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Chapter III 

Activity of a local company 

in the environment of distributed customers 

 
If the sales of products, manufactured by a company, give rise 

to significant costs, associated with transporting the product to the 
place, where customer is located, then the price of sale to a distant 
customer must be increased by the transport cost – provided the 
same, producing company takes also care of transport at own ex-
pense. 

 
If the company does not secure product delivery to the loca-

tion of the customer, then it is the customer herself that must make 
use of own or rented transport means. Consequently, the actual cost 
of purchase of the product is also higher by some transport cost. 
Hence, transport cost must in any case be accounted for. 

 
1. Activity under even spatial customer distribution 

 
A basic model, which was described in Chapter II, shall now 

be complemented with the transport cost, which must refer to the 
nature of spatial distribution of potential customers. 

 
The modifications concern the profit function, Z, in which we 

should additionally account for transport cost, if it is covered by the 
company, and the magnitude of demand, Λ, depending upon the 
extent of the area, over which such sales are carried out. More pre-
cisely, the dependence is upon the number of customers within this 
area and the quantities of the product, purchased by individual cus-
tomers. 

 
The distribution of customers over the area considered can, of 

course, be different. For simplicity, we shall assume initially that 
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the density of potential customers (number per area unit) is con-
stant. 

 
In addition, we shall assume that each customer, on the aver-

age, has the same, per time unit, needs in terms of purchasing the 
product considered. 

 
1.i. Basic model 3.i1 accounting for the cost of delivering the 

product to customer’s storage 
 
Conform to the general assumptions, adopted above, we shall 

take as given a constant density g of potential customers per area 
unit. For this assumption, the number of potential customers, Lmx, 
depends upon the radius R of the circle, which constitutes the sales 
area, namely 

Lmx = gΠR2. 
 
The form of the linear dependence of the magnitude of needs 

of a potential customer upon product price is assumed to be the 
same as in the previous models: 

 
λ = λ0⋅q(C) = λ0⋅(1-C/Cmx) = ao⋅(Cmx-C) = λ0-a

oC, 
 

where ao = λ0/Cmx and λ0 = 1/T. 
 
Ultimately, the magnitude of demand, Λ, shall be defined as 

follows: 
 

Λ(C,R) = Lmx⋅λ = gΠR2(λ0-a
oC). 

 
In order to obtain the function of profit, Z, let us account for 

the costs of transporting the product to customers, located within 
the area of the circle of radius R, with the producer in its centre. 

                                                 
1 Nomenclature taken from Chapter II. 
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Assume that the cost of transport depends upon the travel dis-

tance, r, and the number of products transported. Denote by kT unit 
transport cost (say, per kilometre per unit of product), so that the 
cost of transporting one unit of product for the distance r is kTr. 

 
Altogether, the costs of transporting products to all customers 

in the area serviced shall be defined by the formula 

3

0

1
2 2

3

R

T T T

mx T

k g r dS k g r r dr k g R

L

λ λ λ

λ
Ω

⋅ ⋅ ⋅ = ⋅ ⋅ ⋅ Π ⋅ = Π ⋅ ⋅ =

= ⋅Κ ⋅

∫ ∫

 
where  

2
;

3T Tk r r RΚ = ⋅ =
 

and 
2

mxL g Rπ= . 
 
Consequently, the function of profit, accounting for transport 

costs, shall take the form 

TRCRCCRCZ ΚΛμκμΛμ ⋅−⋅−⋅= ),()(),(),,(  
Where κ(μ) = b + Q/μ. 
 
Since in market equilibrium the equality μ = Λ(C,R) must 

hold, then as we substitute the value of μ, we get 

QRCRbCRCZ T −⋅−−= ),()]([),( ΛΚ . 
 

After having transformed this function to the form of F = Z + 
Q, we get 

( ) ( ) ( ) T mx mxF Z Q C b K R C C a L R⎡ ⎤= + = − − ⋅ − ⋅ ⋅⎣ ⎦ . 
 
The course of F as a function of C is shown in Fig. 3.1. 
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Fig. 3.1. Function F for changing C, model 3.i 

 

If we now take notation 

min ( ) ( )TC R b R= + Κ  
then we can write down the same function as 

F = (C-Cmin(R))⋅(Cmx-C)⋅aoLmx(R). 
 
