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A GREEDY-UKE APPROXIMA.TE ALGORITHM' ·FOR THE SEQUENCING JOBS 

WI TH DEADLINES PROBLEM s AN A VERAGE CASE APPROA.CH 

Krzysztof Sz.ltatuła 
Systems Research Institut~ 
Pol.ish Aca.demy of Sciences 

ut. Ne'W(łl.s'/<ta. 6. Ot-447 lt'az-szawa, Pol.and 

ABSTRACT 
In this paper, scheduling Jobs with deadlines problem 
is considerd. A threshold algorithm for solving it is 
proposed. It is shown, in contrast to the worsl case, 
lhat the threshold algorilhm is asymplolically oplimal 
in the average case. 
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1, INTRODUCTION 

In lhis paper - are concerned _wilh the scheduling Jobs 

with deadlines CSJD) problem. It can be formulated as 

fellows: 

n Jobs have to be processed on one machine. Each Job j 

has a processing time tj and a deadline dj. If job j 

is completad before ils dedline then profil pj is 

earned. l)le problem consists in finding a schedule of 

Jobs which maximizes ~he tot.al profit i.a. to find a 

permutation <;* of <1, ... ,n> ·c ł e •• • set of all 

permutations of <1 •...• n>) such lhat 



n 

where 
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j 

sgn +C d • - l t. 
.,, <jl i.= .. 

n j 

l p (fl<j> · sgn •cd~j>- l t.~ .. ,) 

1 

o 

if' a~ O 

ot.herwise 

This is an i mport.ant. opt.imizat.ion model. Wit.hout. loss of' 

gen eralit.y we may assume t.ha t. 

o < j=1 •...• n • 

and Jobs are sort.ed in order of' nondecreasing dea dlines . . The 

deadline of" j o b j is t.hen denot.ed by d/n),djCn:>S dj+i <n), 

j=1 • .. . • n-1 . 

Now t.he SJD problem can be f'ormulat.ed as t.he special 

binary programming problem tLawler and Moore C1Qf59) l : 

z Cn) 
OPT 

" 
max }: P._· x „ 

-L=. 

l t.i. · x „ S d / n) 

i. =. 

x . = O or 1 
" 

(1.1) 

i,j=1 •. .. ,n 

where x j is equal t.o 1 if' job J is processed on t.i- and O 
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if' it. is t.ardy. 

'.ne SJO problem is lcnown t.o be an NP-hard combinat.orial 

opt.imizat.ion problem CGarey and JoKnson C197Q)l. Thus f'or · 

solving pract.ically large inst.ances of' t.he problem wit.hin a 

limit.ed amount. of t.ime Cas it. oft.en happens in p r act.ice) it. 

is necessary t.o use approxi.mat.e algorit.hms. 

A. simple heurist.ic algorit.hm for solving Cl . ·1:, ·is pro posed 

i n t.hi s paper . I t. is shown t.ha t. i n t.he so call ed wor st. case 

no asympt.ot.ical accuracy of t.his algorit.hm is guarant.ed . On 

t.he ot.her hand in t.he so called average case t.his algori t.hm 

is asymt.pt.ot.ically opt.imal Chas O asympt.ot.ical error) for 

t.he described class of' probabilist.ic SJO problems. 

Various relaxat.ions and est.imat.ions of' Cl .1 ) are gi ven 

in Sect.ion 2. A t.hreshold algorit.hm f'or solving Cl.1) is 

' proposed in Sect.ion 3. Probabilist.ic analysis of' t.he 

t.hreshold solut.ions and t.he SJO problem is perf'ormed in 

Sect.ion 4. In Sect.ion 5 case of uniform dist.ribut.ion is 

considered. 

