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V. ESTIMATION OF INVESTMENT LAGS AND THEIR IMPACT ON PRODUCTIVE 

CAPITAL FORMATION 

by 

Krzysztof Cichocki and Waldemar Wojciechowski 

V.1 Introduction 

Investigations concerning formation of fixed productive 

ass e ts (capital) and the dynamics of invest~ent proc e ss require 

a thorough look at investment delays. Usually, a substantial 

amount of time passes before an investment can be considered pro

ductive, i.e. the constructions are complete d, machine s installed 

and production started. The relations which describe accumulation 

of fix ed assets give n in the previous chapter illustrate the 

contribution of distributed investments to the formation of ca

pital at time t. Given the investments, one has to estimate the 

investment delay coefficients in order to derive the fixed assets. 

The main subject of this paper is to present a new me thod 

of derivation of . the investment d e lays (lags) based on past or 

anticipated investment time series. The major argument is, that 

the investment lags and the length of an investment reali zation 

change irregularly and fast over time and therefore most econo

rnetric methods applied to their estimation fail or yield incon

sistent results. The method presented yields satisfactory rcsult s . 

We include estimation results for the agriculture sector of eco

nomy for the period 1972-1984. 

The problem of estimation and forecasting of the inv e stment 

lags is discussed thoroughly in W. Wojciechows ki-s Ph. D. Thcsis 

( 1986), whcrc also cstimates of investmcnt lags for 14 scctors 

of l'olish economy ar_e given. The ex-post estimation is described 

in Cichocki and Wojciechowski (1985). 

·V.2 Estimation of inves tment delay coe fficicnts 

V.2.1 Traditional econometric approaches 

In many invcstigations investment delays are a s sume d to be 

constant over time. This assumption allows for application of 
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classical econometric me thods, for instance of the method of 

the mean squares. The above approach impli e s however , that the 

distribution of the invcstment delays is assumed in a dvanc e 

(a priori). In spite of the simplifying assumption, yielding 

by d efinition constant va lues of d e lays lj,T (t) = tj,', varicu s 

~•Ff iculties can occur. The estimation results obtained ,some times 

-:!O not include e s sential delays, Almon ( 1965), Koyck ( 1954). 

The collinear ity of explanatory variables (corresponding time 

se ries) entail s subs tantial difficulties in estimating the de

lay coeffici e nt s tj,, (t) or highly d e preciate the obtained esti

mates. 

It is also practiced very often to assume that the sum of inv est

ment delay coeffic i e nts equals unity, E lj, (tł = 1. 
'[ '[ 

The both above assumptions, of 1/i,(t) being constant over 

time or summing up to unity limit the estimation problem of 

investment delay coefficients to a narrow class of estimation 

problems. 

In addition, analysis of the data concerned with time dis

tribution of inves tments for particular investment tasks gives 

the evidence that 1/i,(t) varies irregularly and fast over time 

(see for instance tables V.1 ,3). 

Therefore, th e econometric methods, which work best, when applied 

to stationary processes or to the ones varyi1~ slightly and slow

ly with time fail so often . 

In the planning models (as for instance in Cichocki (1985) l 

the values of delays 1/i,(t) h ave to be prognosed . Theoretically, 

two approaches to estimate prognosis of lj, (t) can be applied : . '[ 

- first, based on historical trends of 1/i,(t), 

- second, when the values lj, (t) are computed from equation 
-r m 

(V.1) below, based on historical trends of Vt, I(t) and N (t). 

Since, as discussed, 1/i,(t) and hence Nm(t) vary irregularly and 

fast over time, the econometric ~ethods should not be applied. 

V.2.2 Formulation of the investment delay estimation problem 

The inves tments Vt 

t-Nm(t) + 1, where Nm(t) 

delay (cycl e ), measured 

committed in the years t, t-1 , • .. , 

is the maximum length of an investment 

at time t, contribute to the formation 
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of the new fixed assets at time t, with portions of their value. 

The n ew fixed assets I(t) can be written as 

Nm ( t)-1 
I(tl i: ljJT (tł vt-T = iji" (tł v(tl (V.1) 

T=O 
v.here V(t) denotes a vector of investments and · iji· (t) is a vector of investrrcnt 

delay coefficients, iji"(t) =[ljJ0 (t), ljJ 1 (t) , ... , ljJ m (tl] 
• N ( t-1) " 

The vector iji" (t) and the l ength of an investment cycle Nm(t) 

characterize the effectiveness of an investment process. 

Relation (V .1) is graphically illustrated in Figure V .1. 