By taking the zero value of the derivative of F with respect to 

C, we obtain the solution, maximising the value of F, namely 

C* = (Cmx+Cmin) = ⎟
⎠
⎞

⎜
⎝
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. 

 
The maximum value of F attained for this solution, given a 

definite value of R, is 
F* = (Cmx-Cmin(R))2⋅aoLmx(R)/4. 

 
By substituting the expressions for Cmin and Cmx into the 

function F we get 

minC  

mxTKb λ)( +−  
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F = 2

2
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Then, as we introduce notations 
A = ao(kT/3)2Πg;   Rmx = 3(Cmx-b)/2kT, 

 
we can write down function F in the form 

22)( RRRAF mx ⋅−⋅= . 
 

The course of this function, having roots 
R1,2 = Rmx;  R3,4 = 0 
 

is shown in Fig. 3.2. 
 

After having equated to zero the derivative of function F with 
respect to R we get the optimum value of the radius of supply area, 
R*, 

*
1,2 3 4

1 3 1
          ( 0; ; )

2 4 2
mx

mx mx mx
T

C b
R R R R R R R

k

−
= = = = =  

and, as it is shown in Fig. 3.1, the maximum value of the function 
is given by 

4

2
⎟
⎠
⎞

⎜
⎝
⎛⋅= mxR

AF . 

 
Hence, in order for the production and distribution activity 

under optimum choice of the supply area and optimum price to be 
profitable, the following inequality must hold: 

0
2

4

>−⎟
⎠
⎞

⎜
⎝
⎛⋅ Q

R
A mx  

In which constant production costs, Q, are accounted for. 
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By substituting the value of A, we obtain the following form 
of the inequality: 

4

2

( )
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C b
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Fig. 3.2. The course of the function F depending upon the radius of 
the supply area, R 

 
We can now check the course of relations, defining: 
 
Profit per product unit 
 
We, namely, dispose of the cost of manufacturing a unit of 

product and of transporting it to the customer’s inventory: 

κ = )(;
3

2
CCaRkb

Q
mx

o
T −=++ λ

μ
. 

After having introduced the market clearing condition, μ = Λ, 
we obtain 

κ = Rkb
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As we take the derivative of cost to be equal zero (for R = 

R*), i.e. 

0
R

κ∂
=

∂  
 
we obtain 

R*(C) = 3

)(

3

CCkga

Q

mxT
o −Π

. 

 
Now, since profit on a single unit of product equals Z1 = C-κ, 

we can equate the derivative of profit with respect to C to zero and 
get 

C*(R) = Cmx - 2
2Rga

Q
o Π

. 

 
Substituting the expression for C* into the formula for R* we 

obtain 

R* = R*(C) = 2
3

Tk
4

Π
⋅

ga

Q
o

, 

 
and analogously, by substituting R* into the formula for C*: 

C* = C*(R*) = Cmx - 2
3

Tk
4

Π
⋅

ga

Q
o

. 

 
Ultimately, the highest profit per unit of product shall be 

given by 

Z1(C*,R*) = Cmx-b-4⋅ 2
3

Tk
4

Π
⋅

ga

Q
o

. 

 
Profit shall be positive, when the following inequality is satis-

fied: 

✓-

F 

FF 
FF 

FF 
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(Cmx-b)2 > 2

3

16

Πga

Q
k

oT . 

 
Thus, we can see that when the objective is to maximise 

profit per unit of product, we obtain a different solution from the 
one for maximisation of the profit on the sum of sales of all the 
products. 

 
Returning to the issue of maximising the profit from sales, let 

us investigate the return on the activity here considered. 
 
Market competition for the basic model accounting for deliv-

ery costs 
 
Let us analyse the behaviour of the return ε from production 

when we account for the cost of supply to all customers. If, again, 
we assume market clearing condition, Λ = μ, then we obtain 

1
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In particular, in order to secure the maximum profit of the 

company, the following relations should be satisfied: 
 
C* = (3Cmx+b)/4; 

)(
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2
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Z* = Z(C*,R*) = Πg QbC
k mx

T

−−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ 2

2

)(
16

3
. 

 
The sole possibility for entering the market, dominated by the 

“resident” producer, selling the product for the price C* in quantity 
Λ*, is to set in motion manufacturing activity of the intensity μ1>Λ 
and to sell the products manufactured for lower prices, C1 < C*, and 
at lower production costs: 

1
1

Q
bκ

μ
= +  (assuming the equalities b1 = b and Q1 = Q), 

and, alas much lower profit than the calculated value Z*. 
 