In t.his paper t.he f ollowing not.at.i.on . is used: 

1; 
For t.he inf' i ni t.e sequences u n. V • n 

n - a> • we will wr ., t.e: 

u 
~ H' lim 

n = 1 u V 
n n V n-too n 

1J .. ot:.v) if' lim n = o u 
n n V 

n-too n 

u CX:v) if' t.here exi.st. c o n s t.an t. c such t.hat. u S c·v 
n n n n 

u = 8Cv ) if t.here e xi.st. c onst.ant.s b and c s uch t.hat. 
n n 

b·v Su S c •v 
n n n 
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b 

ff"Cx)dg(x) denot.es t.he Lebesgue-stilt.jes intagral on Ca.bł 

a 

P<·> denot.es t.he probability of an event <·> 

F'or the i-andol!I variable X, EC.X) denotes it.s expecled value 

and VarCX) it.s variance 

We will say t.hat t.he . sequence of" random variables X . n 

converges in probabilit.y to X CL.oeve C11n'7)l c- will write 

X!.+ X) if" f"or every &>O 
n 

lim P<IXn - XI ~&)=O 
n-KIO 

F'or t......-o sequences of random var-iables X • Y we writ.e 
n n 

p X 
X ~ y if 

n !..+ 1 
n n y 

n 

2. RELAXATIONS AND ESTI:MATIONS 

L..et. us consider t.he Collowing relaxat.ion of C1.1) 

I nt.roduci ng 

n 

zlCJt(n) = l P,·x, 
·i.;: t 

n 

""' t. . • x . S d C n) 
~ " ~ n 

i.=t 

0 :S X. :$ 1 , i =1 • .•. ;n 
~ 
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{ i f 
P ;, 

> >,. P;, t. p .OJ = • -{ t. . 
t. . C>..) • 

P;, 
if ~ > >.. 

• o ot.harwise 
• o ot.herwisa 

n n 

.z O,) =·}: p .C>v 
n • 

s C>..) = }: t..O.) 
n • 

i. = i. \.=i. 

- can st.at.at.ha dual problem t.o it. as follows 

min <z C>..) + )vC d Cn) 
n n 

~o 

For arbit.rary >..~O - obt.ain 

Let. ~s consider t.ha arbit.rary vect.or x. 

s 0.)) 
n 

x = <x· ~ ... ,x lx.' = O or 1, i=l, . . . ,n> 
t n • 

j 

(2. 1) 

viLh Z 
n 

s . = ~ t, . · x . 
J ' \. \. 

j = 1, .. . ,n . 

.i.z 1 

The solut.ion of C1 . 1) gi~n • by it. can ba irifeasible i : e . 

t.here is at. least. one j . 1 S j S n. such t.hat. s. > d .Cn). 
J J 

If s S d . Cn) and s . = s + ·t ·x > d .Cn) , 
j-t J-t J j-t j j . J 

j E < 2, .. . ,I\ > • . t.hen set.t.ing x . = O - can obt.ain 
J 

s . = s . S d . Cn) S - d .Cn) 
J J-l J-t J 

+ 
Thus, st.ar_t.ing wit.h x; = x 1 ·sgn C d/n) - t,t ) , s; = t. ~x; 

and rec:ursively set.t. i ng x '. = x . · sgn +Cd .m i -s '. - L .) . 
• J J J J-t J 

sj • sj_,+ \ •x j .J = a, . .. ,n. :faasibile solut.ion · of (1.1) 
\ . 

x'•<x; • ... ,x~> can bit produced . The value of t.ha goal 
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n 

f'unct.ion of' i t. is equal t.o z~ "" ł pi.· x~ 

\a:t 

if s. > d.Cn) { 1 

o 
.. ' . ia:1,. .•.• n 

and 

ot.her-wis• 

r = ~ p.·y . . ·x. 
n .l " '" " 1.=t 

Because sj S sj • j=1 •...• n • f'or- arbit.rary '-. 2:: O and 

>e=<X••···•x„lxi.=O or 1, i=1, ... ;.n> we have f'rom C2.1) 

'Z - r :S z• S z Cn) :S z O,.:> + >-. · Cd (n) -s C'-.)) 
n n n OPT n n n 

ca.a:> 

When pract.ically large NP-h.ard pr-oblems are considered 

t.hey are usually solved using approximat.e algorithms. 

