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A NEW APPIWACH FOR PAIRWISE COMPARISONS UTILIZATION IN MCDM 

Janusz Majchrzak 

Systems Research Institute, Polish Academy of Sciences 
ul . Newelska 6, 01-447 Warsaw, Poland 

ABSTRACT 

A new approach for an interactive support of 
multicriteria decision-making is presented. It is 
based on pairwise comparisons of alternat.ives and 
accepts any number of comparisons. 

Keywordsc rnulticriteria decision-malcing, pairwise 
comparisons, impicit. util·ity function 

1, I NTRODUCTI ON. 

The basie problem in the area of interactive decision 

support.. f'or rnult.icrit..eria problems is the ext.ract.ion and 

utilizat.ion of the decision maker 's CDM' s) preferences. A 

rather large number of approaches have bean developed during 

the last. decade. This paper report.s some of the basie ideas 

of' · a new one whi eh seems t.o be promi si ng because of i ts 

-concept..ual and methodological simplicity. The presented 

approach is based on t.he pairwise, comparisons of 

al tarnat.i ves and l inear appr;oxi mat.i ons of' t.he DM' s ut.il i ty 

f'unct..ion . Since t.he approach is at. an early st.age of' 

development. _and several of i ts aspects st.ill have t.o be 

invest.igat.ed, just a f'ew basie ideas and mot.ivat.ions will be 

present..ed. 

The · basic feat.ure of the approach is that· the DM is not 

forced to compare pairs of!/al{ernatives which are presented 

to him but he chooses hirnself a subset of' alternatives to be 

evaluat..ed. An ·underlying quasiconvex DM's ut.il~ty f'unction 

is assumed. 

2. MOTIVATIONS. 

Let.. us consider t..he f'ollowing : mult.icriteria decision 

malc:ing problem. A decision • maker 

i nsti tuti on) . . want.s to buy a new. 

Ca 
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an 
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dif.ficult.ies in choosing it. .from t.he variet.y o.f models 

avai1able on t.he market.. He i ·s not. an expert. in cars and he 

knows just. a .-few models: his old car and t.hose possessed by 

his friends -and relat.ives . So, all- he is able t.o sa-y about., 

his preferences is a number of st.at.ement.s concerning cars he 

knows, like for example: 

VW Golf is preferred t.o . Opel Kadett. 

Fiat. Uno is pref"erred t.o Peugeot. 205 , et.c. · 

He refuses t.o_ compare cars he does not. know or _t.o supply any 

ot.her l::inds of in1'ormat.i6n about. t.hem. The reference point. 

approach might. be adopt.ed int.his case, but. what. if" . t.he DM 

would not. be sat.isfied wit.h t.he result.? 

The t.asl:: can be .formulat.ed as fellows . A relat.ively 

small number of pairwise comparisons of alt.ernat.ives is 

available. What. can be said about. t.he DM's preferences· on 

t.he basis of t.his small amount o.f informat.ion and what. can 

be said about. t.he quality o.f t.h.at. in.form.at.ion ? Not.ice t.hat. 

a st..at.ement.: "a cheap good car is preferred t.o an expensi ve 

bad car" is rat.her low quality informat.ion since once price 

and performance have been est.ablished as crit.eria, t.his is 

an obvious st.at.ement.. The DM should be i nformed about. t.he 

qualit.y of t.he evaluat.ion 01' t.he alt.ernat.ives which he has 

made . Also his inconsist.encies should be discovered and 

disclosed . 

3. BASIC IDEAS. 

Let. F be t.he space of ~ crit.eria, A R"' be t.he 
+ 

dominat.ion cone and let. Q c F be t.he set. of feasible 

alt.er nat.i ves. We will assume t.hat. behind t.he DM's 

preferances t.here exist.s an underlying implicit. quasiconvex 

ut.il i t.y .funct.ion U: F-1< . The DM need not. recognize it.s 

axist.ence. Howaver. we will assume t.hat. whanever he decides 

t.hat. alt.ernat.ive beQ is pre.far-red t.o alt.er-native aeQ 

it.. is equivalent. t.o UCb:> > UCw . 

The DM's ut.ilit.y .funct.ion U is in generał a nonlinaar 

funct.ion of crit.eria. Ident.i.ficat.ion Ceven indirect.) o.f such 



- 143 -

a runct.ion usually requires a large amount. or dat.a and 

si gni r i cant. comput.a t.i onal erfort... Thererore, keeping · 

nonlinearit..y or U in mind, we shall rest.rict. ourselves t.o 

a set. or linear. approximat.ions of U only. 

Suppose t..hat. k pairs of' al t..ern~t.i-ves were compared by 

t.he DM: 

bi is pref'erred t.o ai i=t, .. . ,J<i. 

