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() Rozwdj i zastosowania metod iloéciowych i technik informatycznych

ALGEBRAIC ASPECTS OF GENERALIZED NETS’

Maciej KRAWCZAK

Systems Research Institute, Polish Academy of Sciences
Warsaw School of Information Technology
<krawczak@ibspan.waw.pl>

Abstract: The paper considers the so-called generalized nets as an extension
of Petri nets. First the basic of the theory of generalized nets is introduced.
Here is possible to consider the algorithmic, algebraic and operator aspects

of the theory of generalized nets. Here we emphasized the algebraic aspects of
the theory only.

Keywords: Modeling, generalized nets, knowledge representation, system
science.

1. Introduction

K. T. Atanassov (1991) in 1982 proposed a new definition of nets for model-
ing and analyzing various kinds of dynamic systems, the nets are called generalized
nets. In several papers it was shown that existing Petri nets were particular cases of

generalized nets. The conception of generalized nets is based on developing a rela-
tion place — transition.

Generalized nets are characterized by:
e 3 static structure,
e dynamical elements called tokens,
e temporal components.

The static structure of generalized nets is characterized by transitions. To-
kens are described by changeable characteristics, and characteristics of tokens play
a roll of memory of the nets. There three global temporal constants: the initial mo-
ment in which the net starts functioning, the elementary time-step of the process,
and the duration of functioning.

Generalized nets can be used for:

e comparing different types of nets as mathematical objects,

e investigating properties of generalized nets and transfer them to other nets,
e modeling in details real processes.

* Praca wykonana cze$ciowo w ramach projektu badawczego Nr 1H02B 03828 pt.: ,,Zasto-
sowanie metod sztucznej inteligencji do zarzqdzania dlugiem publicznym”.



38 Maciej KRAWCZAK

The theory of generalized nets, by analogy with the theory of Petri nets, can
be divided into two basic fields - a special and a general theory of generalized nets.
The special theory of generalized nets concerns both the definitions and the proper-
ties of generalized nets as well as modifications of generalized nets. The general
theory of generalized nets deals with different aspects like: algebraic, logical, opera-
tion, program, methodological and topological. A list of 353 scientific works related
to generalized nets as a review and bibliography on generalized nets theory and
applications can find in Radeva, Krawczak, Choy (2002).

2, Generalized Nets Methodology

The first basic difference between generalized nets and the ordinary Petri nets
is the place — transition relation (Atanassov, 1991). In the theory of generalized nets
the transitions are objects of a very complex nature. The places are marked byY ,
and the transitions by () . Generalized nets contain tokens, which are transferred
from place to place. Every token bears some information, which is described by
token’s characteristic, and any token enters the net with an initial characteristic.
After passing a transition the tokens’ characteristics are modified.

The transition has input and output places, as it is shown in Figure 1
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Figure 1. A generalized net transition.

Formally, every transition is described by a seven-tuple
Z=(L',L"t,t,r M 0O) )
where:
o L'= {ll’ ) ,’"} is a finite non empty set of the transition’s input places,
o "= {ll", [,y l,',',} is a finite non empty set of the transition's output places,

e/, is the current time of the transition's firing,
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e ¢, is the current duration of the transition active state,

e 7 is the transition's condition determining which tokens will pass (or transfer)
from the transition's inputs to its outputs; it has the form of an index matrix de-
scribed in Atanassov (1987)

L4 ” "
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where r, is a predicate that corresponds to the 7 -th input and the j -th output
places, 1<i<m, 1< j<n; when its truth value is frue, a token is allowed to
pass the transition from the i -th input place to the ; -th output place,

e M is an index matrix of the capacities of transition's arcs:

14 " n
I .. " " 1"
ll
1 my, e m; my,
M=
r
lz mll mi/' min
!
[m m,, m,, m,,

where m; >0 are natural numbers;

e [J is an object of a form similar to a Boolean expression, it may contain as vari-
ables the symbols that serve as labels for transition's input places, and O is an
expression built up from variables and the Boolean connectives A and v whose
semantics is defined as follows A (/,,, ] 1)) - every place I,,,1,,,...,1, must

i1 52 u
contain at least one token, v (7,,/,,...,/ ,.u) - there must be at least one token in
all places 1,,1,,,...,1, , where {1,/ 1Yo L';

