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Abstract 

A procedure for the aggregation of statistical data derived from the simu-

lation of a GN model has been described. The method for utilization of 

that information has been described in details for the case when the same 

GN model is run for prognostic purposes. The concept of intuitionistic 

fuzziness is used to construct evaluations of the tokens’ transfer during 

the simulation runs, which are then interpreted as probabilities for tokens’ 

transfer during the prognostic ones. 

Keywords: generalized nets, intuitionistic fuzziness, modelling, prog-

nostics, simulation. 

1 Introduction 

The present paper introduces a new way of performing prognostics of processes, 

modelled by generalized nets, using intuitionistic fuzzy evaluations of the to-

kens’ records of transfer via the net transitions. This approach enables taking 

future decisions with respect to the plausibility of tokens’ movement inside the 

net, on the basis of a certain number of model simulations in the past. 

2 Description of the extended abstract GN model 

Let us have an abstract model of a real process constructed with the apparatus 

of generalized nets (GNs, see [1]). The model consists of n transitions, T1, ..., Tn 

and a set of places, both input and output, collectively denoted by pi,j and qi,k 
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where i  {1, ..., n}, j  {1, ..., fi}, k  {1, ..., gi} where fi and gi are, re spec-

tively, the maximal number of input and output places of the i-th transition. In 

Figure 1, the abstract GN model is schematically illustrated in the grey zone, 

and further extended with additional infrastructural elements that reflect the 

novelty of the presently proposed approach. 

 

 

Figure 1: Proposed extension of an abstract GN model 

These extra infrastructural elements are: 

 two new transitions Tsel and Tres,  

 3n+3 new places: 

o psel (input for Tsel and for the whole new GN),  

o psel,1, ..., psel,n,  

o pcalc,1, ..., pcalc,n that are n places for interim calculations attached to 

each of the n transitions of the original GN of the modelled process, 

o pres,1, ..., pres,n,  

o pcalcres,  

o pres (output for Tres and for the whole new GN). 
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Before we proceed with the dynamics of the newly constructed GN, let us 

comment on one important aspect of its transitions and places: their priorities. 

The first consideration to be made is that the two new transitions Tsel and 

Tres have, respectively, the highest and the lowest priority among all. Within the 

set of the transitions Ti (i  {1, ..., n}) different priorities may hold, as determ-

ined by the particular modelled process, but they are not a subject of discussion. 

The second consideration is that in the whole net we have four levels of 

places’ priority:  

 In the first level, the places with the highest priority are psel, psel,1, ..., psel,n 

and pcalcres, i.e. the input and output places of the transition with the highest 

priority Tsel. 

 The second level contains the totality of places from the standard GN that 

describe the real process, namely places pi,j and qi,k, where i  {1, ..., n} is 

the number of transitions and j  {1, ..., fi}, k  {1, ..., gi}. In Figure 1, the-

se are illustrated in the grey zone. Within the set of the places from the se-

cond group, places may have different priorities as determined by the parti-

cular process that is being modelled, but their priorities are generally lower 

than those on the first level and generally higher than those on the third 

level. 

 The third group of places consists of the places pcalc,i, i {1, ..., n} that are 

attached as output/input places of Ti. 

 The last group of places that exhibit the lowest priority in the new net are 

pres,1, ..., pres,n and pres, i.e. the input and output places of the transition with 

the lowest priority Tres. 

The so described additional elements of the GN static nature form a new 

contour for the dynamic elements (tokens) that carry meta information about the 

original modelled process. Let us denote these tokens by α, β and n ,...,1 .  

An α-token enters the global input place of the new GN psel with the charac-

teristic current user’s selection (hence, the index sel) of what his/her intention is 

when running the model: whether he/she runs it for simulation purposes, or for 

prognostic ones. Therefore, the α-token enters the place with exactly one of the 

two following characteristics: 

“simulation” or “prognostics”. 