The maximum length of the investment cycle Nm(t) = 3 is assumed. 

The investments completed at time t consist of one-year, two

year and three year investmen t tasks. The·letters A,B,C,D,E,F 

denote investments comrnitted at consecutive years t-2, t-1, and 

t, which are considered in the example. A denotes the investment 

at time t-2 with the three year realization time, Dis the invest

ment made at time t-1 with the realization time of two years, and 

so on. 

t-3 t-2 t-1 t t+1 . t+2 

. 

____. 

li B C 

D E 

F --
G li I 

J K 

L --
M N o 

Figure V .1. 

The following identities derived from (1) can be written 

I(t) = A + B + C + D + E + F (V . 2 .a) 
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C + E + F 

vt 

lj,2(t) = v t~2 

B + D 

V t-1 

(V • . 1.b) 

wh e re Vt is the total inve s tment e xpenditure at time t . 

In this c h ap ter we e stima te th e coe ffici ents lj,T (t), bas ed 

on the r e l a tio n (V. 1) wh e n es timation ex post i s a ppli e d . 

For ma king prognoses of inve stme nt delays we r e formulate 

the relation (V .1) . A v ector of e x pecte d l e ng th of an inves tme nt 

r.ycle NT (t) is introduced 

(V. 2) 

where Ni(t), i =1 , ... ,T(t) denotes an expected realizat i on 

length of th e longest investment task which is committed prior 

to and at time t and who s e completion is anticipated for the 

year t + i; T(t) is the ma x imum realization p e riod , from time 

t until its completion; of the investments made at and prior 

to time t. 

Th e relation (V.1) assumes then the form 

I (t) 
N1 (t-1)-1 

E lj,T (t) Vt--r ( V .3) 

T =O 

In the method of deriving the investment delays th e follo

wing vec tors a nd ma tri ces are def ine d 1 ) : 

A matrix 0; (T,n), which approximates the share of 

investments committe d a t time t+n-1 with the anticipate d complet

ion time at t + , - 1, in the total inv estments which wer e ini

tiated at time t. 

The ma trix 0; (T , ,n) is called "a technological distribution 

investment ma trix" . 

A vector , a 1 (t), . . • , a (t)); where 
Nm(t)-1 

ai(t) d e notes a share of investments committed a t time t-i and 

comple t e d at t , in the total inve s tment completed at time t. 

1) The d e finitions of 0; (T , n), IT tas well as of NT(t), arP new 
in the lite rature 
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nt is called the relative share of investraents in the total 

completed investments. 

A matrix ZAAt(k,l) eva luates the amount of investments 

at time t+l , which are necessary for continuation of an 

investment task initiated at time t whose cornpletion is anti

cipated for the time t+k. 

A matrix ZAMt(n ) approximates the amount of continued in

vestments , which have been continued unti l time t, and whose 

completion is anticipated for the moment t+n. 

The above definitions will become more explicit a nd elear 

when Figure V.2 and expressions below the figure are considered. 

In Figure V.2, the one - year, two-year and three-year inve stment 

tasks are graphical l y illustrated. The Gapital letters, as in 

Figure V.1, denote investments committed at a given time t. 

For in s tance, investments I,K, X comr.iitted in the year t+l, compl ( 
te the .investment tasks and the investment M, committed in the · 

year t+2 i s·a continuation lnvestment which will be completed 

at time t+2 and was initiated at time t. 

Thus, dim ( N,(t)) = 3 and te (t + T), T=2 

t-2 t-1 t t+1 t+2 t+3 

A B C 

D E 

,.__E.__. 

G H I 

J K 

X --
L M N 

____, 

Figure V. 2 

Th e bclow exeraplary expressions, derived from the Figure V.2 

explain the definitions of ZAAt (k,l), ZAMt(n), 0~ (,:, n) and 

rit: 
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Z/\/\t ( 1 , 1 ) I + K 

ZAAt ( 2 , 1 ) M 

ZAAt ( 2, 2) N 

Z/\Mt ( 1 ) G + H + J 

Z/\Mt (2) L 

0+ ( 1 , 1 ) F 
t F+ J +K+L+M+N 

0• ( 2, 1 ) J 
t F+J+K+L+M+N 

0• ( 2, 2) K 
t F+J+K+L+M+N 

0• ( 3, 1 ) L 
t F+J+K+L+M+N 

0· ( 3, 2 ) M 
t F+J+K+L+M+N 

0• ( 3, 3 ) = N 
t F+J+K+L+M+N 

ao (t) 
C+E+F 
ITtf 

a 1 ( t) 
13+0 

ITtf 

(l2 (t) A = TTtl 

Th e variab l es, which exp l ain the dynamie behavior of the delay 

vector ł ( t ) are divided into three groups: 

