, it is possible to determine
an admissible thermodynamic process in a body £(*3). Hence, the fulfillment of the ine-
quality (2.24) yields the following fundamental results

(2.25) dvkoy =0, k=1,2,...,n,
(2.26) TR(J'} = Zggavfcip(g*(s)), j = 0, 1, 2, eny My
@27 n = -2 v(g*()),
@28) ,2_,; 29 (8* IVATD) + 29 (6°(9)- 6 () + — 59m" VO <O,
where
(229)  g*(s) = {VI4}(s), VVC(@), #(t); 0(®)}, j=0,1,2,....,n, s€(0, ),
t € (— o0, 00).

The inequality (2.28) is called the general dissipation inequality.
It will be useful to introduce the internal dissipation functional of the material as follows

@30)  o(g(®) = - %{Z 8 p(e* @IVAD) + 0, v (g*()) - Q(g(s))}.
=0

This illustrates our assumption concerning the spliting of the internal dissipation into two
parts. From the expression (2.30) it is clear that the first part of the internal dissipation
is generated by memory effects and the second by internal changes.

Let us now additionally assume that the internal changes occur only during plastic
deformations(*®). To satisfy this condition we postulate that the functionals K and Z®,
i=1,2,...,m are linear with respect to the rate of inelastic deformation tensor P, ie.,

(2.31) %= K(g(s)) = {H(g(s))- P},
(2.32) I = ZO(g(s)) = S(g(s))[P].

(*%) Cf. CoLeMaN and NoLL [6], CoLEMAN [7], CoLEmMaN and GURTIN [9], CoLEMAN and MizeL [10],
GuURTIN [19] and VALANIS [40].
(*®) A different assumption has been made by KraTocHviL and DiLLon [24].
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Due to this assumption, the internal dissipation functional as defined by (2.30) can
be written as follows

@3 o) = —5 O 4vEOVE®)+H| (0 ©) HEo)

j=0

+0rp(e* ) + > arop(g* ) S ®)) Ge)])-

i=0

This expression shows that the functional G(g(s)) describing the rate of the inelastic
deformation tensor P plays an important part in the thermodynamic theory of a material
with memory and internal changes which are implied by plastic deformations.

We will now specify the functional G(g(s)) for the case of an elastic-viscoplastic ma-
terial. By an elastic-viscoplastic material we shall mean a material which before yielding
has the properties of fading memory and after yielding has additionally the rate sensitive
plastic properties(*?). To do this let us introduce the quasi-static criterion of yielding for
a material with memory. This criterion is defined by the quasi-static yield functional

1)

1,
X

(2.39) F(g) =

where

(2.35)  g°(s) = {ViAi(s), VA(t); P(t), T'D()}, j=0,1,2,...,n; i=1,2,..,m;
s€(0,0), te(—o0,0).

We postulate that the rate of the inelastic deformation tensor P is a function of the excess

of the stress over the quasi-static yield condition(*®), i.e.,

(2.36) P = p(9)<PB(g(s))> M(g(s)),

where y () denotes a temperature dependent viscosity coefficient of a material. The symbol
{D(%)) is defined as follows

for F<0,

for §>0,

0
@3 @ ={p)

and M(g(s)) is a symmetric, second-order tensor functional.
Due to assumption (2.36), the response functionals regarded as functions of w may
have jump discontinuities at the quasi-static yield surface defined by

(2.38) F(g(s) = 0.

The constitutive assumption (2.36), in the case when § > 0, can be rearranged to
give the following dynamical yield criterion
-2 ‘!_ P
(2.39) F(&°©) = xll +§D"|:—(—t;—}z;%(trM2)“5]}.

(*7) For this definition see Ref. [34].
(*#) For a thorough discussion of general foundations of viscoplasticity see Refs, [31-35].
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This relation may be interpreted as a description of the change of the yield surface during

the termodynamical process. This change is caused by work-hardening effects, by the

influence of the rate of inelastic deformations and temperature and by fading memory

effects when higher gradients of the deformation and temperature are taken into account.
The differential equations for » and I'¥ can now be written in the

form

(2.40) (1) = (9 < D(B(g()) > tr { H(g(s)) M(8(5))},
(2.41) I0(t) = p(9) { P(R(g(s) > SV (g(s)) [M(g(s)]-
The internal dissipation functional now takes the form

@) o(e®) = — 51 Hp(EOFVAE)+7®)  PEE6)) > tr(arw(e*®)
=0
SZICOLCOP) arp(8*(5))SO(e()) M(2s)]}

