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Chapter 5

Tests for relation type — equivalence or
tolerance — for binary comparisons

5.1. Introduction

This chapter presents tests for detection of relation type, equivalence or
tolerance, in the case of binary comparisons (see Klukowski 2006, 2008c).
Such problem appears, e.g., when the set X can comprise brothers and sisters
(equivalence relation) or stepbrothers and stepsisters (tolerance relation) and
the actual relation is not known. The comparisons indicate only the existence
or lack of any kind of consanguinity. In other words the comparison
indicates inclusion both elements to common subset or not, while a relation
type is unknown.

5.2. Tests based on the estimator in the form of sums of inconsistencies

The tests are constructed under the assumption that one of the relations
considered — equivalence or tolerance - exists in the set X, but is a priori
unknown. The basis for the tests are comparisons and estimates of both

relations. The comparisons, denoted gzz (xi»x;) » indicate belonging to the
same subset ;(ﬁf)* (L efe,r}, 1<g<n) ornot. The estimates are based on
sum of inconsistencies, i.e. tasks (3.2), (4.2) and will be denoted —
respectively fﬁj& (xisx;) s f*gv)(xi, x;) - The test statistic proposed expresses
differences between comparisons and values f‘%v)(xi,x ) (Lele}) for
f*ﬁjv)(xi, xj)# f"ﬁ,?v)(x,», x;) . The statistic is a realization of some mixture of
random variables (for details see Klukowski 2006).

The tests based on medians are similar to the case of N=1, but the

distribution of the median has lower variance than the individual
comparison.
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L. Klukowski: Methods of estimation of relations...

The hypotheses verified assume the form:

Hy: the tolerance relation exists in the set X,
H;: the equivalence relation exists in the set X,

or vice versa.

It is rational to assume the null hypothesis corresponding to the relation with
the estimate providing lower value of the criterion function.

The set of pairs [ (x;,x;) with different values of estimates j*;j& (xisx) s

f;jv) (xi»x;) assumes the form:

Is:{(xi,xj)| f;j&(Xi:Xj)if(b,?\;(Xi:Xj)}- (5.1
The test statistic is defined as follows:

N
o © ~(e)
S(]\ir)_mz 2( gbk(xiax_j)_TbN(x;‘ax_/)|_

k=1 <i,j>e],

(5.2)
O a0
gbk(x[,x_j) TbN(xiax_j)D'

The test statistic is based on comparisons corresponding to different

estimates T”Ejv) (x;»x;) and TAE;V) (xi>x;) of the same pair (x;,x;); the index of

relation type is omitted in symbols ggz (xi»x;) denoting comparisons.

The distributions of the variables: gzz (xi>x;)— f*;jv) (xi>x; )| and

g;,;z (xisxj) = f;;v) (xi»x; )| ((x;»x;)€1,) are determined initially under the

assumption that the estimate of the tolerance relation is errorless and the
probability of such estimate P(7\7,..., 7' = 7", ..., #'7") is known. In the
case, when all probabilities of incorrect comparisons are equal exactly o,

the distributions of differences |g§)’,2(x,~, x_,-)—TAZV)(x[, x_/)| assume the form

(Klukowski, 2006, 2008c¢):

P gg,z(xi,xj)—fg,r)(xi,xjﬂ =0 | ;A(Y), oy ;227) z;(i”*, vy Z;’)*) =1-6, (5.3)
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Chapter 5. Tests for relation type — equivalence or tolerance — for binary comparisons

P(lgy) riox ) =74 Goox =1 | 275 27 = 207 D=6 (54)

Under the assumption ffj\} (xisx;) # YA"E;V) (xi»x;) , the probability function of

the random variable ’ g(bz (xi>x;)— fﬁj\} (xi»x j)| assumes the form:

P(‘gg,z (xisx;)— f"(be)(x,-,xj)| =0 | QZET), . ;”(Ef) = ZY)*’ ey ;(ff)*) =0, (5.5)
P(|gg,: (xi>x;)— f"ﬁ,e)(x,',xj)| =1 | )A(Y), .y ;25%’) = Z%’)*, ey Zf:)*) =1-5. (5.6)
Therefore:

E(’g(bz (Xiax_/') - fg)e) (xl',x_j )| - |g(b,z (Xi ,x_,-) - f"gf)(xi ,x_,-)| (5 7)
;2%7), vy ;255) = ZY)*’ vy Zf:)* )=1-26.

