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PREFACE 

TQ,e main di:fference · between the work here presented and thę 

other studies i-elated to the- same, generally speaking, domain, · , . . 
consists in the fact that considerations contained in thls . book 

indicate the possibllity of resolving questions concerning the 

choice of the · subject and establlshaent of profitability of 

international trade and cooperation ln condltions when: 

• prices on the interna! aarket do not correspond · to social . 

costs, 

• there · is lack of conviction as to correctness of exchange 

rates, 

• prices in _ internatlonal trade are subject to aanipulatlons, 

resulting from definite interests of soae countries, or they 

simply canriot follow the developaent of world production system. 

As can easily be noticed these are Just the condi tlons in which . 

currently the . lnternational trade and coopę:ratlon system is being 

shaped. These partfoular conditions result, for instance, froa 

goverruaental subsidles oriented at ' individual commodltles or 

groups of commod.itles (e.g. · food products), froa existlng eustom · 

tax barrlers and fro11 an extrenely quick pace of technological 

progress in. the techniques of production. 



. INTRODUCTION 

The problem . of international exchange was presented for the 

firs t time in precise mathematical terms by Wassily Leontief in 

his paper entitled "Factor Proportions and the Structure of 

American Trade", published in Review of Economics and St11tistics 

(1956 , vol. 38, no . 4). 

The first mathematical approach to the problem presented in 

Po l and, was of international industrial cooperation formulated in 

the Doct ora! dissertation of Andrzej Ameljańczyk (Military 

Technical Academy, 1975), supervlsed by this author . 

Earlier , a similar f ormulatlon of the problem of international 

trade exchange had been forwar ded in the Doctora! dissertation of 

J. ICotYński (Main School · of Plannimg and Stat1st1cs, Warsaw, 1968) . 

If we distinquish the specific problem of international 

economic cooperatlon within the broader domain of lnternational 

trade exchange · then the first monograph devoted entirely to 

economic cooperat ion i s the book in Pollsh by S. Piasecki, 

J . Ho l uniec and A.Ameljańczyk, entitled •International ecónomic 

cooperation - Modell i ng and Opt1ml zat1on" (PWN, Warsaw-Lódź, 

1982). 

The assumption of complementari ty of gopds, characteristic for 

the problem of cooperation, was first introduced by O. Graham in 

1923 in his paper "Tne T'neory of International Values Examined" 

(Quarterly Journal of Economics , vol. 38, no . !). 

The present publication contains the original results of 

studies conducted during the years 1982-1985, · being a continuation 

of work started a dozen years before. 

Models of internat i onal cooperation considered there (see 

. Chapters 1 to 3) were much simpler than in. the ones presented 

here . Still, they are, alas, only theoretical aodels, whlch cannot 

be practically applied in economic act1v1ty. 

Notwl thstandlng thls s1tuat1on, tbe models gi ve certa in 

possibillt1es with respect to appl1cat1ons. l am· convlnced that 
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· further in-depth studies in and broadoning of the · theory presented 

here will make out of it in the future a pe~fect instrument for 

econo• ic practice. I . thinlc that conclusions resulting from it may 

contribute to quicker reequilibration of the international 

economic syste•, which has been put so much off the equilibrium by . 

the existing debts. 

Aga1:nst the background of existlng numerous publications 

. dealing with international trade and cooperatlon, as well as 

lnternatlonal . speciallzation, the theory here presented does not 
. . ' 

require acceptance of the co11110nly up to date adopted assumption 

. concerning econo• ic equillbria vi thin the cooperatlng countries, 

and, furthenaore, this theory has much greater practical potentia! 

than the previous theories, in which 1t has been necessary to 

assume existence of econo• ic equilibri~ prices for comparing 

profitability of trade. 

Since the theory presented in this book is independent of 

existerice of prices, it can also be used in determination of the 

price structure of goods 1ncluded in the trade, profitable for the 

. partners in sućh an internatlonal trade deal. Thus, the· structure 

determined ("terms of trade") . guarantees stimulation of 

internatlonal cooperatlon and iaprove• ent of international 

speciallzaUon. 

On the other hand, the theory can also be ~ in deciding 

whether the structure of prices actually existing in the 

internatlonal . aarket is enhancing or, to the contrary, hindering, 

the developaent of trade, whether 1t does not lead to an unsound. 

developaent of so• e of the partners at the expense of the other 

ones. It is not difflcult to realize that the theory presented, 

and -especiaUy 1ts results, concern one of the essentlal econOl\ic 

proble• s of presęnt ti• e. 