2 5iz2o 0 Yy
when the value of a type (calculated as a Boolean expression) is frue, the transi-
tion can become active, otherwise it cannot.
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The following ordered four-tuple

E=({4.7,,7,.0,[.0,,0,), (K.7,,0,),

(1,6°,67), (X, ®,b)) @

is called generalized net if the elements are described as follows:

e A is a set of transitions,

e 1, is a function giving the priorities of the transitions, i.e. 7, : 4 — N, where
N={012..}u{w},

e o, is a function giving the priorities of the places, i.e. 7, :L — N, where
L=prdupr,A, and prX is the i-th projection of the »-dimensional set,

where ne N, n>1 and 1<7<n (obviously, L is the set of all generalized nets
places),

e ¢ is a function giving the capacities of the places, 1.e. ¢: L - N,

e f is a function that calculates the truth values of the predicates of the transi-
tion's conditions (the function f have the value false or frue, 1.e. a value from
the set {O, 1} ,

e O, is a function giving the next time-moment when a given transition Z can be
activated, i.e. ®1(t):t' ,where pr,Z =t, ' e [T, T + t'] and 7 <¢'; the function
value 1s calculated at the moment when the transition terminates its functioning,

e O, is a function giving the duration of the active state of a given transition Z
ie. ©,(t)=1", where pr,Z=te [T, T +t'] and ¢' > 0; the value of this func-
tion is calculated at the moment when the transition starts its functioning,

e K is the set of the generalized net's tokens; in some cases, it is convenient to
consider it as a set of the form K = UK ;
IEQ'

where K, is the set of tokens that enter the net from place 7, and Q' is the set of all
input places of the net,

e 7, is a function giving the priorities of the tokens, i.e. 7, : K - N,

e O, is a function giving the time-moment when a given token can enter the net,

1.e. @K(a):t,where a e K and te[T,T+t'],

e T is the time-moment when the generalized net starts functioning; this moment
is determined with respect to a fixed (global) time-scale,

e ¢’ is an elementary time-step, related to the fixed (global) time-scale,
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t" is the duration of the generalized net functioning,

X s the set of all initial characteristics the tokens can receive on entering the
net,

e & is a characteristic function that assigns new characteristics to every token
when it makes the transfer from an input to an output place of a given transition,

e b is a function giving the maximum number of characteristics a given token can
receive, i.e. b: K — N ; for example, if b(a)zl for some token « , then this

token will enter the net with some initial characteristic and subsequently it will
keep only its current characteristic; when b(a) =0 the token o will keep all its

characteristics; when b(a) =k < oo the token & will keep its last & characteris-

tics (the characteristics older than the last & will be forgotten); in the general
case every token o has b(a)+1 characteristics on leaving the net.

A given generalized net may lack some of the above components. In these
cases, any missing component will be omitted. The generalized nets of this kind
form a special class and is called reduced generalized nets.

3. Algebraic Approach to GNs

For two given transitions Z, and Z, we will define
Z, =Z, ff (Vi:1<i<T)prZ =prZ,);

Z,cZ, ff (Vi:1<Li<2)(prZ, < pr.Z,)
&(Vi:3LiL4)prZ, = pr.Z,)
&(Vi:5<LiL6)(prZ, c pr.Z,)
&(pr,Z, <, prZ,),
where:
* C, is a relation of inclusion over index matrices and if 4=[X,,L,,{a,,}],
B=[K,,L,,{b,;}],, then

Ac, B ff (K, cK)&(L, cL)&(VieK )Vjel)a,;=b,);

e C, is a relation of inclusion over Boolean expressions and, for two such ex-

pressions a and b iff the expression a is obtained after removing a part of the
arguments of b and the logical operations associated to them.