Consequently, the entering competitor, by selling the products 

for the lower price C1 shall give rise to a higher demand, since for 
C1 < C* there is Λ1 > Λ*. 

 
Ultimately, the final conclusions are the same as in the pre-

ceding case, without consideration of the supply cost. The price 
war shall ensue, in which the winning side shall be the one dispos-
ing of greater financial reserves. 

 
There is also a possibility that another situation shall arise. 

Namely, the “resident” company might not react to the competi-
tor‘s entry onto the market. This competitor shall be selling cheaper 
product to less wealthy customers. In this manner, a new, “poorer” 
market segment shall arise, leading to a different demand. This 
competitor, though, shall be gaining much lower profits. In order to 
increase these profits, the company might decide to lower produc-
tion costs and product quality, while not losing customers. Thereby, 
two distinct market segments might arise, with two different prod-
ucts satisfying similar kind of need. 

 
Otherwise, only one producer may stably remain on the mar-

ket, servicing the area with the radius R*. According to such a 
(simplified, definitely) model, the entire surface of the Globe 
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would be covered by the areas, corresponding to monopolistic pro-
ducer supply regions, the locations of the supply centres being dis-
tanced by approximately 2R* (in appropriate units). As the effec-
tiveness of production technologies increases, and the transport 
costs decrease, with advance of technological progress, the network 
of producers shall be getting sparser and sparser, with increasing 
radius R*. 

 
1.ii. Basic model 3.i without product delivery to customer’s 

inventory 
 
Very often a company selling a product does not ensure 

transport of the goods purchased to customer’s location (e.g. ware-
house). In such cases, the customer has to rent and/or pay for trans-
port of the goods purchased to proper location. Naturally, this case 
is equivalent to the one, when along with the payment for the prod-
uct, the customer pays for the transport of this product to the loca-
tion of use or inventory. 

 
In such a case the (ultimate) cost of buying the product (C#) is 

augmented by the cost of transport (C# = C + KT), which allows for 
the following modification of the linear demand function: 

Λ(C,R) = 

g ∫ =−−Π
R

Tmx
o drrkCCra
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=⎥
⎦

⎤
⎢
⎣

⎡
Π−−⋅Π∫ ∫

R R

T
o

mx
o drrkaCCardrg

0 0
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2)(2  = …  

= aoΠgR[(Cmx-C)R2/2-kTR3/3] = 2aoΠgR2 [(Cmx-C)/2-kTR/3] =  
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= aoΠgR2 [Cmx-C - 2kTR/3] = AR2(Cmx-C-BR), 
 

where A = aogΠ  and  B = 2kT/3. 
 
As we assume the same form of the relation expressing unit 

cost of production, i.e. 
Q

bκ = +
Λ

, 

we obtain the following form of the profit function: 
2( , ) ( ) ( )mxZ R C A R C b C C B R Q= ⋅ ⋅ − ⋅ − − ⋅ − . 

 
By differentiating this function with respect to C, we get 

2 2( , ) ( ) ( )mxZ R C A R C C B R A R C b
C

∂
= ⋅ ⋅ − − ⋅ − ⋅ ⋅ −

∂
. 

 
And now, by zeroing of the derivative, we obtain 
1

( )
2 mxC C b B R∗ = ⋅ + − ⋅ and 2 21

( , ) ( )
4 mxZ R C A R C b B R Q∗ = ⋅ − − ⋅ − . 

 
Then, if we differentiate the latter function 

2 2 21
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2 mx mxZ R C A R B R B R C b C b
R

∗∂ ⎡ ⎤= ⋅ ⋅ ⋅ ⋅ ⋅ − ⋅ ⋅ ⋅ − + −⎣ ⎦∂
 

 
and, again, equate the derivative to zero, then the respective roots 
are 

1 2 3

1
0, ,

2
mx mxC b C b

R R R
B B

∗ ∗ ∗− −
= = = ⋅

 
 

As we substitute the proper root (R*
3) to the formula for the 

value of C*, we get 

C* = (Cmx + 3b)/4  and  Z* = Z(R*,C*) = 4
2

)(
64

1
bC

B

A
mx −⋅ . 

