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1. Introduction

Solutions for cradk-tip fields are very important in understanding the mechanisms of cradk
initiation and propagation in elastic-plastic and cregping materials. The stressfield in the vicinity of
the aad tip in power-law materias (power-law hardening materia's, power-law cregoing materials)
iswidely discussedin literature. The stress $nguarity for a aadk in ahomogeneous power-hardening
material with hardening exporent n was first studied by Hutchinson [1], Rice and Rosengren [2]. In
[1] the problem of plastic stress snguarity is reduced to a nonlinea eigenvalue problem and the
shoaing methodis used to solve the homogeneous diff erential equation oltained in the analysis. It
shoud be noted that for some time multi -term asymptotic solutionswith the well-known HRR-field as
the leading arder term of the asymptotic expansionaroused considerable interest of many reseachers.
Nowadays the whole egenspedrum and arders of stress snguarity at the aadk tip for a power-law
medium are of prevaili nginterest. The present study df ers atechnique developed in the perturbation
theory for analysis of norlinea eigenvalue problems arising from fradure mechanics.

2. Model crack. Basic equations

Let us consider eigenspedra and arders of singuarity of the stressfield near amode | crad tip
in a power-law material. The power-law constitutive relationse;; = (3/2)Bo?'s;;, where¢;; isthe
strain, s;; is the stressdeviator, o, isthe Mises equivalent stress 3, n are material constants, for the
plane strain condtion are described by ¢, = —gg = 3B (0., — 049) /4, €79 = 3Bo" L0,9/2,
where the eguivalent stressis expresed by o2 = 3 (0, — oo9)” 4+ 302,

In analyzing the asymptotic behaviour of the stressfield nea the aad tip the Airy stresspo-
tential can be presented in the following form F(r,0) = r**!f(#). Using the constitutive equations
and the compatibility equation ore finds
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where 2 = [(1 =\2)f + f/TH 4)2f2, C = 4N [A—Dn+1], Co= (A —Dn[A—1)n+2].
The fourth order norlinea ordinary differential equation (1) with the boundxry condtions
f(@ = £7) =0, f(8 = +7) = 0 defines a norlinea eigenvalue problem in which the cnstant
A isthe @genvalue and f(0) isthe correspondng eigenfunction. The dired integration o the differ-
ential equation (1) is generally redized by the Runge-Kutta methodin conjunction with the shoding
method Obviously, the @genvalue )\ and the initia value f”(f = —n) are couped with ead other
in general, and they have to be seached simultaneously. Only in some spedal casesone can assgna
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certain )\ aprior throughadditional physicd presumptions. Now the whole dgenspedrum and arders
of stress snguarity at the aadk tip are of interest. The whole egenspedrum stipulates the possble
stressdistributions in the neighbouhood d the adadk tip. The purpose of this gudy is to oktain the
whole @genspedrum for the stressfield near amode | crad in a power-law material.

3. The perturbation theory approach

The underlying ideaof the method is to consider the expansion representing the @genvalue
A of the norlinea eigenvalue problem formulated for an arbitrary exporent n to be asum of the
eigenvalue )\, correspondng to the "undsturbed” linea problem (n = 1) and a small parameter ¢
which quantitatively describes the neanessof the egenvalues: A = )y + €. The exporent n and the
stressfunction f(#) can be presented as formal serieswithrespedtoe : n = 1 +eny +&2ny + ...,
F(0) = fo(0)+ef1(0)+e2f2(0) +..., where f,(0) denotesthe solution of thelinea problem (n = 1).
Introducing the asymptotic expansionsfor A, n and f(#) into (1) and coll eding terms of equal power
in e, the set of linea differential equations is oltained. Thus, the boundxry value problems for the
nonhanogeneous fourth order linea diff erential equations with resped to f;(#) are formulated. Itis
known that if the boundrry value problem for the homogeneous diff erential equation has anortrivia
solution then there can exist no solution o the arrespondng nonhanogeneous diff erential equation
unlessthe solvability condtionisredized.

Analysis of the solvahility condtion for the boundry value problems obtained results in the
threeterm asymptotic expansions of the exporent n : n = 1 — 2¢/(X\g — 1) + €?ny + O(£3), where
Ay =208 = TAS + 11A2 + 4o — 5 — (A2 — 1)sgn(No)

Mo+ 1)(No —1)*
For A\ = 1/2 correspondngto the dasscd HRR-problem the foll owing closed form solution
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for A\ < —g and for )\ 22 Ng = —

isfound Hence thewell-known formula(2) connedingthe hardening exporent n andthe égenvalue
A for the HRR-problem is derived.

4. Conclusions

Using the perturbation method the whole set of eigenvalues for amode | crad tip in a power-
law material i s determined. The threeterm asymptotic expansionfor the exporent n allowingto find
the @genvaluevia A = )\ + ¢ for the norlinea eigenvalue problem is obtained.

The relative aror of the threeterm asymptotic expansion for a aad in the power-law material
with n = 2 to the exad HRR-solution is 2%. The results obtained for \y = —1/2 were compared
with those foundfor the same problem by the Runge-Kutta method in conjunction with the shoa-
ing method The comparison d the eégenvalues for n = 2 cdculated by the threeterm asymptotic
expansion and bythe numericd scheme A = —0.9801 and A = —1.000 shows the goodagreament.
The @genvalues for n = 3 given by the four-term asymptotic expansionfor Ay = —1/2 and bythe
Runge-Kuttamethodare A = —0.7716 and A = —0.7755. Consequently, a quite satisfadory solution
isobtained by taking the asymptotic expansion achieved.
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