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The book presents the estimators of three relations:
equivalence, tolerance, and preference in a finite set of data items,
based on multiple pairwise comparisons, assumed to be disturbed by
random errors. The estimators were developed by the author. They can
refer to binary (qualitative), multivalent (quantitative) and combined
comparisons. The estimates are obtained on the basis of solutions to the
discrete programming problems. The estimators have been developed
under weak assumptions on the distributions of comparison errors; in
particular, these distributions can have non-zero expected values. The
estimators have good statistical properties, including, especially
importantly, consistency. Therefore, they produce good results in cases
when other methods generate incorrect estimates. The precision of the
estimators has been established with the use of simulation methods.
The estimates can be validated in a versatile way. The whole estimation
process, i.e. comparisons, estimation and validation can be
computerized. The approach allows also for inference about the
relation type – equivalence or tolerance, on the basis of binary data.
Thus, it has features of data mining methods.

The estimators have been applied for ranking and grouping of
data from some empirical sets. In particular, estimation of the tolerance
relation (overlapping classification) was applied for determination of
homogenous shapes of functions expressing profitability of treasury
securities and was used for forecasting purposes.
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Chapter 8 

Estimation of the preference relation – 

multivalent comparisons 

8.1 Introduction 

 

Multivalent comparisons express, in the case of the preference relation, 
differences of ranks, i.e. distance in ranking between the elements in a pair. 
The approach can be applied also in the case of multiple binary comparisons 
– as the second step. Estimates obtained in the first step have to satisfy the 
assumptions required by multivalent comparisons. The assumptions about 
distributions of comparison errors are weak, especially the probabilities of 
correct comparisons can be lower than ½.  
  
8.2. Assumptions about multivalent comparisons 

 

The preference relation, denoted χχ *)(*)(
1 ...,, p

n

p  or ),()(
xxT ji

p
µ , has to be 

estimated on the basis of comparisons ),()(
xxg ji

p

kµ  ;...,,1( �k =  

), Rji m>∈<  defined as follows: 
 

)})1(...,,0{(),( )()()( −±∈= mddxxg p
ijk

p
ijkji

p

kµ , d
p

ijk
)(  - evaluation of the 

                             difference of ranks sr −  (i.e. ),()(
xxT ji

p
µ ), disturbed by 

                             random error, which satisfy the assumptions A1, A2, A3 
                             (Chapter 2), 

),(),(
xxg ji

mep

µ  - the median in the set of comparisons: 

                          ...,),,({ )(
1, xxg ji

p

µ )},()(
xxg ji

p

�µ . 

 

The set of values of ),()(
xxg ji

p

kµ  is not the same as the set of values 

),()(
xxT ji

p
µ , because the number n is assumed to be unknown and is 
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replaced by the number of elements of the set X, equal m. Clearly, that the 
maximum distance of elements has to be lower than m. 
 
8.3. The form of estimators and their properties 

 

The estimators χχ ˆ...,,ˆ )()(
1

p

n

p  and χχ )) )()(
1 ...,, p

n

p  of the preference relation 

χχ )*()*(
1 ...,, p

n

p  are obtained on the basis of the following minimization 

problems: 
 

}),(),({min
, 1

)()(

)(
∑ ∑ −
>∈< =Rji

�

k
ji

p
ji

p

k
F m

p
xxtxxg µµ

X

, (8.1) 

where: 

F
p)(

X  - the feasible set, i.e. the family of all preference relations in the set X, 

),()(
xxt ji

p
µ  - the function describing the elements of the set F

p)(
X , defined in 

the same way as ),()(
xxT ji

p
µ  (Chapter 2), 

and 

}),(),({min )(),(

,)(
xxtxxg ji

p
ji

mep

RjiF m
p

X

µµ −∑
>∈<

, (8.2) 

where: 

),(),(
xxg ji

mep

µ  - the sample median in the set )},(...,),,({ )()(
1, xxgxxg ji

p

�ji
p

µµ . 

 
The properties of both estimators are based on properties of the random 
variables expressing differences between comparisons and the values 
determining the relation form - in the case of actual relation, ),()(

xxT ji
p
µ , 

and for any relation, different from the actual one, ),(~ )(
xxT ji

p

µ .  