Toi s set. or dat.a · may_ · be consi der ed as a set. w or 

vec_t..ors in t..he crit..eria space F , point.ing from a less 

prererred alt..ernat.ive t..o amore prererrea b . . 
I. 

i=t, .. . ,k > 

Let. us also consider t.he set. V or normalized vect.ors welt' 

V . =-w . / li-w . li , -W • elt' ) 
I. I. I. I. 

Each or t.he vect..ors vi represent.s a direct.ion of' t.he 

ut.ilit..y runct.ion UC/> improvement. int.he space or crit.eria. 

Hence~ t..he eona C spanned by vect.ors veV is ·t.he cone of' UC/:> 

improvement. 

The cone c* is t.he corresponding polar cone 

c* = < yeF : · <y/1.'i> , vieV • i=t, ... ,k > . 

Bot.h C and C * cones can be expressed by t..heir generat..ors. 

The. set. · of cone generat.ors is t.he minimal subset. of vect.ors 

belonging t..o t.hat. eona t..hal; s~ill span t.he co~a. The . cone C 

and c* generat.ors will be denot.ed by c 0 ee0 and . c 0 * ee0*, 
respect.i vel y . 

C ( ~ o = .c' t' I. I. 
. a.ieR+ . c .eC0 > 

I. 

c*=- ( ~ Ołf f\eR+ 
OM Ołl > f>,:~ i . . C , eC 
I. 

Let. us ret.urn t.o t.he pairwise comparisons. Since we 

shall consider t..he linear approximat.ions or t.he ut.ilit.y 

funct.ion, f'or t.he sake · or present..at.ion simplicit.y ·let. us 

assume t.ha t. . U is li near . If t.he DM has decided . t.hat. 

alt.ernat.ive beQ is . preferred t.o alt.ernat.ive aeQ t..hen 



- 144 -

UCb>>U(a:> 

and 

It, i s elear t.hat. <v, u>~O • ,.,hera v=la,bJ 

i s a vect.or normal t.o hyperplane.s 

Hance, clearl y vect.or V is cont.ained in cone 

UC f>=const 
r * . 
<.- • 

Fro_m t.he above anaiysis it. f-ollo"'5 t.ha t, t.he a ccu r at.e· 

de.t.ernu.nat.ion of vecl.or 1.1 normal t.o t.he hyperplanes o f U 

wi 11 be . possi bł e onl y i n t.he case "'hen t,he' cone c*: i s 

s panned by a single v ect.or Cnamely -u) i. e . t.he cone C is a 

halfspace of F . In t.his c ase l.he DM's ut,il it,y funct,ion Cer 

rat.her acl.ually it.s linear appr oximat,i on only) has been 

obt.ained and ,.,e_ can easil y cal culat.e t. h e DM's mos t. preferre d 

sol ul.i on b y mi ni mizi ng U over t.he set. Q. 

In generał. f' o r obvious reasons, t.he •eona C will be 

smaller t.han a h a lfspa ce and it.s polar * cone C wi l l have a 

none mpt. y int.er i or. I n such a case each of t.he vect.ors 

cont.ai ned in c* may appear t.o be t.he vect.or 

F ort.unat.el y , . we c an r est.ri c t. ourselves t.o t.he cone c* 
g e nerat.ors ·c* only. Considering each c~ t.o be t.he vect.or v 

Cmini mizing line.ar f' unct.ion based on c~) one can obt.ain a 
l. 

set. o f ą i eQ being t.he DM 's ut.il i t.y funct.ion linear 

approximat.ions _ mi ni mi zers . These el ement.s det.er mi ne a 

subset. ScQ of nondominat.ed element.s of Q in which t.he DM's 

most. preferred alt.ernat.ive Cminimizer of U) is cont.ained. 

As i t. can be seen no..,, our approach does not. claim t.o 

det.ermine t.he DM's most. preferred solut.ion exact.l y . I ( "'ill 

rat.her t.end t.o f ind a domai n in "'hich it. is cont.ained : The 

more informa~ion about. t.he DM's preferences i s cont.ained in 

t.he supplied pai r ..,ise comparisons of alt.ernat.ives, t.he 

smaller t.his domain lolil l be . Besides, a good candidat.e for 

t.he most. preferred solut.ion may be also present.ed t.o t.he DM . 

* Il c a n be det.er mi ned as t.he eona C "middle-most." vect.or: a ... 
sum of c. 

l. 

aut.hor's 

, a sum of vi , a gravi t.y cent.er of vi • et.c. 

favori t.e met.hod for candidat.e select.ion is 

The 

t.he 

cal c ulat.ion o f t.he minimal Ceuclidean) norm element. · from t.he 

convex hull spanned by t.he eona c* generał.ars This 

l.echni que based on t.he met.hod of P. Wolfe (1) appeared t.o be 

very useful in our approach, sęr\dng also for some ot.her 

purposes . Let. us denot.e t.he minimal norm element. from the 
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convex hull spanned by the set V of vectors v as 

2 = HNECHCV) . 