If we change the sequence of differentiation of the function 
Z(R,C), and start from the derivative with respect to R, then we 
obtain 
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[ ]2( , ) ( ) 2 ( ) 3mxZ R C A R C b C C B R
R

∂
= ⋅ ⋅ − ⋅ ⋅ − − ⋅ ⋅

∂  
 
As we now equate the derivative to zero, we get 

R* = 
B

CCmx −
⋅

3

2
   and   R1,2 = 0, 

with 

Z(R*,C) = QCCbC
B

A
mx −−⋅−⋅ )()(

27

4
2

 

 
If we now differentiate this function with respect to C, the re-

sult is 

=
∂
∂

),( * CRZ
C

)34()(
27

4 2
2

bCCCC
B

A
mxmx +−⋅−⋅ , 

and when we equate the above to zero, we obtain 

1,2

1
; ( 3 )

4mx mxC C C C b∗ ∗= = ⋅ + ⋅
 

 
After we then substitute the value of C* to the formula, defin-

ing R*, we get 
1

( 3 )2 2 14
3 3 2

mx mx
mx mx

C C bC C C b
R

B B B

∗
∗

− ⋅ +− −
= ⋅ = ⋅ = ⋅

 
Hence, we obtained the very same formulae for the values of 

R* and C*, so that we can be sure they are correct. 
 
1.iii. Basic model 3.iii with product delivery and nonlinear 

demand function 
 
Let us consider activity of a company, in which the cost of 

manufacturing a unit of product is given by the function 

κ(μ) = b
Q

+
μ

. 
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The company delivers the product commissioned to the cus-
tomer’s inventory, bearing, in that an additional, average cost of 
sale: 

KT(R) = RkT3

2
 = BR. 

Customer’s potential demand (“need”) is estimated as 

λ = λ0⋅
CC

C

+0

0 , 

where C0 and C are expressed in monetary units per unit of prod-
uct. 

 
Total demand within the zone of radius R, assuming uniform 

density g of customers per area unit, is equal 

Λ = gΠR2λmx
CC

C

+0

0
. 

If we now introduce notation  A = gΠR2C0  and substitute μ = 
λ, then we get the following expression for the value of profit: 

2

2

3( , ) . .
TC b k R

Z C R A R Q
C C

− −
= −

+  
 
The course of the function Z(C,R) is shown, in terms of iso-

quants, in Fig. 3.3. 
 
In order to assess the shape of the respective function F(C,R) 

we differentiate it with respect to C and R. We thus get 

2

0

2
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3( , ) . 0
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( , ) 2 ( )
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C b k R
Z R C A R

C C C

A R
Z R C C b k R

R C C

+ +∂
= >            

∂ +

∂ ⋅
= ⋅ − −

∂ + . 
 

Hence, we see that the function Z (Fig. 3.3) increases infi-
nitely with the increase of C (for a given value of R). On the other 
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hand, given a value of C, profit attains maximum for R* = (C-b)/kT 
whatever this value C is. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3.3. Isoquants of profit function for the model of section 1.iii 

If we now substitute into the expression for function Z the op-
timum value R = R*, then we obtain 
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If we now determine the derivative of the function Z(R*,C) 
with respect to C, we get 

2

2 2

1 ( )
( , ) (2 3 ) 0

3 ( )T

A C b
Z R C C C b

C k C C
∗∂ −

= ⋅ ⋅ ⋅ + + ≥
∂ +  

 
This function has three roots, namely: 
 

2

3 0*
3

bC
C

+
−=  and *

2,1C  = b, 

 
and the value of the function Z(R*,C), in its dependence upon C (for 
C > b) increases infinitely. 

 
Let us now investigate the behaviour of 
 
Profit per unit of product 
 
Thus: 
 

for Λ = AR2/(C0+C),  where  A = C0gπλmx, 
 

and κ = 
μ
Q

 + b + BR,  where B = 
3

2
kT 

 

we have Z0 = C - 
2

0

R
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A
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Hence 
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We can see, therefore, that 

0
0

<
∂
∂
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Z
 for R < R0, 

0
0

>
∂
∂

C

Z
 for R > R0,  where R0 = (Q/A)1/2 
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and at point R0 profit attains its minimum value. 
 

