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ON THE ENTRY PROBLEM. 

Jacek W. Merc"ik 
Institute of Production EnGineerin~ and Nana6e11tent, 
25, Smolucho~ski Str .• 50~37~ ~rocła~, Poland 

; 

' ABST~CT. The problem or the entry of ·a new candidate 

Calternat.ive> int.o a race is considered in order t.o r~nd t.he 

necessary condition guarant.eeing victory ror the new one. The 

considerations are made under differing assumptiońs about. . the 

dimensionalit.y óf space, number of candidat.es and .t.ype or . 

vot.ing . 

Key Words: entry problem. voting schemas .. 

INTRODUCTION . 

Oneof the ·most. import.ant problems i n applied political 

science is connected with t.he entry or a new candidate int.o a 

political race. On solving this problem one expects answers t.o, 

among ot.bers, t.he following questions: 

what. chances has any new ent.erer for winning, 

what posit.ions among other candidat.es should s/he take in 

order to maximize his or her chances or winning . 

It. is obvious that. answers to ~he above questions depend 

subst.antially on: C1) the voting syst.em used in a given 

s~t.uation Celection), C2) the way of evaluat.ing t.he candidates ' 

posit.ions . The first · dependence has an .object.ive character C 

it is given from .out.side), the second one is subject'ive in 

nat.ure; one may use · one or more ideological dimensions 

Cat.tribute scales) in a modeland t.he choosen distance -met.rics 

may differ for difrerent . problems . The _ sit.uation may also be 

more c0111plicat.ed bacause usually the nu11ber . of candidat.es is 

considerably large. 

In . t.his paper .we analyse the entry problem under 

plurality vot.ing Cbecause it. is t.he most. popular 

vot.ing) and under approval vot.ing <probably t.he 

group decision making - NurmiC1983)). 
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In lit.erat.ure one may· find t.he res_ults ot' investigations 

upon the chances ot' the new enterer in the t'ollowing situations: 

(1) n=2+1 candidates and pluralit.y voting, 

<2> n> 3 candidates and pluralit,y voting, 

(3) n=2+1 candidates and approval vÓt.ing . 

The situat.ioris <1> and (3) . are considered under the 

assumpt.ion that candidat.es are dist.ributed along a single 

att.ribute scale. Sit.uat.ion <2> 

t.han on·e ideological dimension . 

is also considered in more 

Some considerat.ions about t,he entry_ problem one may also 

find int.he papers or Haller <1984 , 1988a, 1988b) where . the 

language and methodo-logy ot' game theory were used. 

In our paper we are going to present. t.he " state ot' art·· ot' 

the entry _problem. 
/ 

THE CASE OF n a 2 + 1 · CANDIDATES. 

Brams and St.raft'in (1982) have considered the - new 

candidate's entry problem under t.he following assumptions : 

1.1 There is a single , left-right ideological dimension 

along which candidates take positio~s. 

1 . 2 Each voter has a most-pret'erred position on this 

dimension. 

1 . 3 Each vot.er has one vote and always casts it t'or t.he 

candidate whose posi t.ion 1;,;; cl,osest to his or her most.-pret'erred 

position (the used voting is plurality non-transferable). 

1.4 The candidat.e with the most votes wins : 

In the search t'or a new enterer's chances to win Brams and 

St.rat'fin fotind so called "2/3 separation opportunity" t'or the 

median candidate ; given the symmetry and unimodali ty 

assumptions. The t'ollowing theorem contains this result: 

Theorem 1 <Brams, Straft'in). 

It' x•L and x~c are the positions ot' the candidates, . and 

t'Cx>>O is a continuous, unimodal density t'unct.ion ot' electorat.e 
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dist.ribution on ideological diMension Ca,bJ, symmetric about it.s 

median 11, and 
N 

J f'Cx>dx 
L 

t.hen a t.hird candidate X can win at his or her opt.imal position 

x*=l'l . 

The assumption, given in the above t.heorem, that elect.ora t.e 

is distributed unimodally and symmetrically around it.s median on 

the dimension Ca,bl <or equivalently _on C0,11> is rather 

unrealistic . Taking. this assumption apart. we use consequently in 

al · our fut.ber considerations t.he quantit.y of' vot.es, which can 

be o btained by a given candidat.e. This also means t.hat we will 

us e the elector at.e distribution runct.ion only indirectly. 

Let us consider the new candidat.e's chance when we change 

pluralit.y vot.in, into approval vot.ing. Consequently, we 

substitut.e assumpt.ion 1 . 3 by assumptión 1.3.1 . 