This first choice is crucial for the execution of the original model, because 

it determines: 

 whether information about the tokens’ transfer is only going to be retriev-

ed, statistically processed and stored in the additional places pcalc,1, ..., 

pcalc,n, pcalcres if the user chooses to perform simulation,  

 or collected information from previous simulations is actually going to be 

used (without changes) to run the model with prognostic purposes.  
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So, the different behaviour of the new GN, as stipulated by the choice made 

in the first input place, dictates that we consider these two scenarios separately. 

Before that, however, let us give some necessary working definitions. 

2.1 Working definitions 

Let us remind that the index matrix (see [3]) of predicates of a given transition 

contains information of the possible routes of tokens’ transfer from the input to 

the output places of the transition. The cells of the index matrix may contain 

either the unconditional explicit values “true” and “false”, or some predicates 

that are subject to calculation and may result in either “true” or “false” accor-

ding to certain conditions. When a given cell contains the value “true”, this 

means that any token in the respective input place of the transition can transfer 

to an output place, while if the value is “false”, it may simply be considered that 

there is no arc, linking the input and the output place. 

We will say that a token located in an input place li is eligible to transfer to 

the transition’s output place lj whenever in the (i, j)-th cell of the transition’s 

index matrix of predicates the value is either “true” (unconditional transfer) or 

some predicate Wi,j, whose truth value is currently calculated as “true” (cond-

itional transfer).  

Whenever a token is eligible to transfer, it will transfer given enough time 

on the current time-step. This extra time dependence means that some tokens, 

which are eligible to transfer, may not successfully accomplish the procedure on 

the current time-moment, i.e. they will remain in the input place at least by the 

time of the next activation of the transition. 

The same token will be ineligible to transfer to a given output place when 

the calculated truth value of the predicate linking its input to that output place is 

(conditionally) “false”, i.e. current conditions do not allow the token’s transfer, 

however such transfer may still be permitted under other circumstances. Thus, 

reflecting the logic behind the model, we will fully ignore the case of the un-

conditional ineligibility to transfer (i.e. explicit value “false”). 

As it can be directly seen, the set of “successful” tokens (let us denote its 

cardinality by μ) and the set of “unsuccessful” tokens (respectively, cardinality 

ν) are both subsets of the set of all tokens in the input places of a given transi-

tion, let denote its cardinality by τ. What may not be so easily seen, however, is 

that both sets may not complement up to τ. It is possible that some tokens in the 

input places are eligible for transfer to output places (due to the truth of the 

calculated predicates in the transition’s predicate index matrix), but they are not 

able to do so due to the limited duration of the transition’s active state. Hence,  

10 






. 
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This situation bears a resemblance with the case of intuitionistic fuzzy (see 

[2]) degrees of membership (  ), non-membership (  ) and uncertainty 

(their complement to 1). 

One more observation can be made about the time-scale and elementary ti-

me-step of the newly constructed GN. Both are practically identical to those of 

the originally modelled process, but the duration of the new GN’s functioning 

will be exactly one (elementary) time-step longer than the duration of the origi-

nal net. This observation follows from the fact that once the necessary meta 

information about the transitions of the simulated process is stored in the tokens 

in places pres,1, …, pres,n, it needs to be finally aggregated in place pcalcres (tokens 

γi merge back to one token γ) and stored for further simulations or prognostics. 

 

Now, after we have given these working definitions, let us continue with 

the description of the model. First, we will describe it in the scenario when the 

model is run for simulation purposes, and second, when we run it for the purpo-

se of prognostics. As a rule of the thumb, multiple simulation runs need to be 

performed before a prognostic run that claims for plausibility. 

2.2 Scenario 1: simulation 

When the user chooses to run the model for simulation purposes, information is 

retrieved about the behaviour of the originally modelled process. We take into 

account several variables related to the tokens circulating in the original model.  

The first variable is the total number of tokens (let us refer to them with τ) 

that stay in the input places of each transition. It is noteworthy that during the 

GN’s overall functioning a transition may get activated more than once, therefo-

re, each transition’s activation by the end of the net’s functioning shall be taken 

into account.  