Let us consider arbit.rary approxi.mat.e algorit.hm A 

solving inst.ance p of" the given problem P wher-e: 

n size of t.he inst.ance p z (n) 
A 

val ua of' t..he 

approximat.e solut..ion produced by A , z Cn:> value of" t.he 
OPT 

opt.i mal sol uti on of' p, 

problem Po!' t.he size n. 

P set. of" al 1 i ns:t.ances of the 
n 

From t.he point. ot: view of asymptot.i cal accuracy, 

approximat.e algorithms could be classified as follows: 

1) Algorit.hm A is asympt.ot.ically opt.ima.l for problem Pi!' 

for every & > O t.here exis:t. n :i! 1 o 

I 
z Cn) 

OPT 

z cn5 
A 

- 1 & f'or- avery 

such t..hat.. 

n :i! n 
o 

and p E p 
n 

2:> A has & C & :i!: O ) asympt..otical relat.ive error if for 
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every 6 . r . n & . 6 > & > r . n :!': 1 . t.here exist n . 
i o 

n o.· 
~ 1 such .t.hat. 

I z Cn) 

I OPT -
- 1 :S 6 for every n i!: n · and ·p eP 

z. cn5 o n 

and there exist. n i!: n& and p e Pn such that. 

ł 
ż en:> 

- 1 I .. . . · .OPT 
~ ·r z cn5 

A 

3) A has in1'inite relat.i"8 error f"or p if" f"or ,every 

such .. t.hat 

· I -1 

It is easy t.o obser'Y9 that. : 

Ci) Every opt.i-1 algorit.hm Cz Cn> • zOPTCn) f'or every ni!:1 
. , . • . A . 

. and p • Pn:> is al.so a.sympt.otically opt.imal. 

CiD An asymt,ocically optimal. algorit.hm is an algorit.hlll 

w1 th O rela.t.1 ve error • 

We . propose a simple-greedy lik• al.~it.hlll f'or t.he SJD 
. ,. ·• . 

probl-. It. does not. evan need expli.cit. -sort.ing Ci.•· it is 

a so called on line algor'i-'t.hJ'A:> ·• whi·ch is usua.lly the case. 

The ef'f'iciency ··ot ever-y decision varia.ble i .Ci S i :S n:> 

of' C1 .. 1' is equal to 
pi. r:-· 'Ole larger i t. is t.he mor• 

i. 

promising is the corresponc:ling decision variable. 

We 'Will consi der t.he . so call~ t.hreshold val. ue "· Lat: 

X.CU• ~ - {
. 1 

o .· 

. P . 

Hr>" 
i.- 1•1 ••• .• n 

ot.her,,wise 

W. have produced vector <xc>-.:> ••.• x O,.>lx.c~-oor-1.1-i .... n> 
i n .. • !r- _. _ .· .. • 



- 306 -

x .C'v is equa.l t.o 1 only when t.he ef"ficiency of t.he decision 
• 

variable 1 C1 :Si :Sn) is grea.t.ar · t.han t.he given t.hreshold 

value A. Ci.a. - are consider ing only t.he best.. according t.o· 

t.he t.hreshold value >- . decision va.iables). 

To ansura faasibilit.y of' t.he t.hreshold solut.i. on t.o C1 . 1) 

- may use t.he simpla procedura proposad at. t.he and of t.ha 

previ ous sect.ion 

Combi nat.i on of" t.hese t.wo procedur- . pr-ovides t.ha 

t.hreshold a.lgorit.hm 

Thrashold algori t.ha 

10 :z'C>..:>: =O 

1"'1 •.• . • n 

2° f'or · i „ 1 t.o n do 

begin 

if s'C>u + t. 
i. 

> d _Cn) 
• 

z'C>u : =z'CA.:> + P, 

s'C>..): ss'CU + t.1 

3° and 

z <n.>..:>:= z' C>..:> 
T:HR 

STOP 

or :>.. t.hen go t.o 3° 

Observi.ng t.hat. pi.CU '"' pi · xi.C>-:> 

int.roducing 

t. .C>v = t. . ·x.C>-) 

1 

o 

. \. . 
u· s . C>..:> > d _Cn) 

• • i=1, ...• n 
ot.her-wise 

n 

r CD • ~ p ,CU ·y.Ov 
n ~ ~ ' . 

l=t. 