1 . 3 . 1 Ea~h vot.er may cast from O t.o n vates (n is t.he 

number of candidates) giving one vote to one candidat.e . The 

voting is sincere and vot.es are given according t.o the 

d i ~t ance f'rom his or her position along the dimension {approval 

voting) . 

~e assume that. t.he number of' votes given by any voter is 

un if'ormly choosen f'rom the set {0,1, .. . ,n}. 

Theorem 2 . If X is winning under single plurality vot. i ng then X 

is also expected to be a winner under approval voting. 

Th~ proof one may find in Mercik <1988b> . 

Let b~n)denote t.~e number of' votes received by the i -th 

candidat.e <i=1 , 2 , . .. , n) when _there are n candidates in a 
n 

race . For the sake or simplicity we assume t.hat. ~ b~n)= 1. 
i=1 1 

Let. c~ł~de'note a part of' the vates which candidate <n+1)-st 

g ets from t.he j-th candidate . 

From Theorem 2 one may also obt.ain 

c<L)+c<C>>l/2 · 
3 3 . • 
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t.his is so called „1/2 separat.ion opport.unit.y", i. e. <in t.he 

sense of' number or vot.es) t.he minimal dist.ance (bet.ween Land C) 

giving X t.he opport.unit.y t.o be t.he expect.ed winner under 

approval vot.ing and is equal t.o 1/2 . 

We see t.hat. Brams' .and St.raf"f'in's "2/3 separat.ion 

opport.uni:t.y" f'or ·pl urali t.y vot.ing has t.urned int.o "1"2 

separation opport.unit.y„ f'or approval vot.ing. 

Int.he above t.heorem wet.alk only about. t.he expect.ed winner 

because no one can say what.' a vot.er's behav'ió\lr will be, i. e. 

how many vot.es will any vot.er decide t.o use in specif'ic vot.ing. 

We use t.he assumpt.ion about. unif'orm probabil i t.y, 

t.here are some pract.ical invest.igat.ions <see: Brams 

Brams,Fishburn 1987, Fishburn, Lit.t.le 1988, Mercik 

however 

19!38, 

1988c) 

t.elling us t.hat. t.his assumpt.ion is, in genera·l, probably not. 

t.rue. 

If' we reject. t.he assumpt.ion about. uniform dist.ribut.ion over 

t.he set. {1,2, •.• ,n} we may also expect. t.hat. t.he cent.rist. 

candidat.e X: L <X< C will win under approval vot.ing. This is a 

consequence ot t.he central t.endency of approval vot.ing in 

one dimension modelling <Mer9ik 1986 , 1988d) . 

THE CASE OF n~ 3 CANDIDATES. 

We st.ill analyse one dimensional model. Assumpt.ions 1.·1-1. 4, 

st.and but. t.here are more t.han t.hree candidat.es . in t.he challenge, 
I • .- ~ 

Def'init.ion. For a given <h+1)-st. new ent.erer, t.he i-th candidate 

is called nei&hbour to the j-th candidate if' t.his new enterer 

t.akes off' some part. of' t.he i-t.h and j-t.h candidat.es' vot.es by 

t.he way of t.aking a fixed posit.ion on t.he dimension . 

Let. Aj denot.e t.he set. of the j-t.h candidat.e's neighbours 

f'or t.he f'ixed posit.ion of . t.he <n+1)-st. candidat.e . 

Let. Bj denot.e t.he set of' vot.ers ' .· posi t.ions which are not. 

t.he act.ual winner ({j}) or t.he, j-th candidat.e's neighbou~s . 

Hence N=< 1,2, •.• , n} = < j > u Aj u Bj. 
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It. is obvious t.hat. card<Aj>~O and card<Bj>~O but. t.hey nay equal _ 

zero only sinult.aneously. 

Int.be sense of t.he above, t.he number of vot.es of t.he new 

Cn+1>-st. ent.erer is: 

b<n+1> • c<J> 
n+1 n+1 

+ ' "=" . cCi>. 
·.;. . n+1 
ieBJ . 

We dist.inguish candidat.e j as the up-t.o-now .winner. It · is 

obvious t.hat. int.he first. t.urn the new ent.erer should beat. the 

current. winner Ct.his is 

should beat. every other 

b<n+1> + 
n+1 

nei:essary cohdit.ion>, · aft.erwards,s/he 

candidate :f'rOłll Aj and Bj, i. e ,. 

c<j> > b~n) (2) 
n+1 J 

b<_n+1> 
n+1 

bCn+1> 
n+1 

+ 

+ 

c<i) 
n+1 

c<k) 
n+1 

> b~n) 
i 

(3) . 