As we differentiate with respect to R, we obtain 

3
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C CQ
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R A R

+∂
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By equating the derivative to zero, we get 
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At this point the profit function attains its maximum value: 
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⎠
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A

kCCQ T

9

)( 2
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It can then be easily seen that profit increases without any 

limit as C increases, and it is positive for C not less than C0, fulfil-
ling the inequality 

2

3
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1.iv. Basic model 3.iii with nonlinear dependence of demand 
upon product price without product delivery 

In this case, we have 

κ = b+
μ
Q

  and  λ = λ0
CC

C
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0 ,  

hence Λ = 
BRCC
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where A = C0gπλ0, 
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and the profit function shall take on the form 

2( , )
C b

Z R C A R Q
C C B R

−
= ⋅ ⋅ −

+ + ⋅  

As we determine the derivative with respect to C, we get 

2
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C b B R
Z R C A R

C C C B R

+ + ⋅∂
= ⋅ ⋅ >

∂ + + ⋅⎡ ⎤⎣ ⎦  

Thus, we can see that the function Z increases in C, although 
at a decreasing rate, up to the limit value AR2-Q. 

By differentiating the profit function with respect to R, we get 

2
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C C B R
Z R C A R C b

R C C B R

⋅ + + ⋅∂
= ⋅ ⋅ − ⋅ >
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which, indeed, means that function Z increases without limit in R. 

Let us next analyse the behaviour of 

 

Profit per unit of product 

Profit per unit of product is expressed with the formula 

2
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C C B RQ
Z R C C b

A R

+ + ⋅
= − ⋅ −

 

For R>(Q/A)1/2, profit shall be positive when C>C0, where 

2

0

21

C B RQ
b

A RC
Q

A R

+ ⋅
⋅ +

=
−

⋅  

Besides, unit profit shall increase without limit along with C, 
and will increase along with R, tending to the value C-b. 
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Market competition for the model 3.iii 

Since profit from the activity here described is a nondecreas-
ing function of C and R, we deal with a situation exactly opposite 
to the one, under which perfect competition arises, and demon-
strates the absolute domination of the “resident” firms, which took 
over the most lucrative part of the market of the “rich” customers. 

Entry of a competitive company with an equivalent product, 
sold at lower price, may at most lead to the “detachment” of a sepa-
rate market of less wealthy customers, as this was described for the 
preceding model. 

It is, of course, also possible that a competitor enters the mar-
ket with an even more expensive equivalent product, taking advan-
tage of the attitude of some customers of gaining higher prestige by 
using a more expensive product, distinguished by the insignificant 
ornaments. We shall not deal with such cases, since, according to 
the initial assumptions, we only consider the rationally behaving 
customers. 

 
 
2. A complex model with product delivery costs 
 
In this model we shall assume that, similarly as before, prod-

uct transport costs are deducted from the proceeds of the company, 
but that the density of customers per surface unit is not constant, 
decreasing proportionally to the distance r from the centre of the 
area, where the manufacturer, selling the produce, is located. Ac-
cording to the classification from Chapter II, this is basic model 2.i, 
with product delivery under uneven spatial distribution of custom-
ers. 

The remaining assumptions shall be kept unchanged, includ-
ing the one concerning the magnitude of customers’ demand, line-
arly decreasing with the increase of product price. 
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Changes, therefore, concern the profit function Z, in which 
we must additionally account for the variable transport costs. We 
also have to determine again the value of demand, Λ, depending 
upon the radius of the area, over which product is sold – or, more 
precisely, upon the number of customers on the area and the quan-
tity of product, purchased by every customer. 

If we designate with symbol λ0, as before, the maximum (say: 
annual) demand for the product of a single customer, then demand 
at price C shall be equal λ = λ0 – aoC, with ao = λ0/Cmx. 

Next, denote with gmx the maximum density of customers, 
purchasing the product considered, for r→0, per unit area of sale. 

For an r>0 the density of potential customers, interested in 
the product, per unit area at distance r from the centre, shall de-
crease to the value g = gmx - ϕr [in, e.g., customers per square 
kilometre], with 0≤r≤Rmx, and, of course, Rmx = gmx/ϕ and ϕ = 
gmx/Rmx. 

Consequently, the expected sale of the product per area unit, 
distanced by r from the centre, during a year, shall be equal 

λ(r) = (λ0 – aoC)(gmx - ϕr). 