- the variables constant with regard to time or showing slow 

variability; a matrix of "technol ogical distribution of invest

ments ex ante" O~ (T ,o) and the vector TI t' of the relative 

share of investme nts in the total completed investments, belong 

to this group; 

- the variables which are either control variables of the model 

or explicitly depe nd on them ( they might vary irregularly with 

time); the investments belong to this group; 

- the exogeneous variables, wh ich in most cases are estimated 

based on historical data and might refer to the past or to the 

future values of these variables; the vector NT(t) (see (V . 2) 

and (V.3) ) and th e matrices ZAAt (k,l) and ZAMt(n) belong to 

this group. 
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The matriccs and vectors defin e d above arc not e xplicilly 

availabl e in th e o fficial stati s tic s . Based on availablc data 

thcse values are cstimate d in Wojci e chowski (1 986 ) . 

The investment d ecis i ons made until time t, which conc c rn 

the amount of investments to be committed at time t+l are 

described by the matrix ZAAt (1,1), 1=1, ... ,T(t) . 

·Th e investment expenditures Vt+ l, at time t+ 1 can be 

greater than, e qu a l to, or sma ll er than the investments antici 

pated, at time t, to be committe d at time t+ 1 . 

1 . Assume fi r st, that the investments Vt+ l are greater then 

the investment s anticipated to be committed at time t+1 

'J' ( t ) 

vt+1 > >: 
1=1 

ZAAt (1, 1) (V. 4 ) 

Thus, it is possible to undertake new investments at time 
N t+1. Thcy will be dcnoted by NVt+ l 

N T(t) 
NVt+ l = Vt+l - l: ZAAt (l,1), 

1 = 1 
( V. 5) 

Th e total expend itures (ca l cu l ation va lu e ) of inve s tm ent s 

star t ed a t time t+1 are denoted by Nlt+ l" 

Th e value Nit+ 1 , based on estimat i on experiments of Woj -
N 

ciechowski (1 986 ) can assume the form, Nlt+ 1 = aNVt+l+ b. 

Using the definitions of t h e matrices ZAAt (l,1), 

0; 11 ,n) and F igure V.2 we can define th e el ements of th e 

investment delay vector ~(t) as 

~, (t+1) 

•~2 (t+1) 

I+I<+X 

V t+ 1 

H+J 

~ 

G 

V t-1 

It has been assumed that 

+ 
ZAAt (1,1) + 0t+ l(1,1) • Nlt+ 1 

ZAAt_ 1 (2,1)+ 0; (2,1) · Nlt+l 

vt 
+ 

ZAAt_ 2 ( 3 , 1) +0t_ 1 ( 3, 1) •Nlt+l 

V t-1 

( V. 6 ) 

( V. 7) 
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Th e relation (V.6) r e sults from a technical a s sumption which 

c xpres ses th e fact that the technological data of the time 

p e riod t (on December 31) are used for planning investments 

cxp cnditure at the beginning of the period t+1 (on January 1) 

2 . Th e sec ond case describes a situation when no n ew invest

me nts a re anticipatcd, NVt~l = O, and the investment expen

ditures Vt+l are determined as 

T ( t.) 
E ZAAt (1, 1) 

1=1 

Th e investment delay vector (in our example ~T(t+l) 

(V .8) 

-r = O, I , 2) i s de termin cd analogously as in the case 1 by expre

ssions (V.6). 

3. The third case considers the situation when the investne nt 

expcnditures Vt+ 1 are smaller than the investments antici

pated for the y e ar t+1: 

T(t) 
< E ZAA t ( 1 , 1 ) 

1=1 
(V. 9) 

In this case some invcstment tasks have to be suspended or 

verified. No new inve"tments will be undertaken. Various ve

rification possibilities are discussed in Wojciechowski (1986) 

The major principles applied in these verifications are summa

rized below. 

Prcfercnces are givcn to investments: 

- Wi th the shortes t compl etion time, rela ti ve to t. ( Investments 

with a long realization time can be suspended). 

- With high values of elements of the matrix ZAMt(n). If the 

inve s tm e nt e xpcnditurcs committed until time t are large, then 

the probability of continuation of this investment task is 

high. 