3. Physical motivation

To illustrate the physical phenomena being studied, consider the example of a speci-
men subjected to controlled average shearing histories. Let the specimen be deformed in
one direction and then in the reversed sense. If the load is released at the correct point,
the stress-strain curve might look like that shown in Fig. 1. At this point, there is: (1) no

A Stress

Strain

F1G. 1. A typical stress-strain curve for simple shear,

overal strain, and: (2) a changed microstructure as observed especially in the electron
microscope. An essential feature of the changes in the microstructure is the non-homogene-
ity of the local deformations even when the large scale response is uniform. When the ex-
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ternal load is reapplied, the stress-strain behavior will be altered from that shown in Fig. 1.
The change in the stress-strain behavior can be correlated with microstructural parame-
ters observed by metallurgists and metal physicists. Usually, this is done by developing
“models” of the material which involve a mixture of continuum and atomistic concepts.
Frequently, the logic is not always tight, there exist inconsistencies and the limitations
imposed by the assumptions of the model are not clear. An example of these models is
one known as thermally activated dislocations (sometimes just one) which are assumed
to control the inelastic material response for specific ranges of temperature and strain-
rate(1?). Comprehensive reviews of this model are contained in the papers of EVANS and Raw-
LINGS [15] and CoNrRAD[11]. Thermally activated dislocations are presumed to be a major fac-
tor in the over-stress between the static stress-straincurve and thedynamic one. There are many
other models in the literature. Typical of the wide variety of responses of real materials
is the case of mild steel. As described by RoseNFIELD and HAHN [36] and more recently
by CampBELL and FERGUSON [4], there are (at least) four different regions in the tempera-
ture strain-rate spectrum of mild steel that reflect different mechanisms of yielding. Thus
an analytical representation which encompasse the whole spectrum of responses for this
and other materials will be complex indeed.

If one needs to solve a boundary value problem in which every material particle un-
dergoes about the same type deformation history as every other particle, classical plastic-
ity is adequate or can be made to be so by modest alterations. However, when different
particles are subjected to greatly different types of deformation histories, it is unlikely
that classical plasticity is an adequate framework. It as argued (with varying degrees of
confidence) that the models mentioned above or other defect parameter data can better
correlate the wide variety of responses of real materials than classical plasticity.

Thus the authors have long detected a need for a general theoretical framework which
simultaneously considers a wide variety of material response such as creep, relaxation,
fatigue, impact and which, therefore, also covers the dimensions seen in the electron
microscope and those of the standard tensile specimen. In particular, we believe that a
framework which is logical and which will correlate the stress-strain curves in Fig. 2
with the one shown in Fig. 1 is needed. It is our judgement that any improvements to clas-
sical plasticity theory will come from combining the models of the metallurgist into a contin-
uum mechanics framework. Furthermore, we believe that the field known as the conti-
nuous distribution of dislocations is mathematically correct but is not physically adequate.

In considering how to make an improved framework, it is important to distinguish
between incorporating the effect of the non-homogeneous local deformation seen in the
electron microscope and reproducing this part of the deformation field in the analytical
model. If one needs to know how changes in the number of dislocations or their arrange-
ment affect the stress-strain curve or the relaxation function, one can use average disloca-
tion density data for these parameters as internal state variables. The metallurgical models
then serve as guides on the constitutive equations for these parameters. By properly formu-
lating these equations, one can then develop a specific boundary value problem for solution
whenever it is needed. Examples of this approach are contained in the KrATOCHVIL and

(*®) Cf. SEEGER [38].
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DiLLoN [24] paper, where the mobile dislocation density and the dislocation loop density
are used as internal variables. Such parameters are measureable on the electron microscope.
A critical discussion of the experimental technique and the interpretation of the data
needed for the internal variables is given in the paper by BRaANDON and KomeM [3].

The Seeger model of work hardening is related to dislocations interacting with one
another. This in turn means that non-local force fields develop at the atomic level. At

A Stress

oy

FiG. 2, A schematic stress-strain curve obtained from a complicated process.

this level, these fields are frequently split into “long” and “short” range ones. These non-
local force fields are related to the nonhomogeneous local deformations mentioned earlier.
The major role of the small scale deform:.tions is the storage of energy in the form of re-
sidual stresses and thereby are responsible for the work hardening of the material. Thus
one is faced with finding a way of describing nature as a continuum but at the same time
having non-local force fields to represent the dislocation interactions. In the elastic
range when non-local force fields are an essential feature of the phenomena, higher gradients
of the deformation function are included in the continuum theory. Therefore, we suggest
a similar procedure for the inelastic range. It requires some experience with higher gradient
theories to see how they reproduce the fine structure of the deformation field. Succinctly,
they raise the order of the displacement equations of motion, so that in the linear range
oscillatory solutions are included in addition to the classical deformations. These oscilla-
tory deformations store energy in the form of residual generalized stresses.