Another variable is the number of tokens that have successfully managed to 

transfer to output places during the active state of the respective transition. Let 

us call these μ tokens. Not only have they been eligible to transfer, but also time 

has been enough for them to accomplish it. The precise route of these token 

transfers are not being considered, being a part of the original model’s internal 

logic. 

We also maintain a variable for the number of tokens that have been ineli-

gible to transfer, because the calculation of the predicate in the respective cell of 

the transition’s predicate index matrix has resulted in “false”. We choose to 

denote them by ν. 

The numbers of τ, μ and ν tokens are: 
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 counted in a step-wise manner in places pcalc,i for each transition Ti 

(i {1,..., n}) of the originally modelled process, for each activation of the 

transitions in the course of a given simulation, and 

 collected in place pcalcres at the end of each simulation. As long as the model 

is run for simulation purposes information will be collected from the origi-

nal GN and stored in pcalcres. 

 

More formally, the form of the first transition Tsel is: 

 selselselresselsel IMppppT
n
},,...,{},,{

1
 

where: 

truetruep

truetruep

pp
IM

calcres

sel

nselsel
sel

...

...

... ,1,


 

This means that at the beginning of the simulation, the α-token in place psel 

splits into n identical copies that unconditionally transfer to all places psel,1, ..., 

psel,n of transition Tsel, which represent the n additional input places of the n tran-

sitions of the modelled process (this unconditional transfer being coded in the 

index matrix of predicates for Tsel as the value “true”). 

Simultaneously, in place pcalcres, which is the second input place of Tsel, a 

splittable β-token stays with the following characteristic: 

",,...,,,,," **
22

*
11 nn VALVALVALVALVALVALRx   

where” 

 R is the subsequent number of the current running of the model.  

 VAL1, …, VALn are n arrays of stored values for the current running of the 

model, which are in the form: 

",,,,"

,,,

1

,,

1

,,

1

,,,  


iRiRiR A

s

siR

A

s

siR

A

s

siRiRi ARVAL   

where i {1, ..., n} is the subsequent number of the transition and AR,i is the 

total number of activations of transition Ti during the R-th running of the 

GN model. The third parameter, namely: 




iRA

s

siR

,

1

,,  

corresponds to the total number τ of tokens in all input places of Ti, accum-

ulated during all the AR,i activations of the transition throughout the R-th 



7 

running of the model. Similar is the meaning of the fourth and fifth parame-

ters, where μ corresponds to those of the tokens that were eligible and ma-

naged to successfully transfer from an input to an output place during all 

the AR,i activations of the transition throughout the R-th running of the mo-

del. Finally, ν corresponds to the number of tokens in the input place were 

ineligible to transfer to an output place. 

 
*
1VAL ,..., 

*
nVAL  are n arrays that cumulatively store the sums of the respec-

tive values of the τ-, μ- and ν- tokens during all previous runnings of the 

model, in the form: 

",,,,"

1

,

1

,

1

,

1

,
* 





R

s

si

R

s

si

R

s

si

R

s

sii ARVAL  , 

R here being the total number of runnings (simulations) done so far, and the 

rest values being the sums of the respective values per running. Initially, 

when R = 0, 

"0,0,0,0,0" iVAL  

and  

"0,0,0,0,0"* iVAL . 

Later, when R is a natural number larger than 0, 

"0,0,0,0,"  RVALi  

and the final characteristic of token β is: 

",0,0,0,0,,...,,0,0,0,0,,,0,0,0,0,," **
2

*
1  nVALRVALRVALRRx . 

