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TOWARDS MORE REALISTIC MODELING OF INTERNATIONAL ECONOMIC 

COOPERATION VIA FUZZY l'IATHEMATICAL PROGRAMM.ING 

AND COOPERATIVE GAMES 

Janusz Kacprzyk and Jerzy Hołubiec 

Systems Research Institute, Polish Academy of Sciences 

ul. Newelska 6, Ol - 447 Warsaw, Poland 

Abst ract. A new •soft ' cooperati ve - game - tbeoret ie mode 1 of 
international economic cooperation is proposed. Basicalfy, the 
part i cipating countries form coalitions and then choose 
appropriate economic strategi es to maxi mi ze a bene fit or payoff 
( t heir shares of some commorlity). To account for the inherent 
•~oftness' of this -problem, we apply fuzzy mathematical (linear) 
p rogramming to model the economic behavior of the individual 
countries and their coalitions. This inakes it possible to 
introduce 'soft• ( impreci se or tuz zy) aspirat ion leve 1 s for the 
objec tive function values · and the satisfaction· of the constraints. 
This replaces the conventional strict and rigid optimization and 
constraint satisfaction which are . often unrealistic _in 
pract ice. We derive as a solution the C core which is 
coal i tionally stable. 

Keywords: International economic cooperation, international 
conflict resolution, international stability, fuzz y 
mathematical programming, cooperative games. 

1 . INTRODUCTION 

Internationpl stability is not only a prerequisite for the 

successful development of mank.ind but even a "to be or nor to be" 

for the today ' s world . Issues related to it are therefore 

t horoughl y studied by· b oth governmental agencies,and scholarl y and 

res earch inst i tut ions . 

The economi c aspects are here certainly of utmost ·importance . 

Among them , the ones related to internationa l economic coopera ti on 

are particu l ar ly important since the cooperat ion , i f appropriately 

ca rried out, may s i gnifi cant ly he lp raise living s t andards, 



- 97 -

increase efficięncy due to the effect of _scale, make countries 

less vulnerable to economic perturbations, etc. 

This paper is concerned wi th the modeling of international 

economic cooperation _ using a cooperative gllll\e theoretic 

perspective [cf . Ameljańczyk, Ho łubiec and Piasecki (1978) , 

Ameljańczyk .and Hołubiec (1983, 1984) , and Hołubiec (1985)] . . We 

present · a ' softening' of that approach in the spirit of 

Gambarelli, Hołubiec and Kacprzyk. (1988). The rationale is that 

since the economic cooperation problems conpern highly aggregated , 

.often not elear - cut entities and relation·s oll which data · are 

r arely fully available and reliable, then strict requirements of 

the conventional modela as to the p r ecision of data · are often 

unrea listic and should be alleviated. 

Fuzzy sets theory which provides formal means for representing 

i mprec ise concepts and relations (e.g., given by linguistic terms 

"around 5", much more than 10" , "moderate", etc.) is used. In 

particular , we use fuzzy mathematical programming to model the 

economic behavior of the individual countries and their 

coalitions. Basically, tao strict and unrealistic requirements to 

seek exact o-ptima of the ~bjective function(s) and to exactly 

satisfy the constraints are replaced by the requirements to , attain 

some (possibly imprecisely • defined) aspiration l evels on the 

val ues of the objectiv e function(s) -and constraints. 

2 , A BRIEF INTRODUCTION TO FUZZY SETS AND FUZZY MATHEMATICAL 

PR0GRAMMING 

A fuzzy set is basically meant to represent imprecise or vague 

concepts as "large ·numbers". Formally, a fuzzy set A in a universe 

of discourse X= {x} , written Ac X, is represented by, and often 

informally equated with, its membership tunction µA : X -> [O, 1] 

such that µA (x) € [O, 1] - states to what degree x belongs to A: 

from O for full _nonbelonginness to 1 for full _ belongingness, 

through all intermediate values. 

The basie operations on fuizy sets are: 

~ the complement 



µ,A(x) = 1 - µA(x) 

- the inter.section 

µA n B(x) 

- the union 
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V x EX 

V x E X 

V x Ee X 

( 1) 

(2) 

(3) 

Linguistically, the complement corresponds to "not", . the 

intersection to "and", and the union to "or". 

Virtually al 1 works relat'ed to decis!on making under fuzziness 

stem from Be l lma n and Zadeh's (1970) framework. Its basie elements 

are: a fuzzy goa l G c X, a fuzzy constraints C c X, and a fuzzy 

decision D c X; X = {x} is a space of options (alternatives, 

decisions, •.. ) . 