The theory has, indeed, its weak points as well. A number of 

tecbnical siapl1fy1ng assuaptions put aside (thelr nUllber shall be 

decreasing as the theory develops), ·there is one funda• ental 

assu• ption. lt says that every participant of. cooperatlon relation 

(of internatlonal trade) tries to produce the · aaxillUJI of 

necessary . goods of a given structure, enterlng the group 
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considered. , 

When tbese ones are consU11ption goods, we are dealing wi.th . the 

situation, . when every partner (every national economy) 

participating in internatlonal exchange, is gearect towards 

aax1Aizat1on of tbe living standard of owu population, given . a 

. consuaption structure cbaracteristic for this population. 

Wben, however, these ate not con&U11pt1on goods, but, e.g. seai

products, then this corresponds to lhe s1tuat1on . in which ~ery 

participant--producer tries to ,llllXi• ize own producUon, tbis 

production deteraining the structure of deaand for seai-products 

encoapassed by cooperation. From this point of . view the theory 

presented uy get applied beyond the doaain of i.nternational 

cooperation. 

Technical .· s1mplif1cat1ons adopted in the book result fro• the 

wish of possibly elear and understandable presentaUon of '. the 

tbeory. Thus, wanting to show graphically the -chanisa of 

cooperation and to illustrate the results of the theory, the 

present author eaphaslzes · ln the book bilateral cooperation 

encoapasslng only two kinds or gro~ of commodities . A.nalysis of 

the thus siaplified problem is contalned lll first seven cbapters 

of the book. 

The eighth chapter is in a way a · generalization of 

conslderations presented in the prevlous cbapters so as to account 

for the case of multilateral cooper~tion, involving aultiple 

goods, This chapter aay constitute a separate whole - a sumaary of 

the contents of the book. 
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products to the• advantage of the production intensi ty of the 

other, in such a way as. to ptir'chase· as much of the non-produced 

semi-product for the . money accruing _from the sales of t~e surplus 

of the produced segi-product, as to ultimately incr-ease the 

_ production of the finał good. Since with increase of production of · 
. . . 

the iinal pr~uct production value as well as profit increase; 

. too, then it is understandable that the growth of finał production 

magni tude · of an enterprise is almost always advantageous for an 

enterprise. 

S.MODELOF COOPERATION OF lVO ECONOMIC ORGAHIZATIONS 

(VITH LIMITED EXCHANGE) 

The model - considered in the previous chapter assUJ:1ed that 

exchange of goods is not anyhow limited (both at the saJes end of 

the g~ we have in surplus and the purchase end of the good which 

we are in _ need of) and that . this exchange takes place at the 

cortstant price ratio w2. 

Such a situation does not exist when economic cooperation takes 

place between two economic organizations having limited capacities 

of absorbing exports. Exchange between them is then limited by the 

finite capacities of i.Jllporting the surpluses of products turned 

out witbin the other organization, this ll-mitation being a mutual 

one. Besides that, in bUateral agreements it · is - not necessary _ · 

that existing international or national prlces of products in 

question be valid. lt may happen that, for . instance, _ •contractual 

prices• are introduced, for purposes of keeping financial · · 

balances, these prices, in some cases, depending also upon the . 

magnitude of exchange. · 

CcnsequenUy, . we can approac:h the proble• of determination of 

optimal cooperation strategies in a somewhat different manner. · 

Let us look at Figure 6 (and · at _ Figure 7). In the first 

"quarter• of the coordinate system · (at1 ,at2 ) the characteristics of 
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the enterprise (or of national economy) number I is shown as 
. I I 1 I 

defined by the parameters A:, A2, b21 , b12. 

The superscripts denote the · enterprise (number I or I I) to 

~hich a given quantity refers, 

In the third •quarter• of the coordinate system the figure . 

shows, in the same way as for the enterprise (economy) I - the 

characteristics of the enterprise (economy} II. It is deflned via 

the values of parameters A~I, A!1, b!~• b~!-
The figure presents t he •points of functioning" of both 

. I I 
enterprises defined by the coordinate values («1,«2 ) in the first 

. II II · 
"quarter" , and («1 , «2 ) in the third "quarter" . These values 

indicate productlon levels of goods • 1 • and "2• in enterprises I 

and II. 

In Figure 6 the segment O,«~ is divided into segments O,µ~, 

III II · III III 
µ1,µ1+~1 (wi th µ1+~1 = «1-«2b21)' and µ1+~1'«1. 