As already mentioned, both tokens α and β split to n tokens (α1,…, αn and 

β1,…, βn) during their transfer from the respective input places of transition Tsel 

to the output places psel,1, …, psel,n. Tokens αi have identical characteristics as 

token α, namely “simulation”. Tokens βi have the characteristic “ *, ii VALVAL ” 

which are the respective parts of the characteristic of token β. In the output pla-

ces, each αi merges with the respective βi token into n new tokens: γi. The initial 

characteristics of γi is: 

“ ixx
 , ” 

where: 

 x  is the characteristic of token α (“simulation”), and 
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 ix
  is the characteristic of token βi, namely “ *, ii VALVAL ”. As mentioned, in 

the initial moment these arrays consist only of zeros. 

So, the n γ tokens are unconditionally transferred to the n input places psel,1, 

psel,2, …, psel,n of the n transitions which comprise the original modelled process. 

Let us describe formally only the i-th of these n transitions after the modif-

ications, introduced by the present novel approach. For the sake of easy com-

prehension, the segment of the transition’s index matrix of predicates that corre-

sponds to the original model is also coloured in grey, as in Figure 1.  
 

 iiresicalcgiiiicalciselfiiii IMppqqppppT },,...,,,...,{},,,,...,{ ,,,1,,,,1,  

where: 

,

,,,

,

,

,,

1,

,,,1,

icalcicalcicalc

isel

fii

kji

i

iresicalcgiii
i

WWfalsefalsep

falsetruefalsefalsep

falsefalsep

W

falsefalsep

ppqq
IM

















 

where: 

 Wi,j,k are the respective predicates of the original modelled process (whose 

form is not to be discussed in the present research). 

 Wcalc,i = “the time of functioning of the original GN has not yet finished”. 

 Wcalc,i is the negation of predicate Wcalc,i. 

 

The γi token that stays in place psel,i unconditionally enters place pcalc,i and is 

ineligible to direct transfer to place pres,i. It may only reach place pres,i if it has 

looped for at least one iteration through place pcalc,i (the place for interim calcu-

lation of the values of the arrays “ *, ii VALVAL ” that reflect the tokens’ transfer 

during the simulation). Hence, as predicate Wcalc,i stipulates, the token will be 

looping in place pcalc,i as long as the original generalized net model is functio-

ning, thus recording all the information of the tokens’ transfer during all the 

possible activations of transition Ti. As soon as the original model stops func-

tioning, the γi token that has been looping in place pcalc,i recording the data of the 

“successful”, “unsuccessful” tokens’ transfers through transition Ti, moves to 

place pres,i with the characteristic “ *, ii VALVAL ” where the respective values of 

the arrays represent the accumulation of this information across all transition’s 

firings throughout the whole simulation of the original GN. This is possible, 

since the priority of places pcalc,i (i {1, …, n}) is lower than the priorities of 

the places pi,1,…pi,fi, qi,1,…, qi,gi. 

-------------------------------------------
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Now, let us discuss the continuation of the tokens γi in the second newly 

added transition Tres. It is noteworthy that due to the lowest priority of this tran-

sition, it only becomes active when the overall functioning of the original GN 

has completely finished, i.e. when the simulation is over. Its formal definition is 

the following: 

 rescalcresresnresresres IMppppT },,{},,...,{ ,1,  

where: 

.

.........

,

1,

trueWp

trueWp

pp
IM

selnres

selres

calcresres
res 

 

where selW = “ x  is prognostics”. Therefore, during the first scenario, this pre-

dicate has truth value “false”. 

The tokens γi from the input places pres,i unconditionally transfer to the out-

put place pcalcres, where they merge into one token, β, with the characteristic: 

",,...,,,,," **
22

*
11 nn VALVALVALVALVALVALRx   

where: 

 1 RR , 

  0,0,0,0,RVALi , 

 iii VALVALVAL  ** . 

Thus, the final data about the tokens’ transfers from the latest simulation of 

the model is not kept but is aggregated with the data obtained from all previous 

runnings of the model.  

In the first scenario, when the purpose of the running is “simulation” (as 

coded in the characteristic of the initial α token), no tokens γi transfer to place 

pres of transition Tres. Reaching this output place is only possible when the pur-

pose of the model running has been “prognostics”. So, this is the second scena-

rio that we are going to discuss now. 

