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DIRECT NUMERICAL COMPUTATION OF THE EFFECTIVE MATERIAL PROPERTIES
OF THE MATERIAL WITH RANDOM DISTRIB UTION OF THE MICR OCRACKS

G. Mejak
University of Ljubljana,Ljubljana,Slovenia

1. Intr oduction

In the paperdirect numericalcomputationof the effective materialpropertiesof the material
with randomdistribution of the frictionlessmicrocracksis presented.To this enda new numerical
method,threelevel finite elementmethodis introduced.Usingit problemswith very fine discretiza-
tion canbe solvedin real time. This allows computinga large populationof effective materialprop-
ertiesof materialswith randomdistribution of microcracks. Its statisticalquantitiesthendescribe
probabilisticdistributionof effectivematerialproperties.

2. Thr ee level finite elementmethod

Macrolevel Mesolevel Micro level

Figure1. Threeleveldiscretization.

Themethodis describedwithin the context of alinearproblemalthoughit worksequallyfine
for nonlinearproblemswhich aresolvedby iterationof linear subproblems.Figure1 shows three
discretizationlevels. Themacrolevel is thesizeof thespecimenof thematerialunderconsideration
andthemicro level is thesizewherethematerialbecomeshomogeneous.Betweenthemis a meso
level whichhasalreadycomplex structurebut is too smallfor arepresentativevolume.After standard
FEM discretizationthe micro level degreesof freedomare statically condensedto the mesolevel
degreesof freedomwhich are further condensedto the macro level. Thusat the micro level the
basis functionsarestandardfinite element functions,at themesolevel the basis functionsarelinear
combinationsof themicro level basis functionsandat themacrolevel the basis functionsarelinear
combinationsof themesolevel basisfunctions.

Efficiency η of thethreelevel FEM is estimatedby theratio of thenumberof thefloating point
operationsof the linearsolver of thestandardFEM andthreelevel FEM. For example, weconsider
a planeproblemwhich hasp2 micro cells. We groupm2 micro cells into onemesocell andM2

mesocells into onemacrocell which is just themacrostructure.Thenp = Mm. Themicro cell is
discretizedinto µ2 quadrilateralbilinearelements.It turnsoutthatfor theoptimalnumberof themeso
cellsM = (1 − 1/2µ)2/3(6 − 1/µ)p1/3 theefficiency ratio is of orderη = O(p2/3) for largevalues
of p. For example,for p = 64 the threelevel FEM is 16 timesmoreefficient as thestandardFEM.
Generalizationto multilevel FEM is possible.However, we notethaton a singleprocessorcomputer
theoptimalnumberof levels isthree.
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3. Numerical example

Although a real problemwith randomdistribution of heterogeneitiessuchas inFigure1 and
with randomdistribution of microcrackscanbeconsidered,we restrictourselves to the planestress
problemfor homogeneousisotropicmaterial(µ/E = 2/5) with randomdistribution of frictionless
microcracks,seeFigure2, as this enablescomparisonwith a dilutedistributionmodel[1]. Thelength
of the individualmicrocracksis a = 1/64. Individual microcracksareonly in x andy directionsbut
they canbecombinedinto morecomplex patterns.At theright abarchartof thetalliesof theeffective
materialparametersbetweentheir minimal andmaximalvaluesfor populationof 4000distributions
of themicrocracksis shown. In particular, thenormalizedeffectiveYoung modulusE1 variesbetween
0.857 and0.902 with themean0.881 andstandarddeviation0.0061.
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Figure 2. Left: a squaredomainwith randomdistribution of 640cracksalignedwith thesidesof thesquare.
Right: abarchartof talliesof materialparametersE1(red),E2(green),µ(blue)andν12(black).

Comparisonwith the dilutedistribution model is shown in Figure 3. Now all micro cracks
arealignedwith the y axis. Denotingby f = Na2 the crackdensityparameter, N is the number
of microcracks,themodelpredictsthat for theprescribedunit tensilemacrostressin x directionthe
normalizedeffective Youngandshearmoduli areĒ1 = (1 + 2πf)−1 andµ̄ = (1 + 2πfµ/E)−1. It
canbeseenthatthe dilutedistribution modelis valid up to f = 0.04. For theprescribedmacrostrain
thematchis evenbetter. Thecomparisonvalidatesourapproachand opensthewayto approachmany
otherinterestingproblemswith microcracks.
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Figure 3. Computed(dottedline) effective moduli and moduli predictedby the dilute model(solid line).
Lower/uppercurve: normalizedYoung/shearmodulus,prescribedmacrostress/macrostrainat right/left.
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