With this, the profit zmx per product unit, must be decreased 
by the cost of product delivery to the customer’s location,i.e. over 
distance r: 

z = zmx – kTr, where zmx = C – b. 

In the above, kT is, as before, the transport tariff per unit of 
distance and of product. The value of zmx corresponds to the maxi-
mum profit per unit of product for r=0. Denote by lmx the distance 
of product delivery, for which transport cost absorbs the entire 
profit from product sale, under a given price C: 

lmx = 
T

mx

k

z
. 

In order to avoid any potential misunderstandings, let us put 
the three relations, presented before, in a unified framework: 

--
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λ = λ0 – aoC = λ0(1 - 
mxC

C
) = ao(Cmx - C); 

g = gmx - ϕr = gmx(1 - 
mxR

r
) = ϕ(Rmx - r); 

z = zmx – kTr = zmx(1 - 
mxl

r
) = kT(lmx - r), 

where: ao = λ0/Cmx,  ϕ = gmx/rmx,  kT = zmx/lmx,  zmx = C – b. 

Note that the area, over which the sales are carried out, is 
equal πR2, where R is the radius of the circle, in whose centre the 
producer is located. Hence, the total demand Λ(R) for the product 
considered within the zone of radius R is given by the expression 

2
0

0

1 1
( ) ( ) ( ) 2 2 ( )

2 3

R

mxR r dS x x dx a C g R Rλ λ λ ϕ
Ω

⎛ ⎞Λ = ⋅ = ⋅ Π ⋅ = ⋅Π⋅ − ⋅ ⋅ − ⋅ ⋅⎜ ⎟
⎝ ⎠∫ ∫

o

. 

Let us now determine the transport costs to all the customers, 
distanced by less than Rmx from the producer (or the seller): 

2 3
0

0

1 1
( ) 2 ( ) 2 ( )

3 4

R

T T T mxK R k x x dx k a C g R Rλ λ ϕ⎛ ⎞= ⋅Π⋅ ⋅ ⋅ = ⋅Π⋅ ⋅ − ⋅ ⋅ − ⋅ ⋅⎜ ⎟
⎝ ⎠∫

o

 

Consequently, costs of manufacturing and delivering the 
product to the customers shall be equal 

]2 3
0

1 1 1 1
2 ( )

2 3 3 4T mx mx T

Q
b K a C g R R b g R R k Qλ ϕ ϕ⎡⎛ ⎞ ⎛ ⎞ ⎛ ⎞Λ + + = ⋅Π⋅ − ⋅ ⋅ − ⋅ ⋅ + − ⋅ ⋅ +⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢Λ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣

o

 

As the sales value is given by the formula 

2
0

1 1
2 ( )

2 3mxC a C g R Rλ ϕ⎛ ⎞⋅ Π ⋅ − ⋅ ⋅ − ⋅⎜ ⎟
⎝ ⎠

o

 

then the profit function, assuming demand-supply equilibrium 
(market clearing), takes on the following form: 
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2 3
0

1 1 1 1
2 ( )

2 3 3 4
mx mx

T
T

g gC b
Z a C k d R R R R Q

k
λ

ϕ ϕ
⎡ ⎤⎛ ⎞ ⎛ ⎞−

= Π⋅ − ⋅ ⋅ ⋅ ⋅ − − − −⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎣ ⎦

o

 

 

Let us now investigate the behaviour of the function F = Z+Q 
and introduce the following notation for this purpose 

A = 2πkTϕao; 

D = (C-b)/kT; 

Rmx = gmx/ϕ. 

 

Then, expression in the square brackets in the last formula 
can be rewritten in the form 

2
0

1 1 1
( , ) ( )

4 3 2mx mxf R C R R D R D R= − + ⋅ + ⋅
 

and the function F in the form 
2

0( ) ( , )mxF A C C f R C R= ⋅ − ⋅ ⋅  

 

As we differentiate function F with respect to R, we get (see 
Fig. 3.4): 

{ }2
1( ) ( , )mx mx

F
A R D R R D R R A f R C R

R

∂
= ⋅ − + ⋅ + ⋅ ⋅ = ⋅ ⋅

∂  

The roots of the function f1 are R1 = D and R2 = Rmx. 

Hence, the optimum value of the variable R is 
 

R* = min{D,Rmx}. 