In summary, to incorporate metallurgical models such as the viscous effects attributed
to thermally activated dislocations, one can use an internal variable theory. In order to
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include damping effects and some aspects of dislocation scattering, one may prefer to use
a history as description of the material. However, if one wants more details which represent
the local behavior observed in the electron microscope, one also includes higher deformation
gradients. The present framework considers all of these at the same time and thereby
is more complete than any specific case.

4. Linearized theory

Let us define a thermodynamic equilibrium state for our material with memory and
internal changes. The function
@1 gH(s) = {(VA(@), VA¥(@); 0¥}, j=0,1,2,..,n,
is said to describe the generalized particle p in the state of thermodynamic equilibrium,
if and only if,
“4.2) F(e*(s) <0,
and
ViA#F (s) = {1(s), 9°(s)} for j =0
={0,0} forj=1,2,..,n,
ViA¥(t) = {1(z), #°(t)} for j =0
={0,0} forj=1,2,..,n
In other words, the state of equilibrium is characterized by the fact that all rates of
the internal variables vanish and the history of the generalized particle p does not change.
The history of the generalized particle p is held constant at all times in its reference configu-

ration.
We define here the smallness in the sense that(%°)

(4.3)

4.9) sup { Y VA1)~ VA#()| + |0 (x) - 0¥(@)]} < 8

—o<r<{ j=0
with & small.
The relation for the generalized stresses [cf. Eqs. (2.26) and (2.29)] can be written in
the form

4.5) Tray = Ty (VVA45G), C@1), B(1), VEC(1); w(®)),
J=0,1,2, ...,mn k=1,2,..,n
For a case when the condition (4.4) is satisfied by the fading memory assumptions,
we have

(4.6)  Tryy = Ty (g%()) + e Ty(8#(5)) [C(1) = 11+ 05 T 5 (8%()) [H(0) — #°]

+ ) ke Ty (*(9)) [V*Cl+ 0 Ty (#(9) [0(t) — w¥]
k=1

+ X 0,70y (¥ VHAKS) ~V A (5).
- i=o
(?9) Cf. CoLemaN [8] and GURTIN and PrekmN [20].

6 Arch. Mech. Stos. nr 5—6/72
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Let us denote by
@7  THC, 9} = T4y(8%(5)) + 0 Ty (8#(9)) [C(1) — 11+ 05 T(;(g#()) [9() — 97,

@8)  TEPOVEC) = D dgke Tyy(g#()IV¥C).
k=1

The functional 8,7 ;(g¥#(s)|V'4i(s)— V'4{(s)) for each particular jand / is both a linear
and continuous functional over Hilbert space ;. Due to the Riesz's representation
theorem, we can write

49 D uTy(e*) VA -VAF ) = D) [ Rap©V' A1)~V AF ())ds.
= =0 0
For each particular j and /, &¢;(s) is a square-integrable linear transformation and is
called the generalized stress-relaxation modulus.
We can also write

(4.10) 00 Ty (g#(5)) [0(t) —0#] = Gy () [w*+ f Qg(s, &)del,
where we denote by

(4.11) Gy (1) = QT (g*(),

(4.12) o* = wg—o¥,

and w, is given initial value.
Due to (4.7)-(4.12), the result (4.6) can be written in the form as follows:

@.13)  Tagy = TED{C, )+ TEVCY+ D) [ Ky (9)[V'ALs) — VAF (5)] ds

I1=00
+8,, 00+ [ 2(els £)ae].

It is worth noting that some terms in the representation (4.13) will vanish for initially iso-
tropic material due to symmetry requirements. For the heat flux vector, we have a following
relation:

4.19) gr(t) = Q(V/A5(s), VVA(1); (1))
Using the same procedure as for generalized stresses, we can write

@15)  ga(d) = Q(e*(5))+ Y dwiaQ(g*(s) [VA-VIA#] + ) 8,0(g#(s)IV/ALs)
j=0

j=0
= VIAFH () + 0.0(g¥(s)) [w()) — ).
It can be proved that(*!)
(4.16) 0(g*(s)) = 0.

(3Y) Cf. for instance GURTIN and PrekiN [20].
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We denote by

(4.17) 0 {(VI4} = ) 09140(g%(5)) [VVA~ VA%,
j=o
(4.18) m(f) = 6.0(g#()),

and we can write

419) 2,0(g* (<)) w—a¥] = mo)|w*+ [ 2(g(s,&)d].