We will define four operations over the transitions

Z,' =< LgaLiza’:’t;ari,MiaDi7>(i:172)
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The following statement must necessarily hold: if place /e prZ, N pr,Z

and /e pr,Z, ,,then /€ pr, Z, , for 1<i<2, 1<s5<2. These operations are
a) a wunion (the necessary conditions for this operation are t} = t}z. (j=12), and if
leprZ,  anditisnotallowed that /e pr, Z,  for 1<i<2, 1<s<2:

ZVZ, =LVl Ll M+ M v (3N,0%))

b) an intersection (with the above conditions):
Z,NZ,=(LinL Lt 0, <, M x M2 A3, 0%));

c) a composition (with the above condition and with the condition
LinL =LinL =0):
ZoZ, =Ly (L =Ly), L) " (Ly - L))t +62, vt M M v (3, 0%)),
where O can be obtained from [ after removing all its arguments whose iden-

tifiers are elements of the set L W L} .

It is possible that L} "L} =@ and/or L) L, =0. In this case Z, "Z,Z,,

is the empty transition, i.e., a transition without places (some other components
of it such as M,», O will also be degenerated).

d) A difference (with the above conditions):
if L, cL}or L} cL}

Z,= (L, =L, L~ L%t ,t,r —r*, where 0"/ results from
M' - M*,0'/0%), otherwise

Z(Z)
Z,~Z, =7, —

O' after removing all its arguments whose identifiers are element of the set
1 1
L.

The operations described below do not exist elsewhere in the Petri net theory.

The can be transferred to practically all other types of Petri nets. These operations
are useful for constructing generalized net models of real processes.

Before introducing the different generalized net operations, we will formulate
some appropriateness conditions for the arguments of these operations. We will
assume that if a place participates simultaneously in two generalized nets, then in
both of them it has:

a) equal capacities,

b) the same characteristic functions,
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¢) equal possibility to host tokens from K , that is, if in the first net (which is a
model of some process) the tokens which are elements of K'c K pass
through the place and in the second net tokens from the set K''— K can also
pass through this place, then K'= K",

d) equal values of the priority functions, and

e) the same number (identification).
Similarly, we will expect that if two places are respectively input and an output one
for two transitions in both nets, then:

a) the capacities of the connecting arcs are equal,

b) the time for passing from the input to the output place is the same,

¢) the place which is an input (output) one in one of the transitions should play
the same role in the other transition.

Let E, and £, be two generalized nets and let for 1<i <2

Ei =<<Ai’ eliﬂz,ci)fi791’.’ 02’)7 <Kj97z-;( 9[’( >’ <I‘,at,uat,‘>7 <X'5®,‘,bi>>

i

A union will be called the object:
E\VE, =(4, U4, 7, uri,r ur;,ctuc’, flu 00 ubl,
0, VONAK, UK,y Uy, O VLY,

£t
min(7,,T,),GCD (1] ,t]),max| T, + - ithe
{ (7,,T,) 1) 15;‘32( GCD(1},t5)

—min(7,, 7)), (X, VX,, 0, vD,,b,Ub,))
where

AT =O(ZI(Z € A) (V2 4, )Z N Z= 2}V
UZ|(QZ'e 4)EZ"e 4, (22" Z,)(Z = 202"},

A composition of the above nets will be called the object:

Fop. - B T +6<T,
(o) = .
U OE, T ST, +8

where
E, ={A4, 04,7, urir o cuc?,

AK, UK, 7t unt,6, Uty
FruUfreluer,e ool PoTpnR mreTe
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0 L0 tt‘tzu _
(1, GCDU ) man (1 + Gopotm = T) (X U X0y 0 @3 0B,))

A difference of the two nets will be called the object:
E[ _Ez = <<A1 T Azaﬂ-,: T ”j’ﬂ[{ T ﬂ2>c1 e Cz’ fl T fz’
911 Ta 912’921 s 922>5<K1 _K297[;( T x ”12(:9}( e 8]?)’