- ca.n obt.ain f"rom ca. 2) for arbit.rary >.. ?;. O : 

and 



.r (>..) 

1 -
n 

z (>..) 
n 
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z Cn) 
OPT 

z().) 
n 

d"Cn) } 

s C> .. ) 
n 

C3.D 

For every given t.hreshold v,~lue A ~ O t.hreshold 

algorit.hm has ext.remely low computat.ional complexit.y - 8Cn:) . 

Let. us consider t.he f'ollowing SJD problem 

z en:, 
OPT 

n-t. 

= max < }: a•y·xi + (ł·xn > 
i.st. 

~ a·x, S -j-·a. L. • n-t. 

n-• 
}: a·xi. + (ł·xn S (ł 

i...st. 

j • 1 •.. ,n-1 

X . • 0 or 1 
~ 

i • 1, ...• n 

,imere ca> O 

Then 

r > 1 a·r < (ł s 1 

So a·r s,r 
{ o 

a·r 

if' A> r 

ot.herwise 

and t.alcing apropriat.e values of' a ,y 

and (ł t.hese rat.ios couJ.d be arbi t.rarily · close t.o zero f'or 

ev.ry A . <! O. 

This example shows t.hat. in t.he so called worst. case Cf'oi

all inst.ances of' t.he SJD problem:> t.hreshold algorit.hm has 

int'init.e relat.ive error 

4,. PROBABILISTIC ANALYSXS· OF THE THRESHOLD ALGORITHM AND THE 

· SJD PROBLEM 

Th• goal. of' t.his sect.ion is t.o show t.hat. io t.he SO . 
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called average case Ci. e. wit.h probabilit.y approaching 1 as 

n t.ends . t.o inf'ini t.y) • t.he t.hr-eshold algorit.hm is 

asympt.ot.ically opt.ima.l !'or a rat.her- wid• class of' random SJ~ 

problems . 

To per-form probabilist.ic analysis of t.he ·problem and of. 

t.he algorit.hlll, one needs a probabilist.ic IIIOdel of t.he 

problem. To define t.he class of probabili-st.ic SJO pr-oblems 

- will assunw t.hat. Ct. .> 1=1 •.•.• n ... are 
' 

realizat.ions of' ident.ically dist.ribut.ed random variables 

Ci.d.r.v.) P" CT?· This leads t.o t.he fact. t.'hat. all 

previously int.roduced quant.it.ies (but. n, ~. d&Cn> •...• dnCn)) 

s .C>v • .. z c:>..:>. 
n 

r C>v. z <n,>..> .ar-e also realiz:at.ions of corresponding 
n TIOi . 

random variables Pi.C>v. T\.C:>..:>. Y„c>-.,. i-t •...• n. ZOPTCn). 

S/>0• ZnCU, RnC>-.,. ZTIDCn.~. 

L..et. HCx) CG(x)) be t.he CUlllul at.i ve dist.ribut.ion funct.ion 

Cc.d.f.) of i.d.r.v. P . CT.). i"'1, ... ,n. 
' .. 

Mor.over i t. is a.ssun.d t.hat. P. , T . .. ' 
i"'1, ... ,n. ara 

mut.ually independent. and i . d. r. v. 

int.erval C0.1l C C0.1l 111.i.i.d.r.v. D. 

Theor- C.SZlcat.uła C1Q88) l 

concent.rat.ed on t.he 

T .• .. 1-1 •... ,n, 
. & 

are co.11 m.i.i.d.r.v. and t.here exist. (3, >..n, "n' O< (3 < i'' 

>..n> O. OS ~n~ n. such t.hat.: 

CD ECS CX :n ~ d Cn> 

Cii) 

n n n 

lnCn) 
lim>.. .a cn5 • o a 

n 
n• CD n n 

[ 
lnCn:> 

a: X -d Cn5 
n n r 
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Ciii) At. leas t. y,n • \jin :::: n. it.ems ara fulri l ling inequal i t.y: 

d _Cn) > C1 + a ) · ECS.C:>.. )) 
J n J n 

1:Sj :Sn 

t.hen 

p .P P 

Z0 PTCn) lit: ZTIDCn.:>..) :::: Z C:>.. ) :::: EC Z C:>.. ) ) C4,. 1) 
n n n ,., 

• 
, An e ven more generał resul t. hol ds . 