In a simllar manner the segments O,«~. O,u~ 1 and o,u!I are also 

divided. Note also that the segment composed of 

I . 
length ~l is composed of the 

I · I · I . I I 
that ~l = µ1 + C«z-«1b12 ). 
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_1'igure 6 
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l'i911re 7 

40 



All the quantitles mentloned here satisfy together the system 

of four fur.damental relations: 

I · . I I 
- fJr I 

al '" 4 2°21 1 = "1 

I I I - (Jl I 
«2 ... 4 1b12 2 - "2 

II IIbII ~II II 
(1) 

4 1 - «z 21 - 1 a 1'1 

II IIblI ~II II 
«2 - 4 1 lZ - - Z • "z 

Besides this, as can be seen in the flgure, exchange is 

· balanced in quantltatlve terms, so that 

I II 
"1 + "i- • o 

I · II 
"z + "z - o 

(2) 

If, as i t is shown in Flgure 6, the enterptlse I exports 

colllJll()dlty • 1 • . ( since 1{>0), then i t buys for the proceeds 

resultlng from these exports the commodlty •2• so that . 

or 
.• I I - . 
"1 + "z"'2 • O (3) 

and 

- . II II 
"1 • "z "'z • 0 

correspondingly, for. the enterprise II. It can be verifled that in 

the Figure 6 relation 
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is in fact satlsfied for enterprise I, similarly as an analogous 

one is satisfied for enterprise II. 

Then, the condition of agreement of the structure of goods 

being. at disposal wi th the structure of needs must be fulfilled, 

namely 

(4) 

This relation is satisfied, for instance, for enterprise I, in 

Figure 6 (and 7), since the segment of the length 

forms, together with the segment of the lęngth 

the s _ides of the rectangle triangle defining the angle -whose 

tangent equals 72 . 

Besides· this, in view of the wish of maximizing the deg.ree of 

ti f ti f ed . i t· ( I I) . . ( Ir II). sa s ac on o ne s, po n s «1, «2 and «1 , «2 should be 

chosen in sucha way as to lie on the constraints (see Fig.6. ). 

Thus, they should satlsfy equations 

(Sa) 

(Sb) 
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Making use of the systems of equations (1), (2), (4) and (5) we 

obtain, by eliminating, for instance, the . quanti ty µ, . the 

following system of two equations: 

(6) 

One should; of course, choose the "production points" of both. 
· · I II . 

enterprises (quantlties a1 and «1 ) in such a way as to uUlize 

maximally their properties . gain . the greatest consumption of 

commodi ties . "1" and "2" gi ven the structure 12. This assumption 
· II I reduces, formally, to maximizatlon of the quanti ty F=~1 + ~1• 

which is defined on the basis of the first of equations (6) : 

or 

where 

and 

I 
I I A2 

= «1 (l+b ·-) 
21 Al 

BI 
21 

1 

BIi = 1 
21 

Thus, we have the criterion function for choosing the values of 
I . II 

«1 and «1 from the point of view of maximizatlon of joint 
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production.. · Hagnl t ,udes of 

followlng constralnts : 

I · ex · and 
1 

must also satlsfy . the 

Then, adding by sides the two equations mentloned, we . obtain . 
· I II the relation between the values of cx1 and cx1 belng an essential 

limitation upon the choice of their values from the pcint of view 

of maximization of the criterion _F. 

It will have the form of 

IBI+ cx!I8 II = D 
4 1 1 

where 

If we determine from this equation 

and substl tute in the cri terion functlon, then the lat ter shaa 

take _on the fona of 

(8) 

where 
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and 

as prevlously . 

. We can therefore conclude, that when conditlon 

. I s1 
E. Bzcrr < o 

B 

. . . I 
is satlsfied, then we should choose possibly small «1, such as -

I I e. g. _« 1-=o. We can, in fact, talce the value «1-o, but c:inly ln the 

case when 

that is, when condition · ;rr :S At1 •hold13, _ with 
. D 
7T > o. 
Tl 

It iś only then that the opUaal solutión .i s given with the pair 

of values 

. If i nequall ty 

Il D 
«1 • :rr . 

. B 

D :S AII :rr 1 B 

does not _hold, then we IIUBt take _ 

Il ·An 
•1 :• 1 
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for it is the value that . «i! may at most assume. In such a case , 

from equatlon 

we obtain 

If, to the contrary, the condition 

I II B1 
821 - 821·u > O 

B 

I 
holds, then we should choose a possibly high value of a:1. I:i 

particular, «i= Ai when . condition 

holds, which means that . 

O :SD 

since the second conditlon, 

as can easily be verified; is always true. !hen 

Now, if condltlon 

O :SD - is1 
1 
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II is not satlsfiec!, then we take o:1 = O and, from equation 

we have 

Finally, in case of occurrence of equallty 

BI - BIi.BI = O 
21 21 8 n . 