It can be shown, in a similar way, that in the case of the equivalence relation
existing in the set X and errorless estimate 7!, ..., 7' the expected value

of the test statistics (5.2) assumes the form:

Q] ~(€)
gy (xisx) =Ty (xi7xj)|

E(]gi‘,ﬂ Cerx) = T (i xy)| -

. ) (5.8)
| 29 2= A A =26 -1
Moreover:
Var(|g(b}z i) = 75 G )| =g Geroe ) = 7 Griox))| 59
~(7) A(T 7)* r)* .
| 27 20 = 7 2 ) = 45(1-5),
Var(‘g(b}z (Xan) - ﬂ,e) (Xi:Xj )| - gglz (Xi)xj) - 7:22 (x,- s X )| (5 10)

~(e) ~(e e)* e)*
| 2.7 2= s ) =40(1-0).
Therefore, the standard deviation of the test statistics (5.2) assumes the form:

SD(§%) = (Var(§%9)"? =2(—L—5(1-5))". (5.11)

Nxcard(])
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L. Klukowski: Methods of estimation of relations...

Thus, the hypothesis that the tolerance relation exists in the set X assumes
the form:

Ho: E(5%¢7)=1-25,
H;: E(s%¢)=25-1.

The test for such hypotheses can be constructed on the basis of Chebyshev
inequality rested on the expected value and variance of the test statistics
(5.2) (Fisz, 1969):

~(7) ~(r) _ (D) (7)*

P(s§” = (1=28)> 2. SD(SK™) | 1" 23 = 207 o 20 ) <550 (5.12)

where:
A, - positive constant.

The inequality (5.12) indicates the critical region:

Ar=1{8%7 | §W<1-265-2,SD(s§7)} . (5.13)

The evaluation of the significance level, equal %, resulting from the

inequality (5.12), is valid in the case of errorless estimate. Taking into

account the probability of such the estimate P(7'7, ..., 77 =", ., 'V,

the significance level assumes the form:
" =1==DP" s 217 = 207 2. (5.14)

The value 7 is greater than % Typically, it exceeds the actual

significance level, because results from the two-sided inequality (5.12). Let
us note that for N — oo, the variance SD(S'”)) converges to zero and the

probability P(7'7, ..., 2= 2", ., z'7") converges to one.

The probability of the second type error is obtained in a similar way. Under
the assumption that the estimate of the equivalence relation is errorless, the
probability is evaluated by the relationship:

~(e) s(e) (e)*) —

P(S$)>1-26 - 1,SD(S) X s X s A
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Chapter 5. Tests for relation type — equivalence or tolerance — for binary comparisons

P(S§7 = (26 -1)21-25-(25-1)- 2.SD(S}") |

~(e) S0 — (o) (e)*
Zl 5 ’/{n Z > 52,/" )_

028 =0 <5 (519)

T

P(S§7-(25-1)2¢_SD(SK”)

where:

_2(1-26)~ 2,SD(5%7)
T SD(s%)

Thus, taking into account the probability of errorless estimate, the
probability of the second type error is evaluated by:

Be=1=0=0PGR" s 7= 2 1) (5.16)

It is clear that for N — oo the probability P(7\, ..., 7= 4", ..., 7'

converges to one and the standard deviation SD(S{¢) converges to zero.
Therefore, the test is consistent.

The test for the equivalence relation is constructed in the same way (see
Klukowski, 2006).