Using the Riesz’s representation theorem for Hilbert space 5, we have

420 D ,0(g#E) VAL -VIAFE) = D [ ey @)V AY(s)~ VIAF ($))ds.
j=00

j=0
Due to (4.16)-(4.20), the relation for heat flux vector can be written in the form

n w© '
@21) (1) = ¢:{V4}+ Y [ ey©)VALs) - VA s +m(t)w*+ [ 2(g(s, £)ae].
j=0d f

Of course, some terms in this representation will vanish for initially isotropic material.
The result for heat flux vector (4.21) shows that thermal disturbances in our material
will propagate with finite wave speeds(?2).

5. Particular cases

The theory formulated above is broad enough to obtain many well known theories
of materials as special cases. Our procedure for showing this is very simple and obvious,
We place some limitations on the function g(s) which describes the generalized particle
p and then study the restrictions imposed on the response functionals. With these reason-
able limitations, we can obtain a number of previous theories of materials which are of

general interest.
We illustrate this procedure in two examples, namely for a material of grade 2 with
fading memory and for an elastic-plastic material.

5.1. Material of Grade 2
A generalized particle p for a material of grade 2 with fading memory is described by

g(s) = {4'(s), VA'(s); w(D)},
se[0,®), te(—o0, ).

(5.1)
The constitutive equations (2.12) for this case take the form

(5.2) 1I(1) = L(g(s)), () =2(g®), sel0, ),
(*?) Cf. GurTin and PrekiN [20] and CHen and GURTIN [5].

6(
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where the response functional IT represents now the following functionals

(53) () = {p(®), n(0), To(1), T, (1), Q(1)},

and the functional £ has the same form as in our general case (2.16).
Due to (2.25)-(2.29), we have the following results:

(5.4) Ogsy = 0,

(5.5 Treoy(1) = 20r Bcw(g*(s)),
(5.6) Tray = 2935vc1}’(3*(5)) 3
6.7 7(t) = — s 9(8*(9),

(5.8) d w(g*(S)IA‘(S))+ 0y w(g*(S)IVA () + 0w p(8*(9) - 9(3(5))+ ﬂQ(g(S)) ‘V9#<0,
where
(5.9 g*(s) = {4}(s), VA}(s), C,VC, ¥, w(t)}, s5€(0,0), ¢e(~00,c0).

The internal dissipation functional (2.30) for a material of grade 2 becomes

(5.10)0  o(g®) = ——{50 w(g*(S)I/l'(s))+51?.0(3*(3)IVA'(5))+6‘ p(8*(5))-2(2())}-

For an elastic-viscoplastic material of grade 2, the internal dissipation functional (5.10)
can be written in the form (cf. 2.42)

G1)  o(g) = ~5{dop(E* OEE) + b, p(e* OIVEE)
+7(8) <D () te] (2 9 (2* ) + dup(e*(5)) H(2(s)
+ E orirp(g*(s) SV(g (s)))M (g(.s‘))] } '
i=1

If we assume that there is no internal changes in the material considered, i.e.,
(5.12) w(t)=0 for te(—o0, ),

then our results may be compared with those published by GURTIN [19]. It appears that
he implicitly assumed the conventional net working expression in the first law of thermo-
dynamics while the constitutive equations contained the possibility of dependence on VA.
From the thermodynamic postulate he reached the conclusion that the free energy function-
al for a material of grade 2 does not depend on the second gradient of the motion.

5.2. Elastic-plastic material

Let us assume that the generalized particle p is described by the set of functions
(5.13) g@t) = {(VA@); 0()}, te(—o,), j=0,1,2,..,n,
and the temperature, dependent viscosity coefficient y(#) tends to infinity, i.e.,
(5.19) y(®) = .
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Due to these assumptions, the rate of the plastic deformation tensor P is defined by
the relation

(5.15) B(1) = EM(g(1)),
where
(5.16) & = y(N<D(B(e®)>

denotes a new coefficient.
In this case,

(5.17) fg°®) = =,
where
(5.18) g°(t) = {VIA@0); P(), TP(0)}, j=0,1,2,...,n; i=1,2,...,m.

The differential equations for x and I'"® (i = 1, 2, ..., m) have the form (cf. (2.40)
and (2.41))

(5.19) #(t) = Etr{H(g()) M (g(1))},
(5.20) IO = £5O(g() M ().
Let us consider an equivalent yield condition in the form
(521)  f(Trgy V&5 P), IO@W) = =(t), i=1,2,...,m; j=0,1,2,..,n.

