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DIRECT NUMERICAL COMPUTATION OF THE EFFECTIVE MATERIAL PROPERTIES
OF THE MATERIAL WITH RANDOM DISTRIBUTION OF THE MICR OCRACKS
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1. Intr oduction

In the paperdirect numericalcomputationof the effective materialpropertiesof the material
with randomdistribution of the frictionlessmicrocracksis presented.To this enda new numerical
method threelevel finite elemenmethodis introduced.Usingit problemswith very fine discretiza-
tion canbe solvedn realtime. This allows computinga large populatiorof effective materialprop-
ertiesof materialswith randomdistribution of microcracks. Its statisticalquantitiesthen describe
probabilisticdistribution of effective materialproperties.

2. Three level finite elementmethod
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Figure 1. Threelevel discretization.

The methodis describedwithin the context of dinear problemalthoughit works equallyfine
for nonlinearproblemswhich are solvedby iteration of linear subproblems.Figure 1 shows three
discretizatiorlevels. Themacrolevel is the sizeof the specimerof the materialunderconsideration
andthe micro level is the sizewherethe materialbecomeshomogeneousBetweenthemis a meso
level which hasalreadycomplex structurebut is too smallfor arepresentatie volume. After standard
FEM discretizationthe micro level degreesof freedomare statically condensedo the mesolevel
degreesof freedomwhich are further condensedo the macrolevel. Thusat the micro level the
basis functiongre standardinite element functionsat the mesolevel the basis functionarelinear
combinationsof the micro level basis functionsndat the macrolevel the basis functionarelinear
combination®f the mesolevel basisfunctions.

Efficiengy n of thethreelevel FEM is estimatedy theratio of the numberof thefloating point
operationf thelinear solver of the standard~EM andthreelevel FEM. For example, weconsider
a planeproblemwhich hasp? micro cells. We groupm? micro cells into one mesocell and M?
mesocellsinto onemacrocell which is just themacrostructure. Thenp = Mm. Themicro cell is
discretizednto ;2 quadrilaterabilinearelementslt turnsoutthatfor theoptimalnumberof themeso
cells M = (1 — 1/2u)?/3(6 — 1/u)p'/? the efficiency ratio is of ordern = O(p*/?) for large values
of p. For example,for p = 64 thethreelevel FEM is 16 timesmoreefficient as thestandard~EM.
Generalizatiorto multilevel FEM is possible.However, we notethaton a singleprocessocomputer
theoptimalnumberof levels isthree.
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3. Numerical example

Although a real problemwith randomdistribution of heterogeneitiesuchas inFigure1 and
with randomdistribution of microcrackscanbe considerede restrictoursehes to the planstress
problemfor homogeneoussotropic material (u/F = 2/5) with randomdistribution of frictionless
microcracksseeFigure2, as this enablesomparisorwith a dilutedistribution model[1]. Thelength
of the individualmicrocrackss a = 1/64. Individual microcracksareonly in = andy directionsbut
they canbecombinednto morecomplex patterns At theright abarchartof thetalliesof theeffective
materialparameterbetweertheir minimal andmaximalvaluesfor populationof 4000distributions
of themicrocrackds showvn. In particular thenormalizedeffective Young modulugy; variesbetween
0.857 and0.902 with themean0.881 andstandardieviation 0.0061.
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Figure 2. Left: asquaredomainwith randomdistribution of 640 cracksalignedwith the sidesof the square.
Right: abarchartof talliesof materialparameters?; (red), F»>(green),u(blue)andr, s (black).

Comparisonwith the dilutedistribution modelis shovn in Figure3. Now all micro cracks
are alignedwith the yy axis. Denotingby f = Na? the crack densityparameterN is the number
of microcracksthe modelpredictsthatfor the prescribedunit tensilemacrostresin z directionthe
normalizedeffective Youngandsheamoduliare £, = (1 + 27f)~t andj = (1 + 27 fu/E)~L It
canbeseenthatthe dilutedistribution modelis valid upto f = 0.04. For the prescribednacrostrain
thematchis evenbetter Thecomparisorvalidatesour approactand openshewayto approachmary
otherinterestingproblemswith microcracks.

Figure 3. Computed(dottedine) effective moduli and moduli predictedby the dilute model(solidline).
Lower/uppercurve: normalizedYoung/sheamodulus prescribednacrostress/macrostratright/left.
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