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SOME PROBLEMS CONCERNING THE DEFORMATION OF
ANISOTROPIC COSSERAT ELASTIC SHELLS
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1. Intr oduction

Weinvestigatethedeformationof loadedcylindrical anisotropicelasticshells,in theframework
of theCosserattheory. Within thelineartheory, weapproachtherelaxedSaint–Venant’sproblemand
theproblemof Truesdell.

The theoryof Cosseratshellsis an interestingapproachto themechanicsof elasticshell–like
bodies,in which thethin three–dimensionalbody is modelledasa two–dimensionalcontinuum(i.e.
a surface)endowed with a deformabledirector assignedto every point. For a detailed analysisof
the theory of Cosseratsurfacesand its relation with other shell theories,we refer to the classical
monographof Naghdi[1] andthemodernbookof Rubin[2].

Due to its importancein engineering,the Saint–Venant’s problemhasbeenstudied inmany
articlesin the context of classicaltheoriesof shellsor in the theoryof Cosseratsurfaces[3]. For
isotropicandhomogeneousCosseratshells, thesolutionof Saint–Venant’srelaxedproblemwasgiven
in [4].

In the presentwork, we consideranisotropicand inhomogeneous cylindrical Cosseratshells.
Thecylindrical surfacescan be openor closed,andthecross–sectionis not necessarilycircular. We
assumethattheconstitutivecoefficientsof theCosseratshellareindependentof theaxial coordinate.

2. The relaxedSaint–Venant’sproblem

For any Cosseratshell,we denoteby r andd thepositionvectorandthedirectorassignedto
every point of the deformedsurface. Let R andD designate thepositionvectorand the director
fields associatedto the referenceconfigurationS of the Cosseratsurface. Then,the (infinitesimal)
displacementu anddirectordisplacementδ aredefinedby

(1) u = r − R, δ = d − D.

We considerthat thereferenceconfigurationS is a generalcylindrical surface(openor closed),and
wedenoteby z ands theaxial coordinateandthecircumferentialcoordinateonS, respectively.

Thewell–known Saint–Venant’sproblemconsists indeterminingtheequilibriumof suchshells
underthe action of prescribedcontactforcesand contactdirector couplesdistributed over its end
edges.In therelaxedformulationof thisproblem,weconsiderthattheterminalloadsaregivenin the
form of theresultantforcesandresultantmomentsactingon theend edges.

We determinea solutionof therelaxedSaint–Venant’s problemfor anisotropicCosseratshells
usingthemethodestablishedby Ieşan[5] in thecontext of three–dimensionalelasticity. Our solution
is presentedin the form of the displacement fieldv = (u, δ) and it is expressedin termsof the
solutions tosomeauxiliary boundary–valueproblemsfor ordinarydifferentialequations(calledthe
cross–sectionplaneproblems).

In orderto obtain the solution,we separatetherelaxedSaint–Venant’s probleminto two prob-
lems:(P1) theextension–bending–torsionproblem,and(P2) theflexureproblem.

First, we searchfor a solution v = (u, δ) of the problem(P1) suchthat ∂v/∂z is a rigid
body displacement fieldof the Cosseratshell. As in the three-dimensionaltheory, this solution is
determinedin termsof four constants,saya1 , a2 , a3 anda4 , which can beinterpretedas the global
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measuresof axial curvature,axial strainandtwist. Wedenotethesolutionof theextension–bending–
torsionproblemby v = v{a1, a2, a3, a4} , indicating thusits dependenceon the constantsak .

For theflexureproblem(P2), weobtainasolutionof theform

(2) v =

∫

z

0

v{b1, b2, b3, b4} dz + v{c1, c2, c3, c4} + w(s),

where{b1, b2, b3, b4} and{c1, c2, c3, c4} areconstants, whilew(s) is a displacement fielddepending
only on s, whicharedeterminedin thepaper.

3. Truesdell’sproblem

We notice that the solutionobtainedfor the relaxed Saint–Venant’s problemin the theoryof
Cosseratshellspossessessomepropertieswhich areanalogousto thecharacteristicpropertiesof the
classicalSaint–Venant’s solutionfor cylinders. For instance,we prove that our solutionscan be
characterizedasminimizersof the strainenergy on certainclassesof solutions(in correlationwith
thecorrespondingthree–dimensionalresultsfor cylinders,seee.g.[5, 6]).

Further, weextendthisanalogyandderive asolutionfor theproblemof Truesdellfor anisotropic
cylindrical shells.In [7], Truesdellproposedthefollowing problemfor thetorsionof elasticcylinders:
to definethe functionalτ(·) on thesetof all solutionsu of the torsionproblem,correspondingto a
scalartorqueM , suchthat

(3) τ(u) = −
M

µD
,

whereµD is the torsionalrigidity of the cylinder. Podio–Guidugli[8] rephrasedthe problemfor
extensionand bending,while Ieşan[5] consideredtheflexureof elasticcylinders.

We presenta solution of Truesdell’s problemformulatedfor the extension–bending–torsion
problemandfor theflexureproblemof anisotropiccylindrical shells.

Examplesaregivenfor orthotropiccylindrical shellsandfor thespecialcase ofCosseratplates.
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