We wish to "sati sfy C and attain G~ which l eads to the fuzzy 

decision given by 

V x E X (4) 

which yields the 'goodness' of an x E X as a solution to the 

problem considered: from 1 for fully satisfactory to O for fully 

unacceptable, through all intermediate values . 
• Thus an x EX such that 

* J.ln(X ) = sup ~(x ) 
X E X 

(5) 

is an opti ma l (nonfuzz.y!) solution (decision) sought . For further 

details , interpretations, extensions, etc. see Kacprzyk (1983 , 

1986 ) . 
• Linear programming (LP ) is to find an x EX such that 

CTX - > min 
x E Rn ( 6) 

subject to: Ax ~ b; x ~ O 
• i.e. to find an x E X which maximizes an objective fu'nction 

subject to some constraints ; A is an m x n matrix of constraint 

coeffic ients , x is an n - vector of nonnegative real variables, 

and b is an m 

However , 

vextor of right - hand - sides. 

in many 

difficult due to its 

practica l problems the use of (6) is 

' rigidity ' in that • strict • ·satisfa c tion of 

the constraints and ' strict ' 

function are required. 

minimization of the objective 

Zimmermann (1976) has therefore suggested replacing (6) by 
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(7) 
T , 

to be read as that the value of the objective function c x should 

be p~ssibly less than an aspiration level z , and the constrainte 

should be possibly well satisfied . 

Thus · if we denote B = (cA)T and d = (zb)T, then (7) becomes 

Bx S d; x ~ O (8) 

where Bis an (m + 1) x n mat rix, and dis an (m + 1) - vector. 

Obviously, ( 8) may be rewritten for e,ach element xj of x = 
. T 

[x 1 , . •. , xn] as fellows 

i= 1, ... ,m + 1; j = 1, ... ,n (9) 

To formalize" s • we conetruct the function 

µi(x) • 1 for (Bx) 1 s di 

= 1 - ((Bx)i - di)/pi) for di< (Bx)i< di+ pi (10) 

= o for (Bx)i 2: di+ pi 

to be meant as that we are fully sat .s fied (= 1) if (Bx)i does not 

exceed a satisfaction level di' we are fully dissatisfied (= O) if 

it exceeds di + pi, and we are partial ly satisfied if i t is 

between di and di + pi. • , 

To reflect di and di+ pi we will write in the sequel (10) as 

(Bx). s {d., d. + p }; 'x. ~ O (11) 
l ~ l l p J 

and similarly for (7) and (8); pi = O ie equivalent to the 

conventional strict constraint. 

Problem (11) now becomes finding an x• € Rn sucb that 

min(µ1 (x), ... ,µm + 1 (x)) -> · max (12) 
X 2: 0 

which is equivalent to the fol lowing conventional linear 

programming problem: find x• E Rn and w* E [O, 1) such that 

w-> max 

subject to: wpi + (Bx) 1 s di+ Pi 

WE [O, 1]; X 2: O 

i ,. .1, • •. ,m + 1 (13) 

3 . MODELING INTERNATIONAL ECONOMIC COOPERATION VIA MULTIPERSON 

COOPERATIVE GAMES AND FUZZY MATHEMATICAL PROGRAMMING 

We wi 11 now first • sof ten• the mode 1 governing the economic 

behavior of both the' ind i vidua 1 countries and their coa 1 i tions, 
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and then incorporate . this model into a cooperative game . 

. 3. 1... A •soft• _model of economic beh·avior usins: . fuzz;ł'. - mathematical 

l?!:21!:~!!!!!!!!i 
Denote by: M' = {m} "' {1, •.• ,M} thę se~ of ~ountr:ies , IV • · 

{k} = {1, .• /,K} the set of sectoril (indivfdual econ6mic. ·· 

activities), N' "'{n}• {1, ... ,N} the . set of colDJBodities, and I' • 

{i} .. {1, •.• ,I} the set of resource types. 
· - · · · · · · , _ _.__ m-- • _ m· --
The matrices of technologi cal coefficients are: A - ... _ [ankl,_ for 

.the unit consumption (use) of commodity n in -: sector_ k_ ·ih co1,1ntry 

m, . Bm .. [b:k) for the_ unit production of Ćommociity ·n in _śector k 

in __ country_ m, and Dm = , (d~k) for the unit use of resource i in 

sector k in country m; m, n, k, i range over M', N', K', ·I•-• . -
The economic strategy of country m, which is the decision 

m · m mT m 
variable, is the vector U • [u1 , ... ,uK] where uk is t~e 

production volume of sector kin country m. 

The function · 
K N 

Fm(Um) • t t (bm - m) m (14) 
1 nk ank uk 

k „ 1 n • 
is called the production system operator of country m and yields 

an economic effect resulting from strategy Um . 