- With low valucs of clcmcnts of the matrix Zl\J\t (k,l). If the 

compl e tion time is short and the amount of investments to be 

comrnitt ed until the completion of the investment task is low, 

thcn this invcstment will be continued. 
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V.3 Numerical example 

'l~e sector of agriculture is considered in t h e wny of an 

example. Based on the methodology presented, the prognos cs of 

investment delays over the years 1985-1 990 are present e d in 

Table V. 1 . Tabl e V. 2 includes the valu e s of investme nts Vt in 

con s tant prices of 1985. 

'l'he values of the entri.es to matrix Zl\At (k,l ) and of the vec -
+ 

tor Ot ( -r,n ) are taken from Wojciechowski (1 986 ) . 

In 'ruble V.3 the c s tim~itcs of inves tmc nt delay s ove r the y e nr s 

1972- 1 984 are presented for the agriculture scctor. The v;:ilu c 

of the matrix Zl\Mt (n ) and of Vt is taken from Cichocki, Woj 

ciechows ki ( 1 985 ) . 

Table V .1 

~ 1985 1 986 1 987 1988 1 989 1 990 
. --

/10 ( t) o, 178 0,449 0,637 0,527 0,3919 O ,563 

/1 1 ( t) 0,311 0,389 0,335 0,258 0,2736 0,2657 

/12 ( t ) 0,026 o, 155 0 , 090 0,0625 O, 194 O 0,2171 

/13 ( t ) 0,011 0 , 026 0,0002 0,0328 O ,0468 0 , 00023 

Table V.2 

year 
1985 1986 1 987 1 988 1989 1 990 

Investra. 
Wt, 1 o9 zł 146.3 150.4 154 .6 158 . 9 163.0 168. 0 
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Table V.3 

1------.---,r---r----,----1---,---,---r-----------------r---- ----l-----•----+----1 

rok 

tj/~ (1) 72 7 3 74 75 76 77 78 79 80 81 82 '33 13h 

J --·-- - ----+---+----, 

4'\o) o.84 o.84 o . s4 i-:i. s 3 0.92 o-96 0.9s o.9627 1 . 0% 1.-'JS1 -:- . 96 1. 12 1 . 03 

.i 

(r\1) _ 0.069 0.07 0.05 ).09 0.05 0 .0.7 0.09% o.·1028 0 . 08 0 .10 0.1353 0. 07 i').12 

.i . ---1--- ---1-----1----+----·- ----- ----- -----, 

*t(2) 0.02 0,02 0 .03 J.02 0.0278 O.C47 0.0622 0 . 0 55~ 0. 039 0. 065 1 .. 032 0.0 1 ,.071 

.i 1---1---+---➔---1---_, ____ --- -

\V~l3) 0.005 0.006 0 . 007 J.0'.)6,, O.CJ63 0 . 0235 0 . 0 103 0.0033 0 !02 C).')3 ) . 019 Q.01 '.03 

'}'\4) O 0.004 0 . 002 o o O.OJ27 0.0072 O .. O·Jl;!r 0 . 0027 'l_".·J9 1 •. 025 0 .. 007 " . 0 1 -

.i - - ------- -~-- ------- ------ -----

4'~(5) o 0,00 17 0 .0019 o o o o 0.0022 0 . 0004 0 .0)42 J.015 'l.0'.17 'J.0 1 

.i -----1---1---1----1----- ---------- ---------

4' t( 6) O 0-0007 0,001Li O o O O 0 . 0014 o 0 . 0'::7'-' ':) . 017 O.O'.)'J4 '.) _00002 

,l -----1---1------+---1----- - · - ---+----1----f-------1 

tv~ l7) o o 0.001, o o o o 0.00 1 o o o 0. 000'7 o 
j 

\.\Jt(s) O O 0 . 'JOQ h O O O O O :1 O n """"' O 
:J ! ◄ . ____ -___ - -- ---~--~-~------J 
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V.4 Conclusions 

The accuracy of econometric mcth ods appli ed to cstimation 

of di s tributcd invcstment l ags i (t) is limited duc to thcir 

irrcgular and fast changes over time. 

The fast and irregular changes of ij; (t) includc the change s 

of the l ength of a realization of an investment and the change 

of the distribution of the investme nt l ags. 

The inves tmen t delay vector i)i (t) depends on the investment 

expenditures vt, o n 

investments Nit+l , 

on the tec hnological 

the cost calculation va lu e of newly started 

on the value of the matrix ZAAt (k,l) an J 
+ 

distribution investme nt matrix 0 t ( 1,n). 

In our investigations we do not assume neither the maximum 

l ength of realization time of an investment, nor the distributi <• ll 

of the investment delays. 
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