2.3 Scenario 2: prognostics 

During the second scenario, the functioning of the first transition Tsel is identical 

to the one in the first scenario.  

The major difference between the two scenarios is in the transitions Ti 

(i {1, …, n}). Before we describe them formally, let us denote by ri,j,k a ran-

dom variable in the [0;1] interval that is related to transition Ti. This variable, 

corresponding to the j-th input place and k-th output place of the i-th transition, 
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will be used to determine the type of the new predicates Vi,j,k that will replace 

the original predicates as seen in the simulation scenario. 

Depending on the goal of the prognostic run, there are two different va-

riants for the development of the processes in the originally modelled GN. They 

can be conventionally called “fuzzy” and “intuitionistic fuzzy” cases. In both 

cases the formal representation of the transition is as follows: 

 iiresicalcgiiiicalciselfiiii IMppqqppppT },,...,,,...,{},,,,...,{ ,,,1,,,,1,  

where: 

,

,,,

,

,

,,

1,

,,,1,

icalcicalcicalc

isel

fii

kji

i

iresicalcgiii
i

WWfalsefalsep

falsetruefalsefalsep

falsefalsep

V

falsefalsep

ppqq
IM

















 

where: 

 Wcalc,i = “the time of functioning of the original GN has not yet finished”. 

 Vi,j,k are new predicates replacing those of the originally modelled process. 

o Fuzzy case:  

,";0"

1
,

1
,

,,,,

























R

s
si

R

s
si

kjikji rV





 

 (the used notations are as described above). In this version, the dura-

tion of the functioning of Ti coincides with the duration of the func-

tioning of Ti of the original net. This means that during the prognostic 

run there may transfer the same number of tokens as in the original 

net.  

o Intuitionistic fuzzy case: In this case the Ti transition will be active for 

as many time-steps as the total number of the tokens in its input pla-

ces. The predicate Vi,j,k will obtain the form of the following rule: 

,._ ___________ __ ---------- -- ---------- -- ---
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















































































































t ime).(limitedtransfernotdoes

tokentheand ""then
1 ;if

;predicate)of(falsitytransfer notdoes

 token theand ""then
 ;if

;predicate)of(truthoutput an   totransfers

 token theand""then
 ;0if

,,
,,

,,
,,

,,
,,

1
,

1
,

1
,

1
,

1
,

1
,

1
,

1
,

1
,

1
,

falseV
r

falseV
r

trueV
r

kji
kji
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By means of the rule we can imitate the real-life functioning of the Algori-

thm for tokens’ transfer in a transition [1, 4, 5]. 

Finally, the third transition Tres keeps its form, as described in the first scen-

ario, but now the predicate selW = “ x  is prognostics” is evaluated as “true”. 

This changes the behaviour and characteristics of the i  tokens. Each of them 

splits to two identical tokens i   and i  .  

The i   tokens with characteristics “ *, ii VALVAL ” transfer to place pres and 

merge there into token δ with the characteristic: 

“ **
2

*
1 ,...,, nVALVALVAL ” 

which allows the user to trace back and understand the conditions that determ-

ined the development of the prognostic run of the model. 

The i   tokens, again with characteristics “ *, ii VALVAL ”, transfer to place 

pcalcres and merge there into token β without obtaining new characteristic. Thus, 

in future runnings of the model, no matter whether for simulation or for progn-

ostic purposes, this token β can be used again as an input of the top priority 

transition Tsel. 

3 Conclusion 

The so constructed model describes the process of collection and aggregation of 

statistical data about tokens’ transfer from the simulations of an arbitrary GN 

model. Using these data, together with their intuitionistic fuzzy evaluations, we 

can utilize this construction for prognostic purposes. 

The ideas presented here suggest the construction of an even more detailed 

approach towards the collection of the statistical data, when information is ga-
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thered not on the level of transitions, but on the level of input/output places of a 

transition. This further detailization will be an object of future research.  
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