I II · · every pair of strategies (o:1,o:1 ) which satlsfies the conditlons 

is equally good. 

Let us now summariie our consideratlons. If we assume that 1t 

is advantageous for both cooperatlng sides to attain the maximWII 
value of total consumptlon, 1. e. 

then ·the optlnial production strategy .for the party I will be 

{
min{A!,D1} if E ~ O 

•1 B 
«1 • D - BIIAII 

l aax{O, 1 } in the opposite case 
B 

•. (9) 
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with 

and 

On . the other hand f.or the slde n. we obtaln 

D·- A1B1 
u.x{O, 1 } when E ~ O 

,(10) 

II D · · 
aln<A1 ,:u} . in the. opposite case 

. B 

w1th 

and . 

. Note yet 'that f'onaulae- (9) and (10) aay be wrltten down . in a 

slapler fora . .. Thls requires notlclng that U the lnequallty glven 

belov bolds: 



then also the following inequality holds: · 

< o 

Consequently, when E<O, then 

D (~·;rr> IIitD · when ..t1 .. ;r . 
D - BnAn: 

( 1 1 ,A! 1> in the opposlte cas 
B 

.on the other: hand, when 

,. 

· · · ·łc&,o> 
•1 •n .B 

(o:1, o:1 ) • . D ~ AIBI 
· (AI . . l ) 1 .th lt . . 

. l' . Bu .. • · n . e oppos e case 

. I D 
when A1 ~ :f 
.. ·. .B 

(9') . 

(10') 

· en·> 

We słlould tum our· attentlon to the fact · tbat solutlon to the · 

. problea of optill\lll cooperatlon 1s deflned unlqueiy exceptina the < 

case. wheń we bave E-0, .tbat .1s 

. whlch, 

. . . . · .. I . ·.· .. 
BI - Bil • B ,ii O .. 

. . .. ·-21 . 21 :ff8 . . ·,. . . . 
I li ilfter subsUtutlon of . approprlate e,q,resslons · for B21• B21 , 

:-e· . • _ 
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I II B and B , shall talce on the form 

(12) 

In sucb a case every pair of strategies · 

D - «IBI 
II 1 

4 1 = 8 II 

which ·satisfies constraints 

is equally optima!. 

Coriclusions drawn from our considerations allow formulation of 

the following stateaent: 

"Optimum cooperation of two economic organitatlons · 
. k . 

characterized by their production potentials A1 and matrices of 
k technological coefficients [b1JJ is defined by t~e production 

•k 
strategy «1 · of the 'bang-bang' type, involving full 

specialization, consisting in maximum production of one commodity 

by each eooperating slde, with sl1DUltaneous stopping of productlon 

of the other good•, 

This conclusion is analogous to the optimum control princlple 

for the ilnear systems, lcnown froa control theory. 

Our . consideratlons, though, do not only lead to the above, 

intultively comprehensible coriclusion, but also form the basls _for 

the following 

SO 



Theorem 2. 

Optimum cooperation - from -the point Óf view of max1m1zation of 

the .overall consumptH>n · of .commodlties, . · given a definite · 

consumption structure, is determlned by the · formulae (9) and (10) 
· · •1 •II · - ~I 

for the optimum productlon val ues a:1, a:1, and formula ( 11) for a:2, 
•n - I II a:2 , w_ hile the maximum level of consumptlon, /31 = /31-. + , (31, 1s 

I •I - -- - -
deflned by the formula (8) after a:1 = a:1 is substltuted init. In 

case _ equatlon (12} is sat1s[1ed cooperatlon does · not brlng 

advantages - 1 t does not increase the value of (31 - and every 

feasible strategy is equally optllliaL 

In this manner we have solved the problem of optimum 

cooperation of two organizations, with the notlon - "optimal" 

understood · as the one which ensures maximum consumptlon of goods_ 

with a given consumption structure r2 within both organizations. 

Still, th1s is not the end of troubles, wlth cooperatlon, for . 

there remains the question of dlviding the quantity 131 resultlng 
-- · I II 

from _cooperation into two parts: (31 and /31 
It is understandable that lf sharing ls -"unfalr" then there may 

be no cooperatlon at all or, 1f 1t occurs; it mlght be broken . . In 

conńection wlth the above, ensuring of an adequate sharing of "131 
could be considered the necessary condi tlon of exlstence - of 

cooperation. _ 

Before passing directly to th1s questlon let us explain in a · 

bit mc:ire detail these . sltuatlons in whlph coc,peratlon glves no 

a~vantages from the point of view of increase ·or the value of 131. 
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