It can be shown that the following criterion of loading is valid

(5.22) f=nand D [@rgy,f-Tragy) +(Gviaf-Vi8)] > 0.
j=0

Similarly, the criteria

(5.23) f=wnand Y [(@ry,f Trg)+ @visf-VH)] < 0
j=0

define the unloading and neutral state, respectively.

The parameter £ can be determined from the condition that the point representing
the actual state of loading and temperature lies on the yield surface defined by (5.21).
It is sufficient to fulfil the equation f = %, i.e.,

n

(5.24) Z {(Prg ) Tryy) + (vie f-va:ﬁ)}+tr(a,.fﬁ)+ Z’ {0rG)f- SOP]} = tr (HP).
Jj=0

f=1

This yields the result

(5.25) £ =2 ) [Grgyf- Try) + (Bvsof-V99)],
j=0

where we denoted

(5.26) i ={[(H-2es- 2 arn 59) - M|} > 0.
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Equations (5.15) and (5.25) give

n

(5.27) 2() = 1{{ Y (Org /- Trin) + (Goins VD ) M(g(1)),

j=0
where the symbol ({ }) is defined by
{}iff=xand {} >0,
(5.28) A =0iff=xand {}<0
or if f < x.

The full system of constitutive equations describing an elastic-plastic material has the
form

(5.29) () = p(VIC, ¥; P, I'V),

(5.30) Trej(t) = 20r Ovicy,

(5.31) n(t) = —ds,

(5.32) gr(t) = Q(VIA@); » P, T'D),

(5.33) @) = A{ X [@ry g, - Teg)+ Gosef- VD)) ) M(2()),
j=0

(5.34) () = K{ PrelH () M(g(®)),

(5.35) Io®) = 2 HSO(g®) [M(g®)].

The general dissipation inequality is as follows

1
(5.36) o= 750 V90,

where o denotes now the internal dissipation function for an elastic-plastic material, i.e.,

630 o) ==+ W{[(@ry+acwrE)+ Y v psO(e®)) - ME0)]}.

If we additionally assume that our elastic-plastic material is a material of grade 2,
put m = 1 and denote the third-order tensor I'Y by I, then our results are comparable
with those published by Green, McInnis and NAGHDI [18].

6. Discussion

The basic postulates of this paper are contained in Egs. (2.12) and the main results
are given as (2.25)-(2.28). The simultaneous consideration of memory effects (viscosity),
average internal changes in the microstructure (plasticity) and gradients (fine deformation
structure itself) evidently require such a general framework.

Many open questions remain within the framework presented above. The special cases
considered and the linearized approximation are intended to illustrate how one specializes
the general results. They also aid in interpretation and thereby provide partial answers
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to some of the open questions. Since the special results themselves represent very general
material behavior, additional limits must be imposed in order to reduce to classical plastic-
ity or in interpreting experiments. This appears to be consistent with what the authors
understand to be the physical situation and therefore is desirable. It should be mentioned
that the linearization considered was in the deviation of the process from thermodynamic
equilibrium and not in either the geometric aspect of the deformation parameters or ma-
terial constitutive relations per se. The splitting effect obtained in (4.13) has been helpful
in understanding some aspects of the general framework.

The assumptions represented by Eqgs. (2.31)-(2.32) and (2.36) are special but these
or similar statements are required in order to represent the physical phenomena. The sharp
limits between reversible processes and irreversible structural changes represented by the
brackets in (2.36) idealize well known experimental observations. A function which permits
a smooth but rapid change in the dominant part of the process could be considered. The
results obtained will not be changed except in the transition region itself.

The most difficult aspect of the postulates to evaluate concerns the role of the gradients
(V/A). To a large extent this is due to the general lack of experience and absence of results
with such theories. As mentioned above, it is compounded by the absence of any criteria
which can uniquely associate specific order gradients with specific physical phenomena.
Clearly, if one believes that gradients might be needed in the constitutive relations, they
must also be included in the first law as well. Furthermore, they alter slightly the linear
and angular momentum equations, which have not been presented here.

After considerable study and thought, we rejected the existing forms of the theory of
continuously distributed dislocations as being inadequate for describing the actual process
of plastic deformations. We have adopted instead the gradients as the means for including
the small scale non-homogeneous deformations that develop in simple tension or shear
experiments. In this manner, we have attempted to include what dislocations really are
when viewed in the electron microscope, as well as their overall effect on such phenomena
as work hardening. For most problems in continuum mechanics, it appears to us that the
internal variables are sufficient and in fact that only a few of these will be needed. Howev-
er, the explicit awareness of what one does when one ignores higher gradients seems to
us to be vital in discussions with metal physicists and others who actually perform the
small scale experiments.
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