 

 

 

--- ---
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Fig. 3.4. The derivative of function F (here “R” denotes Rmx) 

 
Case of Rmx<D 

In this case, we have R* = Rmx, and 
2 3

0( ) ( , ) ( ) ( )
6 2

mxT
mx mx mx mx mx

Rk
F A C C f R C R A D D D R= ⋅ − ⋅ ⋅ = − ⋅ − ⋅

 

since D = (C-b)/kT, hence: C = DkT+b  and  Cmx-C = kT(Dmx-D), 
where we used the notation Dmx = (Cmx-b)/kT. 

The roots of this latter variant of function F are: D1 = Rmx/2 
and D2 = Dmx. 

We treated function F as a function of the variable D, depend-
ing upon C. Let us find the value D*, maximizing F. For this pur-
pose we determine the derivative: 

⎥
⎦

⎤
⎢
⎣

⎡
−⎟

⎠
⎞

⎜
⎝
⎛ += D

R
DA

dD

dF mx
mx 22

1
2 0 , where A0 = 3

6 mxT Rk
A

. 

So, as we can see, function F attains its maximum at the point 

D* = ⎟
⎠
⎞

⎜
⎝
⎛ +

22

1 mx
mx

R
D . 

If now we introduce this value to the expression for the func-
tion F, we obtain 

dF/dC 

0             D                          R 
G 
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20( ) ( )
4 2

mx
mx

A R
F D D∗ = −

 

But 
Tk

bC
D

−
=

*
* , so that 

T

mx
mx k

bCR
D

−
=+

*

)
2

(
2

1
, hence 

C* = b
R

Dk mx
mxT +⎟

⎠
⎞

⎜
⎝
⎛ +

22

1
. 

Since Dmx = 
T

mx

k

bC −
, then, ultimately, function F attains its 

maximum at the point 

1 1

2 2

mx

mx mx T

R R

C C b R k

∗

∗

=

⎛ ⎞= + + ⋅⎜ ⎟
⎝ ⎠  

provided that the initially assumed inequality Rmx < 
Tk

bC −*

 holds, 

or, after substitution of the value of C*, the inequality Rmx < 
3

2
Dmx, 

or yet 
2

3
RmxkT + b < Cmx. 

 

Case of D < Rmx 

In this case R* = D*, and as we substitute (C-b)/kT = D, we get  
2 3

0( ) ( ) ( ) (2 )
12

T
mx mx mx

k
F A C C f D D A D D R D D= − ⋅ ⋅ = − ⋅ − ⋅

 

The roots of this function are 

1 2 30  ;    =   ;     2     mx mxD D D D R= =  . 

All of these roots are located outside of the interval of varia-
bility of D that is of interest for us, i.e. 0 < D < Dmx. In order, there-
fore, to find the optimum value of D, maximizing the function of 
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profit (within the range that is of interest to us), we shall determine 
the derivative of the function F with respect to D. Thus, 

{ }2 25 4(2 ) 6
12 T mx mx mx

dF A
k D R D D R D

dD
= ⋅ ⋅ − + + ⋅

 . 

The roots of this function are 

1,2 2

2 15
(2 ) 1 1

5 8 (2 )
mx mx

mx mx
mx mx

D R
D R D

R D

⎧ ⎫⎡ ⎤⎪ ⎪= + ⋅ ± −⎨ ⎬⎢ ⎥+⎪ ⎪⎣ ⎦⎩ ⎭  
and         D3 = 0. 

The shape of the function F implies that 

D* = 
5

2
(2Rmx + Dmx)⋅α, 

where α = 1 - 
2/1

2)2(8

15
1 ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+

−
mxmx

mxmx

DR

RD
, and 0 < α < 1. 

Now, as we substitute the optimum value D* to the function 
F, we obtain 

3

3
3

( ) ( ) (2 ) ( )
12

2 2 4 4 2
(1 ) (2 ) (2 )

12 5 5 5 5 5

T mx mx

T mx mx mx mx mx

A
F D k D D R D D

A
k D R R D R Dα α α α α

∗ ∗ ∗ ∗= − ⋅ − ⋅ =

⎛ ⎞ ⎡ ⎤ ⎡ ⎤= ⋅ − − − − +⎜ ⎟ ⎢ ⎥ ⎢ ⎥⎝ ⎠ ⎣ ⎦ ⎣ ⎦ . 