We now introduce the constraints to which the economy is 

subjected . They are given as the 
m m -m m -m 

X"' {(!1• :xl), .•• ,(!N• :xN)] 

country m which is available 

following arr:ays. 

is the volume of commodity n 

for consumption. This should 

in 

be 

understood as follows·: we wish to attain the consumption level of 

commodity n in country m at least im which is o:ir satisfaction n 
level (satisfaction „ 1); the. consumption level may be lower than 

im although the lower the less desirable, and xm is the . lowest n -n 
possible consumption level. 

-m [ m -m m -m , · th !:1: = C-:!! 1 , u 1 ), .•. , (:!!K, uK)] is the array represent1ng e 

limitations of production capacities in the particular sectors of 
· m m -m - m -m country m. Likewise, Z c [(!1 , z 1 ),~ .. ,c_~1 , z 1 )J gives the 

limitations on the resource types available to country m. 

Assume for simplicity that the above constraints on the 

consumption i"eve·1, -production capacity, . and resource availability 

are the only ones to be dealt with, i.e. we neglect _ those on labor 

force, feasib l e technologies, etc: 



- 101 -

.A feasible economic str ategy is therefore one whicb satisfies: 

the production capacity constraints 

or 

, ( 15a) 

(15b) 

where " s " is understood as in (11), Le. it is satisfied to some 

degree, · between O and 1, given by ·[cf. (10] . 
__ 1 -- m m m 

J.litmC-uk) • 1 for uk ::s; ~k 

=. o 
- the resource ava'ilability constraint 

or 

which 

K 
m m m m -m 

wi • I _ d.k~ ::s; <!1, zi} 
k • 1 1 ~ ' 

is satisfied to the degree 
2 m 

µim(wi) • 1 for w~ s z~ 
1 -1 

) ' 

• 1 - (w~ - z~)/(z~ - z~) for z~<.~< zm 
-:-1 - 1 i 1 -1, 1 -1 

„ o 
- the consumption level constraint 

(Bm_. Am)u"1 ~ Xm . 

or K 
m E (bm m) m { m -m} 

gn = 1 nk - ank uk ~ !n• xn 
k "' 

which is satisfied to the degree 
l m 

µnm(gn) '"' l 

m -m 
for "i 2: z1 

m -m 
for gn 2: xn . 

for!:< g: < x: 
• O for gm s x~ n -1 

' 

(i6) 

(1 7a) 

, (17b) 

(18) 

(19a) 

(19b) 

(20) 

We can a -lso distinguish some represent'ative commodity, say xi, 
and express the co~sumption of x;, ... , x: with respect to xi using 

the vector hm= [h~, ... ,h:J; h: z x:/xi is called the consumption 

structure. In this case (19a) becomes . 

K 'K 
I (bm m) m - hm E 

k „ 1 nk - ank uk = n k • 
(21) 

An economic strategy Um"' [ui••··•u:JT is clearly feasible to 
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some degree which is here assumed to be 

µ:(Um) = min(min(µi(u~), ... ,IJim(u:)), min (µ~m( w~ , .•• 

2 m . · 3 m 3 m 
· · · ,µIm(wl))' mm(µlm(gl)' • • · •~m(gN))) <22 > · 

Notice that (22) may be viewed as re·flecting some "safety -

first" attitude which seems to be appropr iate in our context . ; 

An economic strategy is). - feasible if µ8 (Um) • X, i.e. if it 
m 

satisfies each constraint at least to degree A€ [O, 1] . 

The objective function is t he production system operator (14) 

to be maximized. This is replaced by amore realistic requirement 

Fm(Um) 2: ~m (23a) 

or 
K N 

m ~ ~ (bm m) m ~ {!m, -fm} yk = ~ ~ 1 ik -_ 4 ik uk ~ 
k „ 1 n = 

· (23b) 

which is satisfied to the degree 

v-°cum) = 1 
m 

for ym 2: .fm 

for !m < ym < fm (24) 

= O for ym s fm 

An economic strategy is). - optimal if µ~(Um) .-).. 

For country m the problem is now to find an optima} strategy 

um* and a maxima! A, ).*, such that it yields the highest 

feasibility and optimality degree of Um. 