<711’t107t1‘>3<X1 _Xz’q)l T (D27b1>> ’

where

A - A ={Z|(ZeA)&(NZ'e A)(ZNZ'\=Z,)} v

{Z(3Z'€ A)(3BZ"e ANZ'NZ"~ Z) &(Z =2Z'-2")}, ﬂL - ﬂj is obtained from
z', after removing all its arguments whose identifiers are not elements of the set
A -, A,; ), —. 7, is obtained from 7z, after removing all its arguments whose

identifiers are not clements of the set L| — L}, etc.

Let us define for a given generalized net £ two sets, K of all tokens and X
of all initial characteristics:

K(E)={a|(Va e K)(O(a)<T+1)}, X(E)={xj|(VaeK(E)(x €X)},

and let X(a) be the set of all different characteristics the token ¢ can have ini-
tially. Obviously, X(E)c v X(a).
aekK

For a given token a € K and a given initial characteristic x € X(E) let

<a,xi > ifaeK(E)and xe X(a
E(a.x) = i . (E) ( ),
<a,x>, otherwise
<axx’,xs,...x: > ifaeK(F)andxe X(ax
By STt >, @K @
<a,x >, otherwise

where x? 1s the final characteristic of the token « in the generalized net £ and

in

x{ x5, .,xj’, are the rest of characteristics the token has received during its trans-

in—1

fer in the net.
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The first generalized net definition is in some sense deductive. Below we will
introduce a second definition of a generalized net. In the above sense, the new defi-
nition will be of inductive nature.

Let Z be a given object of the following components:

a) L'- asetof places called input places;

b) L"— aset of places called output places;

¢) f, — a time-moment taken with respect to some fixed time-scale (with an ele-
mentary time-step #°);

d) ¢, — areal number which corresponds to the length of the of the time-interval in
the above mentioned time-scale;

e) r— an index matrix having the from

L.l
I
F= : v
l,_' (v, — predicate)
: (<i<mil<j<n)
/

(7, j) -th element of which is a predicate and corresponds to the 7 -th input and
7 -th output place;

f) M, and index matrix having the form

[ S
h
r= : m,
) (m, ; 2 0 — natural number)
: (1<i<m,i<j<n)
r

g) O is an object having a from similar to a Boolean expression. Its variables are
exactly the names of Z's input places.

The object described above will be called a transition .
The inductive definition of the concept of generalized net is as follows:

1. An object that has the from of a transition is called a generalized net if the fol-
lowing are added to it:

a) =, - afunction giving a natural number (transition priority);
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b) 7z, —a function giving the priorities of the transition’s places;

c) c—a function giving the capacities of the transition’s places;

d) f —a function which calculates the truth values of the predicates of the index
matrix r;

e) 6, —a function giving the next time-moment when the given transition can be
activated, i.e., 8,(¢t) =1, where t,#'e[T,T +¢"] and ¢ <¢'. The value of this
function is calculated at the moment when the transition terminates its func-
tioning;

f) 6, —a function giving the duration of the active state of a given transition,
ie., 6,(t)y=1, where t€[T,T+¢"] and £'20. The value of this function is
calculated at the moment when the transition starts its functioning;

g) K —aset of tokens;

h) 7z, — a function giving the priorities of the tokens;

1) 6, —a function giving the time-moment when a given token can enter the
net, i.e., O, (x)=t,where a e K,t €[T,T +¢°];

J) T —a time-moment when generalized net starts functioning. This moment is
determined with respect to a fixed time-scale and the first value of ¢, =T ;

k) ¢° —an elementary time-step related to the fixed time-scale;

1) ¢~ duration of the net functioning;

m) X — a set of all initial characteristics witch the token can receive on entering
the net;

n) O —a characteristic function which assigns new characteristics to every to-
ken when it makes a transfer from an input to an output place of any transi-
tion;

0) b—a function giving the maximum number of characteristics, which a given
token can receive during its transfer in the net.

2. If E, and E, are generalized nets, then E, U E, is a generalized net.

4. Conclusions

We have described the concept of a generalized nets methodology for model-
ing discrete event systems, and next the concept of index matrix useful for aggrega-
tion as well as for separation of subsystems. We have emphasized the algebraic
aspect of this novel methodology.
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