C-orollary C Szicat.ul a Cl gae) l 

Ir a.li assumpt.ions or Theorem but. Cii ) are rulfilled and 

i nst.ea d o f Ci i) t.he following hold: 

lnCn) CH) • l im 
n-tcD ;n: 5-a cn5 

n n 
a 

n 
( l nCn) )fł · 

= ;cx 5 -a cn5 
n n 

t.hen 
p p 

z Cn) :::: z en.:>.. ) ~ z o, , 
O PT THll n n n 

C4. ID 

• 
!SI. THE CASE OF TiłE UNIFORM DISl"RIBUTIONS 

The t.heorem and corollary have rat.her gener~ 

r or-mulat.ions. It. s-a.d t.o be or some int.er-est. t.o consider a 

speci f i c i nst.ance and t.o int.erpret. t.he assumpt.ions and 

r esul t.s of t.he Theorem and corollary · for i t.. 
,· 

As an apropriat.e inst.anca - t.alce uniform dist.ribut.ion 

of Pi. • Ti. • 1 :S i :S n 1.; which is oft.en used in such a 

cent.ext. CBurlcard ·and Finclce C1985). Frieze and Clarke 

C1QB.ł. Szlcat.ula and Li bura C1Q8'7) l. 

Let. 

. This -ans t.hat. realizat.:ons of r. v. ·Pi. • T,_. could be equal 

. t.o every value rr-6111 co.11 wit.h -t.he s.__ probabilit.y. 
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Asumpt.i on Ci) hol ds j..°t 

dnCn) ::S E lla Ti. ) + aCn) 

where .. · aCn:> oCn). 

L.et, d'(h) = d Cn) - bCn) ~mere bCn) = oCd Cn)), 
n n n 

It' d Cn) is such t..hat. t..her-e exisi d ' Cn) · :S 
n · n 

every n~ 1 t.hen (6.1) hold. 

>... is choosen as fellows : 
n 

1) 

SUch a chcice of' >.. f'ulf"ils Ci) 
n 

u· o < d'Cn) ::S 
.. 
- · n 

n .o 

.. d'Cn) :> 
n 

t..hen· 

/ e-a~cn5 >,. = n 

ECZ O. D . = 
n n 

✓~-n-d'Cn) 
• n 

/!.•n·d Cn) 
• n 

But. t,he case: 
z 

dnCn) = o( lnnCru ) 

L -·n z 

CS.1) 

t:or 

C!5. ID 

assumpt.ions Ci i:> and Cii) • hold . 

2) I t' .. 
::S d'.c,p) :S 

I. 
t.hen -·n -·n 

" n z 

3·d•Cn) 
>... "' • n 

n z n 

d"Cn) 
E:CZ C>..) = !.-n + !.-d'cru· [ 1 - ~) lil: 

"" • Zn · n 

• -·n • + 
d Cn) 

!.-d Cru · ( 1 - _n - ) z n n 
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Ir d (n) ... :S 
t. -·n z t.hen assumpt.ions Cii::> and .Cii)' 

hold. If d (n) 
n > t. - · n z t.hen only Cii::> • hold and Cii) do 

not. hold . 

Ci ii) is equivalent. in t.ne· case of t.he uniform 

dist.ribution (ot.he following condit.ion: 

At. least. 

where 

y, ~ n. 
n 

it.ems f'ulfill -inaqualit.y 

d .en:> > Le d en:> cC n) ) ' 
J n n 

cCn) = ben> + a ·C b(n) - d (n) ) = oCd Cn::>) 
n 1"I 1"I 
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