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ON THE MECHANICS OF FUNCTIONALLY GRADED PLATES
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Metallic and pdymeric foams are more and more used as a material for lightweight struc-
tures[1]. Such structures are gpplied in the automotive or airspaceindustries sncethey combine low
weight, high strength and excdl ent posshiliti esto absorb energy. The foam itself can be modeled as
a functionall y graded material with mechanicd properties changing ower the thicknessdiredion.

The dm of this contribution is a new theory based onthe dired approach in the plate theory
added by the effedive properties concept.

1. Basic equations

Let us consider for the brevity the geometricdly and physicdly linea theory. In addition, we
asume platedike structures. Here we use the so-cdled dired approach. In this case one states a
two-dimensional deformable surface On ead part of this deformable surface forces and moments
are ading —they are the primary variables. The next step is the introduction of the deformation mea-
sures. Finaly, it is necessary to interlink the forces and the moments with the deformation variables
(constitutive equations). Such atheory is formulated by a more natural way in comparison with the
other approaches. But the identificaiion o the stiff nessand aher parametersisanontrivia problem
and must be redized for ead classof platesindividualy.

The motion equations and the kinematic equations are given by the relations [2—4]

(1) V- -T+q=pi+p0;-p, V-M+ T, +m=pOf-ii+ pO,-p,

1
(2 uzi[Vu~a+(Vu-a)T], y=Vu-n+c- e, K=V

Here T, M are the tensors of forces and moments, q, m are the surfaceloads (forces and moments),
T, isthevedor invariant of the forcetensor, V isthe nablaoperator, u, ¢ arethe vedors of displace-
ments and the rotations, ©,, ©, are the first and the secondtensor of inertia, p isthe density, (...)T
denctes transposed and (. : .) isthe time derivative. a is the first metric tensor, n is the unit normal
vedor, ¢ = —a x n isthediscriminant tensor, i, v and k are the tensor of in-plane strains, the vedor
of transverse shea strains and the tensor of the out-of-plane strains, respedively.

Limiting ou discussonto the dastic behavior and small strains we assume the foll owing con
stitutive equations of a plate

3) T-a = App+Bk+~v-T, T-n=T-v+T;-p+TIsk,
MT = IJ/BJFCK'/+"}"F2

A, B, C are 4" rank tensors, I';, 'y are 3* rank tensors, T" is a 2™ rank tensor expressng the ef-
fedtive stiffnessproperties. They depend onthe material properties and the aosssedion geometry.
In the general case the tensors contain 36 dfferent values — a reduction is possble assuming some
symmetries.

Let us consider an orthotropic material behavior and a plane mid-surface In this case one gets

= Apaja; + Ap(ajay + azar) + Apasas + Agasay,
= DBizajag + Byajas + Bozazas + Byjasay + Bypazas,
= Cypasay + Cy3a3a3 + Cau(azay + asa3) + Cuaqay,
= F1a1 + Fgag, Fl = 07 FQ = 0
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witha; = a = eje; + ee3,a, = €1€] — €3€5,a3 = C = €;€3 — €381, a4 = €16, + €€y, €, €y Ae
unit basic vedors.

2. Stiffnesstensorsidentification

The individuality of ead classof plates in the framework of the dired approadc is expressed
by the effedive properties (stiffness density, inertia terms, etc.). Let us focus our attention onthe
stiffnessexpressons. The identificaion o the effedive stresses shoud be performed onthe base of
the properties of thered material. Let usassumethe generdized Hooke'slaw with material properties
which depend onz. The identificaion o the effedive properties can be performed with the help
of static boundry value problems (two-dimensional, three-dimensional) and the comparison o the
forces and moments (in the sense of averaged stresses or stressresultants).

Finally, we get the foll owing expressonsfor the stiff nesstensor comporents[2, 4]

(A11; —DBus; Cs3) = i <E1 t?zy—;ifwm (152 22)> ;
(4) (A22; Bay; 044) = % <E1 ‘;f_%y;ifll/m (1; z; 22)> s
(A12; —Boz = Biy; —Csy) = i <1E;1VI2EV;Z(1; z; 22)> ’
(Aga; —Buo; Co) = <Gl z 2’2) >,
I R e R U

where < ... > istheintegral over the plate thicknessh, whilen? and \? are the minimal eigen-values
of the following Sturm-Liouvill e problems

d dz d dz dz
(Gln ) + f]2G12Z = 0 (ng > + )\ZGng = U d_ =0

dz

h
|zl=3

The described above gproach was applied to FGM plates made of metal or poymer foams with
nonhanogeneous distribution o porosity [4,5].

3. Conclusions

We presented the theory of FGM plates on the basis of the dired approach. The cnsidered
approach to model FGM plates within the framework of a 5-parametric theory of plates has an ad-
vantage with resped to theories of sandwich or laminated plates Snce many clasdcd results can be
improved withou any difficulties.
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