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In the mcropolar (o the Cosserat type) contium each material partite can translate an
independently rotate, that ishias six degrees of freedoaf arigid body, [1,2]. The nicropolar
continuumis used nowadays with stess to mdel the ehaviour, for exanple, of ganular nedia,
composites, polycrystalline soliddiquid crystals, ragnetic fluids, nanenaterialsas well as thin
bodies: rods, plated and shells.

Two strainmeasures of the ieropolar continuum called usally the stretch and wrynes
tensors, were originally proped by Cosserats [1] in an kward, now hardly understandab
notation. In the conteporary literdure the stretch and wrynesssers are defined in differer
ways using, for exapie: a) corponents in two dierent curvilinear coodinate sygens associatec
with the undefamed (reference) and defoed @ctual) placemnts of the body, b) components
the convected coondete sysems, c) Lagangan or Eulerian desgtions, d) different
repreentaions of the rotéion graup SO(3), e)formally different defitions o gradient and
divergence operators, f) differengsi conventions, and f) requiring oot the neasures to vanish i
the undeforrad placement of the body. Asrasult, definitions of the strain measures foret
micropolar continuunused in different gaers are in rany cases not equivalent.

In this report we discuss three differenéthodsof defining the strain emsures of the nor
linear mcropolar continum: 1) by a direct geoetric approak, 2) introducing thetrain neasures
as thefields work-coljugate to tle resgctive internal stress and coupitress fields, and 3
applying the principle of mterial frame-indifference to the polar-edtic strain energy density. A
the three methods lead to themeadefinitions of the stretctand wryness tensors. Our stre
measures expressed in the coortbraee notation are of ¢hrelatiwe type, for they are requed to
vanish in the undefamed placerant of the body.

1. Geometric approach

In the undeforrad placerant the naterial partide of the nicropolar bog is given through the
positionvedor x € £ and three orthonormal directohs € £, a =1,2,3, where E is the 3D vecto

space. In th actal pacement the sme materialparticle be@mes described by thposition vedor
yeE and three orthonorah directors d, € E. Thus, the finite didpcenent of the body is

described by
1) y=x(x)=x+u(x), d,=¢,(h,)=Q(x)h,,
whereQ=d, ®h, € SO(3) is the nicrorotation tensor.
Analysing differences between positiomdaorientation differentialsix, dy, dh,, anddd, we
can define the Euclidean nosm
||dy —Qdx |f=dx-E'Edx = dy+G'G oy ,

2
@) ||Cdy - QBdx |P=dx-T"Tdx = dy-A" A .
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In (2), B= %ha xGradh, and C= %da x grad d, are the ricrostructue curvature tensors ineh

undefomed and defaned placerants, respectively, witlisrad and grad being thecorresponding
gradient operators and

E=Q'F-1, G=QEF'=1-QF !,

®3) T -1 -1
r=Q'CF-B, A=QIF'=C-QBF!,

where F = Grady . The neasuresk,G are tle natwal gretch tensors whileI', A are tle natural
wryness tensors of the ianopolar continuum in the Lagrangian and Eulerian descriptio
respetively.

2. Work-conjugate strain and stress measures

The local equilibium equations of the raropolr cortinuum in the Lagrangian ebcription
are
4) DivT+f=0, DivM+ax(TF' -FT")+m =0,

where T andM are the stress and couple stress tensors of'tRéola-Kirchhoff type, andix (A)
denotes the axial veatof the skew tensdA) .

Multiplying the vecto equatios (4) by the kiematically almissible vrtud translation Su
and virtual rotationax(5QQ") fields, respectively, after apgpriate transformations we ce
formulate for the ricropolar continuunthe principleof virtual work in which the internal virtua
power density becoes expressed as
(5) X=S«6E+P+6T.

In (5), the virtual measuressE,sT - the virtwal changes ofE,I’ defined by (3) - are work
conjugate to the corresponding stregasuress =Q’T, P =Q’M of the 2° Piola-Kirchhoff type.

3. Principle of material frame-indifference

The elastic ricropolar body is usually defined fagsunng the existence of the strain ener
density W =W § F Q Grad Q;x). The function’ should be invariant under transfations
following from a rigid-body netion of the redrence framey — Oy+a, Q — OQ for arbitrary
0eS50(3) andae E. ThenW can be reduced t# (E,Q'T';x), that is/7 still depends orQ.
We bypass this inconvenience by postulating the strain energytydénghe equivalent form
W =w(y,F",Q",Grad Q";x) which under the transfowtions given above can be reduced

W(E,I‘;x). As a result, the densiwf’ depending only oE, I’ at eachx is the one which asires
the principe of material frane-indifference to be identicallyaisfied.

We also present a reaw of alternative dinitions of the strain easures for the roropdar
continuumproposed in the literature.
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