4. SOME DET AILS. 

I n thi s chapter we shal l di scuss the ba.sic cases tha t 

can occur for di fferent sets of pai rwi se compar i sons .O _l' 
I 

alternatives supplied by the DM. Let H be a halfspace of F. 

Case A. C H • 11211 O - full information case. 

As it has already been mentioned, in this case the linear 

approximation of the DM's utility function is defined by the 

vector u norma! to the halfspace spanned by C. The DM's 

most preferred solution may be found by the optimization of 

the linear function b d sed on u. 

Case B. 

Since 

C :> H, 

the DM's 

llzll=O - inconsistent information case. 

uti lity functi o n is assumed to be 

quasiconvex, the set V of pairwise comparisons s _upplied by 

the DM is inconsistent. Conflicting elements should be 

selected from the set V an~ presented to the DM. They are 

those elements which span a convex hull containing zero and 

hence cause llzll=O . Their 'selection is automatic during 

calculation of z . This case may 'also appear when in the 

process of alternatives evaluation the DM actually uses at 

least one more criterion besides t he specified m. 

Case C. AcCcH, 11zpJ o .-• - usual case - discriminat.ive 

type of information supplied . 

This is the basie 

opti mi za ti ons of li near 

case. After the sequence 

functi ons based on vectors 

of 
O* 

C 

m 

a 

subset of nondomi na ted el ements of set Q wi 11 be obtai ned . 

This subset, spanned by the set of the utility function 

linear approximations optimizers, contains the DM's most. 

preferred alternative A candidate for the DM' s most. 

preferred solution will also be found by the linear r'unction 

based on ~ctor z optimization over the set Q. Not.ice t.hat 

i f the number of suppl i ed pair wi se compar i sons is to smal 1 
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et.o span a non-degenerat.e cone C, f'or example), t.hen 

generat.ors of t.he dominat.ion cone A can be added t.o t..he set. 

V. 

Case O. · C c A c H llz ll> O non-di ser i mi nat.i ve 

inforrnat.ion case 

This is lhe case when t..he inf'ormat.ion cont..ained in. pair~ise 

compar i sens of alt.er na t.i ves suppl i ed . by the DM is of' 1 ow 

quality CSt.at.ements like: "a geod cheap car is pref'erred t..o 

an expensive bad car") . The DM should · be informed about. t.._his 

fact and perhaps he will be able to give some more 

restrictive statement..s. If he refuses for some reasons, we 

can not. proceed along t.he Case C lines . However, inst..ead of 

of considering t..he supplied informat.ion as beinQ of a 

discriminat..ive type we can t..reat.. it. as an inst..ruct.ive t..ype 

informat.ion. Each of t.he vect.ors -ueV can be t.reated now as 

an approximat..ion of the DM' s improvement. di rect.ion or his 

ut.il i t.y gradient. approximat.ion. Hence -we can proceed just. 

like in Case C, t.aking cone C inst.ead of c* int.o 

consi derati on . Of" course t.he DM shoul d be awar e of the new 

int..erpret..at..ion of" t..he informat.ion he has s ·upplied. 

Not.ice t..hat. the last. two cases can be dist.inguished by 

checking whet.her "AcC or Cel\• respectively. The select.ion 

of a proper case is easy and it.. is done during t..he 

calculat.ion of 2 as proposed by P. Wolfe (1976). 

5. CONCLUDING REM>.RICS. 

The present.ed approach can be used for bot.h arbit.rary 

small and large amount..s of available pairwise comparisons. 

If t.he DM is able t.o supply a large amount. of evaluat.ions 

f'or arbit.rarily chosen pairs of al ternat..i ves, t.hen a 

t.echnique similar t.o one present..ed in by Koksalan, . . . (1984) 

rnay be used in oraer t..o eliminat.e dominat.ed alt.ernat.ives 

from furt.her considerat.ions . If it.. is not. t.he case, t.he 

DI~RET Csee Majchrzak (1988)) package met.hodology should be 

applied. Act.ually, t.he presented approach is planned t.o be 

included int.o the DISCRET framework. 



'I 

- 147 -

Severa! aspect.s of:. t.ha presant.ed approach are sti·1·1 not. 

quit.e elear al the moment.. I~ generał, most. of t.hem concerns 

the sal ,;;;,et.i on of some addi ti 'onal t.echni ques t.hat shoul d be 

cornbt ned togelher wilh the present.ed one t.o form an 

operational decision support syslem, .An int.eresting question. 

is, for example, ho..., to ' salecl a smal,l sample of those 

alternat.ives ...,hose evaluation. by the DM may result. in 

si gni f' i cant 

approximation • 

i mpr ovemen t, of the DM's preferences 
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