5.3. Tests based on the median estimator
The tests based on the median estimator exploit the same idea. They are

similar to the case of one comparison for each pair, but the probability of the
inequality:

P(g5" (o ) 2 T8 Geinx ) =11, (5.17)

(20" (x;»x;) - symbol denoting, in this section, the median from
comparisons of the same pair)

is determined by
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N

P(kzlggME) (xi»x)) > 45 T (xi5x,) = 0);
(£) =
Ny =

N
P(/{Z_:lgi,’me)(xi,xj)<%; 787 (xisx ) =1),

instead of 6. Therefore, the variance of each component
‘gg,me) (xix) = fﬁf)(xnxj' )| —‘gg””")(xi,x,-) - fﬁf)(x,»,xj)| of the test statistic —

assumes the form:

. NG -, me N
Var(gy™ (xiso )= 74 Ceis )| =g ™ oo ) = 74 (i) )|

" (5.18)
NG A0 _ (0% 0)* ¢ 4
e 28 =20 2 =40 A=) te e
The test statistic assumes the form:
S(J&T’me) = W;(l ) 2( gg’m)(xl',x/')_fngmE)(Xianﬂ -
S<i, j>el (519)

)

(-,me) ~(7,me)
&gy " (xiaxj)_Tijme (xi,xj)

the critical region, for the hypotheses considered in the previous point,
assumes the form:

As\f;’w) :{S%r,me) | S?\‘;T)<1_277%) _/,Lg_me) Ggme,N)} , (520)
where:

SD(s$") = (Var(s§™ ) = 2t A =1))) "

The evaluation of significance level of the test assumes the form:
ol =1=0=DP" s 27 = 07 27 (5.21)

And evaluation of the probability of the second type error — the form:

B =1-U-DPZ" . 2= 117 2. (5.22)
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Chapter 5. Tests for relation type — equivalence or tolerance — for binary comparisons

The formulas (5.19) — (5.22), defining the test, are similar to the formulas
obtained for the case of sums of inconsistencies and N=1; the differences
concern the probabilities (5.17), the variances (5.19) and the probabilities:

P 20 =27 ) P 2 =2 7). The
formulas indicate the consistency of the test. However, the simulation survey
(Chapter 9) shows that the efficiency of the estimators based on medians is
lower than of those based on the sum of inconsistencies. The same property
characterizes the tests for the relation type.

5.4. Summary

The tests for determination of the relation form are a useful tool for the
recovery of an actual data structure. An inappropriate model of data induces
an incorrect estimate. The tests are based on weak assumptions about
pairwise comparisons. The statistic is a realization of a mixture of random
variables (Klukowski, 2006), because any estimate can be different than
actual relation. An important feature of the tests is their consistency for
N —> o,

An example of test application is presented in Klukowski (2006); the tests
have been used for verification of the relation type in a set comprising
empirical functions describing profitability of treasury bonds, resulting from
auctions.

57



The book presents the estimators of three relations:
equivalence, tolerance, and preference in a finite set of data items,
based on multiple pairwise comparisons, assumed to be disturbed by
random errors. The estimators were developed by the author. They can
refer to binary (qualitative), multivalent (quantitative) and combined
comparisons. The estimates are obtained on the basis of solutions to the
discrete programming problems. The estimators have been developed
under weak assumptions on the distributions of comparison errors; in
particular, these distributions can have non-zero expected values. The
estimators have good statistical properties, including, especially
importantly, consistency. Therefore, they produce good results in cases
when other methods generate incorrect estimates. The precision of the
estimators has been established with the use of simulation methods.
The estimates can be validated in a versatile way. The whole estimation
process, i.e. comparisons, estimation and validation can be
computerized. The approach allows also for inference about the
relation type — equivalence or tolerance, on the basis of binary data.
Thus, it has features of data mining methods.

The estimators have been applied for ranking and grouping of
data from some empirical sets. In particular, estimation of the tolerance
relation (overlapping classification) was applied for determination of
homogenous shapes of functions expressing profitability of treasury
securities and was used for forecasting purposes.
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