 
In the case of the actual relation, any difference can be expressed by one of 
the random variables: 
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 (8.3) 
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The sum of such differences assumes, for any k )1( �k ≤≤ , the form: 
 

),(),(),( )*(

,

)*(

,

)*(

, *)(
2

*)(
1

*)(
xxZxxVxxU ji

p
k

Jji
ji

p
k

Jji
ji

p
k

Iji
ppp

µµµ ∑+∑+∑
>∈<>∈<>∈<

, (8.6) 

where: 

I
p *)(  - the set of pairs }0),(,{ *)( =>< xxTji ji

p
µ , 

J
p *)(

1  - the set of pairs }0),(,{ *)( <>< xxTji ji
p
µ , 

J
p *)(

2  - the set of pairs }0),(,{ *)( >>< xxTji ji
p
µ , 

 
while the total sum of the differences - the form: 
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�

k
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�

eee
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.(8.7) 

 

The same random variables, defined for any relation χχ ~...,,~ )(
~

)(
1

p

n

p , different 

from χχ *)(*)(
1 ...,, p

n

p , assume the form: 
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 (8.10) 
The sum of such differences assumes, for any k )1( �k ≤≤ , the form: 
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where: 

I
p~ )(  - the set of pairs }0),(~,{ )( =>< xxTji ji

p

µ , 

J
p~ )(

1  - the set of pairs }0),(~,{ )( <>< xxTji ji
p

µ , 

J
p~ )(

2  - the set of pairs }0),(~,{ )( >>< xxTji ji
p

µ , 

 
while the total sum of the differences the form: 
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The same random variables, corresponding to the median estimator, assume 
the form: 
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The total sum of such differences assumes the following form: 
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The random variables, defined for any relation χχ ~...,,~ )(
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The total sum of such differences assumes, for any k )1( �k ≤≤ , the 
following form: 
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It can be shown that: 
 
Theorem 5 

 

The following relationships are true: 
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where: 

ϑ  - the number of elements of the set { )},(~),(),( )()(
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which implies 
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In the case of the median estimator the following relationship is true: 
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τ
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τ
µ . (8.28) 

 
The proofs of the relationships (8.21)–(8.27) are given in Klukowski 
(2008b). The inequality (8.27) is based on Hoeffding’s (1963) inequality for 
bounded random variable.  
 
The convergence of the variances (8.25), (8.26) and the probability (8.28) 
results from the formula establishing the distribution of the sample median 
(David, 1970): 
 

dtttxxTxxgP
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τ
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 (8.29) 
where: 

)(⋅G  - the cumulative distribution function of the comparison error for the 

            pair ),( xx ji . 

 
Inequality (8.28) based on the relationship (8.29) has been obtained in 
Klukowski (2008b). 
 
The existence of distributions of both estimators (8.2), (8.3) can be proven in 
the same way as in Chapter 2. 
 
The minimization problems (8.2), (8.3) require for solving more complex 
algorithms than those for binary problems. For 12≤m  complete 
enumeration can be applied. Validation of estimates is discussed in Chapter 
10. 
 
The convergence for (8.27), (8.28) is obvious in the case of identical 
distributions of comparisons of each pair, but is also valid for different 
distributions.  
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Thus, the estimators based on optimal solutions of the tasks (8.2), (8.3) are 
consistent. 
 
Inequality (8.27) is applicable for known distributions of comparison errors 

and for fixed relation χχ ~...,,~ )(
~

)(
1

p

n

p . If the distributions are unknown, they 

can be replaced by quasi-uniform (upper bound) distributions, similar to 
those for the tolerance relation and multivalent comparisons (Chapter 7). An 
example of such distribution is given in Klukowski (2008b). For a sufficient 
�, at least several, the distributions of comparison errors can be estimated. 
 
The properties of the estimators have been examined through simulation; the 
results are presented in the next chapter. In general, the survey shows good 
efficiency of the estimators proposed and the advantage of the estimator 
based on sums of differences between the comparisons and the relation form. 
Especially, the first estimator requires 5 to 7 comparisons in order to 
guarantee the frequency of errorless comparison close to one. The second 
estimator requires approximately two comparisons more. 
 
The approach can be also developed for the case of partial orders, i.e. the 
relations which are not complete. For this purpose it is necessary to 
introduce an additional result of comparison, corresponding to incomparable 
elements. 
 
8.4. Summary 

 

The estimators of the preference relation, based on multivalent comparisons, 
have good statistical properties, obtained in the analytical way. Additional 
properties, expressing the precision of estimates, have been investigated in 
the simulation study, presented in Chapter 9. The results confirm good 
efficiency and allow for determining the respective parameters, especially 
the number of comparisons �, guaranteeing an appropriate precision of 
estimates. 
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importantly, consistency. Therefore, they produce good results in cases
when other methods generate incorrect estimates. The precision of the
estimators has been established with the use of simulation methods.
The estimates can be validated in a versatile way. The whole estimation
process, i.e. comparisons, estimation and validation can be
computerized. The approach allows also for inference about the
relation type – equivalence or tolerance, on the basis of binary data.
Thus, it has features of data mining methods.

The estimators have been applied for ranking and grouping of
data from some empirical sets. In particular, estimation of the tolerance
relation (overlapping classification) was applied for determination of
homogenous shapes of functions expressing profitability of treasury
securities and was used for forecasting purposes.
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