From the equality 
Tk

bC
D

−
=

*
*  we deduce that 

2
(2 )

5 mx mx TC R D k bα∗ = + ⋅ ⋅ +
 

while from the equality R* = 
Tk

bC −*

 we get R* = 
5

2
(2Rmx+Dmx)⋅α. 

The formulae for the values of C* and R* are valid, if the as-
sumed inequality, D* < Rmx, holds, this inequality taking on, after 
the substitution of the value for D*, the following form 

✓ -
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βDmx < Rmx  or  β(Cmx – b) < RmxkT,  where β = 
α

α
45

2

−
. 

In particular, when α<5/7, condition 2/3 Dmx<Rmx is fulfilled. 

The values of R* and C*, determined for both cases, define the 
optimum zone and price of product sales, in terms of profit maxi-
misation. 

Ultimately, then, profit Z, accounting for the necessity of 
covering constant costs, Q) shall be expressed through the formula 
Z = F – Q, where  

20( ) ( )
4 2

mx
mx

A R
F D D∗ = −

 
for Rmx < 2/3 Dmx, or 

3

3
3

( ) ( ) (2 ) ( )
12

2 2 4 4 2
(1 ) (2 ) (2 )

12 5 5 5 5 5

T mx mx

T mx mx mx mx mx

A
F D k D D R D D

A
k D R R D R Dα α α α α

∗ ∗ ∗ ∗= − ⋅ − ⋅ =

⎛ ⎞ ⎡ ⎤ ⎡ ⎤= ⋅ − − − − +⎜ ⎟ ⎢ ⎥ ⎢ ⎥⎝ ⎠ ⎣ ⎦ ⎣ ⎦  

for Rmx > 2/3 Dmx. 

 
Market competition for the basic model with uneven density 

of customers, accounting for delivery cost 

We analyse the function of return on production, 

1

)(

)(
)( −

+
+

=

R

QRD
b

C

μ

με

 
where, for an existing producer, the optimum sales price of the 
product manufactured is equal 

* 01 1

2 2 2
mx T mx

T

C C g
C k b

a

λ
ϕ

⎛ ⎞+
= = + −⎜ ⎟⎜ ⎟

⎝ ⎠
o

 

in conditions of optimum production volume 
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4
*

3

1
( ) ( )

6 2
mx mx

mx T

g g
R R a b kμ λ

ϕ ϕ
∗ ⎡ ⎤⎛ ⎞Π
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for 

* 01 1
( ) 3

2 2
mx

T
T

g
D D R k b

k a

λ
ϕ

∗
⎛ ⎞

= = −⎜ ⎟⎜ ⎟
⎝ ⎠

o

 
with R* = gmx/ϕ. 

Under the optimum values of C, R and μ, the value of the re-
turn function, ε, depends uniquely upon the parameters of the 
model, and so is the same for all the competitors. 

Hence, we see that a newcomer, in order to push the resident 
company from the market, has to decrease product price, entering 
the market with higher production volume and servicing the area of 
greater radius. All these controls, though, bring the newcomer 
(usually) a lower profit than the one enjoyed by the resident com-
pany. The values of the respective decision variables, C, R and μ 
shall, namely, be different from the optimal ones. 

Consequently, when the resident company, defending its 
market share, shall also lower the price of the product in question, 
the price war shall begin. If, however, the resident company does 
not react to the action of the competitor, this may lead to the ap-
pearance of a separate segment of the market, with less wealthy 
customers and – supposedly – lower quality products. 



This book presents a complete exposition of a coherent and 
far-reaching theory of market competition. It is based on 
simple precepts, does not require deep knowledge of either 
economics or mathematics, and is therefore aimed primarily 
at undergraduate students and all those trying to put in order 
their vision of how the essential market mechanisms might 
work. Volume II, now in preparation, shall bring the theory to 
further problems and results. 

The logic of the presentation is straightforward; it associates 
the microeconomic elements to arrive at both more generał 
conclusions and at concrete formulae defining the way the 
market mechanisms work under definite assumed conditions. 

Some may consider this exposition too simplistic. 
In fact, it is deliberately kept very simple, for heuristic 
purposes, as well as in order to make the conclusions more 
elear. Adding a lot of details that make theory more realistic -
these details, indeed, changing from country to country, and 
from sector to sector - is mainly left to the Reader, who is 
supposed to be able to design the more accurate image on the 
bas is of the foundations, provided in the book. 
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