According to Section 2, this can be represented by a fuzzy 

linear programming problem with the fuzzy objective function (23a, 

b) and the fuzzy constaints (15), (17) and (19), which is 

equivalent to the fol lowing nonfuzzy 1 inear programming problem: 
m* m• m* T * 

find U = (u1 , ... ,uK) and). such that 

). -> max 

subject to: (25) 
-m m m -m 

>.(uk ~k) + uk s uk 
K -m z~) l: m m -m 

).(zi + dikuk s z. 
-1 

k"' 1 1 

K -m m :E ( bm m m -m 
A(X - X ) + - 6 nk)uk 2: X n -n 

k = 1 nk n 

). E JO, 1); u:~ O 

3.2. A __ multiEerson __ cooEerative __ iame __ m~del __ of_ . _international 

economic_cooEeration_involvini_fuzzi_mathematical_EroHramming 
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The economic cooperati on between the count r i es whose economie s 

are d e scribed by the above m_ode l i s now dealt with in terms of a 
; 

multiperson c ooperative game. This game is assumed to be an 

orde r e d pair G = (M, v ). M is the set of players (individual 

c ountri e s) a nd 2M = {S : S s M} is t he set of coalitions, Le. 

subsets of countries. 

A function , cal l ed t he characteristic function of the game, 

v: 2M - > R; v(0) • O (26 ) 

is defined which associates with each .coalition an economic 

effect, v(S), i.e . the value of . (11), which can be assured by the 

coalition no matter what the conduct of other players (not 

belonging to this coalition) is. 

The algorithm for determining v(S) [see , e.g., Ameljańczyk and 

Hołubiec (1983 , 1984 )], but now accounting for the 'soft' model of 

the economy of each country presented in Subsection 3 . 1, is 

* 
K 

v(S) = F (S) = ~ (bm :.. ' m m* ~ 
I: ~ 1 nk ank)uk; V(v) = O 

me:sk„ 
(27) 

where u m* 

strategi es 

ma m* 
(ul, •.. , uK ) , 

of the contries 

m E S, are the optima! economic 

belonging to coalition S which are 

obtained by solving 

). -> max 

subject to : 
-m m m 

).(uk - ~k ) + uk ~ 

). ( I: -m I: z. 
e: s 

]. 
e: s m m 

).( I: -m 
E X 

e: s n e: s m m 

). E [O , 1] ; 
m 

uk ~ O 

-m e: s uk; m 

z~) + 
-]. 

m 

xm) , + ' -n - I 
m 

(28) 

I: m m E 
:..m 

dikuk ;S; z. 
E 8 e: s ]. 

m 
K 

. (bm E I: m m -m 
:- ank)uk ~ X 

E S k 1 nk · n 
= 

Notice that v ( {m} ) , me: M, is some characteristic feature of 

count ry m which can be found by solving (25). 

Func t ion v( S ) is superadditive , i.e . v(S) ~ v({m}). 
m e: S 

Intui t ively , it can be jutified as follows: the aspiration leve l s 

on l owest (highes t ) p oss'ible levels are obtained by summing up 

t heir indiv i dual counterparts over m ES. Thus if in one country a 

constraint limit is onl y partially used, it may be used by the 

other countries of the coalition, a11eviating thei~ limita , hence 

l eading to a possibly higher economic effect. 
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Evidently, the max ima! joint economic effect is fo r S „ M, 

i.e . when all the countries cooperate, and i s equa l to v(M) give n 

by solving (28) for S = M. 

I f X ' = (xi, ... ,xŃ) is the vector ·of· g l oba l v o l umes o f t h e 

cons umption commodi ties , then the P,rob lem of internat i onal 

e xchange, assuming a known and constan t consumpti on structure h, 

i s to deter mine the payoff vector X= (x 1 , ... ,xM) which gives the 

::- hare o f x 1 (the basie or repr esenat ive commodity) allocated t o 

country m, m = l, .. ,M. Obv i ousl y 
K 
I: xm „ xi (29) 

m 1 
t' otice t hat i n ( 29 ) the amount of xi i s a s s umed to be strictly 

givvn as opposed to 'soft ' limits (im and xm) in (19). n -n 
Among many s olution concepts , t he C - core, C(v) , has · proven 

very_ usefu l [cf. Ameljańczyk and Hołubiec (1983, 1984)]. In our 

c ase it i s defined as 

s E 2M; 
M 

C( v) '"' {X: E X :i:: v ( S) , E X = v(M)} (30) 
E s m 1 m m m • 

I f C(v) 'I 0 , it contains coalitionally rational (stable) 

sol uti ons (the payoff vectors, i.e . the shares of x 1 ) in the sense 

that the players (countries) cannot do any better by leaving S . 

4. CONCLUDING REMARKS 

We fee! that the proposed model may help describe more 

realistically important 

cooperation. First, it 

problems 

explicitly 

of international 

accounts for an 

economic 

inherent 

' sof~ness• of these problems in an · intuitively appealing and 

computational ly tractable way. Second, i t propos es to use some 

' softer • derivations of the tools of cooperative game theÓry and 

its s o lution concepts which have already proven to be useful for 

analysing problems from the class considered. 
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