0) 

We may not.ice t.hat. in the one dimension model, t.he ent.ry of 

t.he(n+1)-st. candidate is a very local pheno~enon, i.e. for ieBj: 

c<i>=O· t.he number of' vet.es of candidates not bein• nei•hbours 
n+1 ' "' " 

t.o the j-th candidate doesn ' t. change itself aft.er t.he Cn+1)-st. 

candidate ent.ers. 

Let aj denot.e cardinalit.y of AJ . 

If' t.he Cn+1)-st candidat.e wins, s/he get.s CHercik,1988a> 

more than 

1~(aj + 2) Cb~n> 
+ i J 

b<n> )' (5) 
J k 

keA 
and because c~rd<Aj>•1 -obt.ain 

b<n+1) 
n+1 > "2/3 b<n) 

k ; keAj (6) 

The above inequalit.y one may call t.he "modyfied 2/3 

separation opport.uni ty .. ; t.he new ent.erer has to have more vot.es 

than 2/3 of the vot.es of any nei~hbours of any of the winners 

to dat.e . 

The case of n~ 3 candidates under approval vet.inr; still 

hasnot. oeen analysed and needs more research both for the o ne 

di•ension as well as t.he more than one dimension cases . Positive 
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result.s have been obt.ained ónly for the ent.ry problem o~ n ~ ~ 

candidat.es in pluralit.y vot.ing. 

THE CASE OF HULTIDIHENSIONAL ANALYSIS. 

At . the very be,:innin,: of t.he entry problem analysis usi11g 

mult.idimensional models we have to say that the dimensional 

extention is fot only. a simple extent.ion . of one dimensional 

models , say, for example, · as the ext.ention of . definition of' the 

parameter s of random variable to random. vect.or. The phenomena 

under investigation are usually not so local as in one 

· dimension; · see, for example, at c~!f for ieBj. It is possible to 

beat. the current 11inner via collecting votes from non-neighbour 

candidates. It is also not so elear where the position of the 

(n+1)-st candidates should be . It is no longer true that the 

ne11 Cn+1)-st candidat.e should beat the current winner in 

the first turn. Generally, there is no prediction who 

Cmeaning: 11hich candidate) should first be beat.en. 

Havin,: in mind the above remarks we may find • that 

rest.Fict.ions (1)-(i), as1 for~ulat.ed in the language of quant.ity 

of' votes in place of the dist.ributi9n :runct.ion along dimensi ons, 

are still valid, and t.hey are necessary and · sufficient 

condit.ions for the <n+1>-st candidat.e to be the winner in a 

chalenge wit.h n ot.her candidat.es. 

The problem or how t.9„ fi,nd a position for ' the n ,,-~ ent.e r e r 

guaranting him or her victory is t.hen a linear · progra~ming 

CLP> problem with rest.rictions (1)-(4-) and the goal funct. i on: 

max b<n+1) 
n+1 The only problem 11hich we may f i nd in solving 

this LP problem is t.hat we don ' t know the exact. values o r the 

distribution of vates for the candi dat.es fcir ' every point of 

multidimensional space. This is, in fact, a discret.e LP problem. 

Int.his paper we want to sho11 only an approximat.ion of the 

Cn+1)-st candidate's position via some type of "separation 

opportunit.y ... 
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For more than one dimension analysis from <1>-<t> we may 

find t;hat if the <n+1)-st; candidate 

b<n+l}> ·1/Ca. + 2) <b~n>+ 
n+1 J J 

(7) 

The inequality (7) one may ca_ll . "multidimensional 

opportuni ty condition" for the ne11 · enterer's _ win it : is 
' 

evidently not a suf:ficient condition. ~e should notice that the 

number of votes of the new eJrt.erer (b~~;1 >} is approximated _by 

the quant.ity of' the votes of all t.he other candidat.es before t.he 

new ent.erer has come - this kind of approximation let.s us locate 

the new ent.erer's position as a point in the 111u1tidimensional 

space of attributes. 

CONCLUSI0NS. 

In the pa~er 11e have present.ed the results of analysis of 

the so called entry problem finding some opportunity conditions 

the :fulfillment o:f which gives the new enter-er chances t.o win. 

The obtained results presented bere are rat.her positive 

.:from thenegative results indicating- what positions 

prohibited :for a new candidate if s/he wants to win. 

apart 

are 

We also think that every real life model should operate 

using the _quantity of vates in place of the distribution of the 

electorate along the dimension<s>. 
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