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In this study, the response surface method is applied to the reliability-based op-
timum design of a balanced symmetric laminated composite plate consisting of
07, £45% and 90° plies subject to in-plane loads, where material properties and
applied loads are treated as random variables. In order to improve the calcula-
tion efficiency, the reliability-based optimization algorithm is transformed from a
nested iteration into a single iteration by making use of the response surface of
the reliability in the lamination parameter space. The improvement of the cal-
culation efficiency is demonstrated through numerical examples of the thickness
minimization design under the reliability constraint.
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1. Introduction

The first order reliability method (FORM) [1] is widely used for the
reliability-based optimization. Since the FORM is formulated as a nonlinear
programming problem, the reliability-based optimization problem is formu-
lated as a nested iteration problem which takes much computational cost.

For the reliability-based optimum design of the symmetric balanced lami-
nate subject to in-plane strength criterion under variations of material prop-
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erties and applied loads [2], the authors’ research 3| demonstrates that the
calculation efficiency is improved by adopting the lamination parameters [4]
as design variables. However, the improvement is not sufficient because of
the nested iteration algorithm.

In this study, the response surface method (RSM) [5] is adopted to im-
prove the computational efficiency by transforming the nested iteration op-
timization problem into a single iteration problem. The efficiency is demon-
strated through the thickness minimization design under the reliability con-
straint.

2. Strength Analysis of Laminated Composite

2.1. In-plane stiffness and lamination parameter

Consider a balanced symmetric laminated composite plate subjected to
in-plane load N = (N}, Na, Ng)7 as shown in Fig. 1, where the subscripts 1,
2 and 6 correspond to the longitudinal, lateral and shear directions, respec-
tively. For the balanced symmetric lay-up, the in-plane and flexural responses
can be separated. Additionally, the in-plane tension-shear coupling terms are
eliminated. Accordingly, the in-plane strain € = (e}, €2,€)7 is obtained by
the in-plane stress-strain relationship as follows:

Ny An A 0 €
J"'l"g = A;g .-"-'122 {] €q 2. {21}
Ng 0 0 Agl ¢

where A is the in-plane stiffness matrix.

The stiffness matrix of the composite plate with thickness h is expressed
in terms of material invariants IJ; (i = 1,--+ ,5) and the in-plane lamination
parameters V" (7 =1,--- ,4) as follows:

An =h(Uy + U2V + UsVY), Az = k(U - U2V] + UsVY),
A]z = h[U4 — UQV{}, Aﬁﬁ, - .’L{Uﬁ, — Uzi-’:;}. {22}

The in-plane lamination parameters are defined in terms of the i-th ply
orientation angle &;, volume ratio v; and the number of plies N as follows:

N
(Vi 3} =3 vi{cos28; cos48,}”. (2.3)

i=1

Equation (2.3) indicates that the lamination parameters corresponding to
an angle-ply laminate [+8]; lie on the parabola, V' = 2V;** — 1. For any
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Ficure 2. Lamimation parameter space of a
balanced symmetric laminate. Hatched region

Fioure 1. Symmetric laminated : A ;
compasite plate. corresponds to (0%, £45%, 90°|, laminate,

balanced symmetric laminates with two or more ply orientation angles, the
lamination parameter space is described as follows [4]:

Va1, VgL (2.4)

When the laminate consists of the three ply orientation angles; 0°, £45°,
and 90°, the feasible region is limited to the hatched area in Fig. 2.

WV =1, Be-2¥-1, W<t (2.5)

The three vertices of the feasible triangle in this formula, (1,1), (0,-1),
and (—1, 1) correspond to 0°, £45°, and 90°, respectively. Each ply volume
ratio corresponding to the lamination parameters is evaluated through the
following equation resulting from Eq. (2.3):

1. 0 =1] { we v
1 =1 1| {uvgsep=LVy}. (2.6)
IS 1 [ 1

2.2. Strength analysis

In this study, the ply strength is evaluated by the Tsai-Wu criterion in
the strain space [6], because the criterion in the strain space is known to have
better calculation efficiency for the reliability analysis than that in the stress
space |7]. The criterion is described as follows:

Gra€a® + 2Gryerey + Gyyey” + Guses® + Grez + Gyey —1=0 (2.7

http://rcin.org.pl
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where the i-th ply strain (er, €y, €s)7 with ply orientation angle 6; is ob-
tained by transforming the plate strain (El,ﬁg,r:ﬁ]'r. The strength param-
eters Gi;, G (,j = x,y, s) are defined by the ply stress-strain relationship
@ij(i,j = z,y,5) and the material strength, X, X, Y}, Y, and 5, where X,
Y and S denote the axial strength along the fiber direction and the lateral di-
rection, and the shear strength, respectively. The subscripts t and ¢ indicate
the tensile and the compression side, respectively.

In this study, the first ply failure (FPF) criterion [6] is adopted. Thus, the
plate is regarded as in failure when the weakest ply fails. It is modeled by the
strength ratio /; which is defined as the ratio between the ply failure strain
er and the i-th ply strain g; = [E:,t'wf;};r under the proportional loading
assumption:

er = Rie;. (2.8)

f; is obtained by solving the quadratic equation formulated by substituting
Eq.(2.8) into Eq. (2.7):

(G::r'ﬁzz + EGIH'EI"EF + wayg + Gasfaz:} R? + {G:ﬁx + Gyfjr) R‘; =1, (29}

In this study, the first ply failure criterion is adopted. That is, the plate
strength ratio is represented by the smallest ply strength ratio:

Rpin = min R;. (2.10)

The plate is regarded as in failure when Ry, is less than the unity as shown
in Fig. 3.

kil =0\, Linearized

FIGURE 3. Strength ratio. FiGuRre 4. First order reliability method.
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3. Reliability Analysis

The system reliability of the composite plate is evaluated by modelling
the plate as a series system consisting of each ply failure.

Each ply failure probability is evaluated by the FORM [1]. The reliability
index of the i-th ply failure is evaluated by the following problem:

Minimize: & =vuTu
subject to: gi(u)=Ri—-1=0 (3.1)

where the random vector u consists of the applied load and the material
properties and R; is the strength ratio of the i-th ply.

It is known that the problem (3.1) has multiple local optima, because
the limit state function is strongly nonlinear. Premature convergence will
yield the overestimation of the reliability. In order to avoid the premature
convergence, a global optimization method should be recommended for the
numerical searching. In this study, the modified tunnelling method suitable
for the FORM developed by the authors [8] is used as one of the global
optimization method.

The system reliability is approximated by Ditlevsen’s upper bound [9]:

By = -7 (Py), Py=) P- }:Tgfc P; (32
i=1 =2

where F; is the i-th ply failure probability, F;; is the joint probability of the
i-th and j-th ply failures, and m is the number of failure mode. In this study,
the number is set to 4 corresponding to the number of the ply orientation
angles, 0°, +45°, —45° and 90°.

4. Reliability-Based Optimization

The thickness minimization design under the reliability constraint is for-
mulated in terms of the lamination parameters as follows [3]:

Minimize : h (4.1)
subject to: By (W', Vs, hiu) = 5,

h>0

Ve zov -1

V> -2V -1

V<1
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where [, is the allowable lower reliability limit, which is set to 3.0 in this
study. The last three constraints indicate the feasible region of the lamination
parameters.

As a numerical procedure, the sequential quadratic programming (SQP)
method is adopted [10].

5. Response Surface Method (RSM)

In order to transform the reliability-based optimization problem into a
single iteration scheme, the RSM [5] is adopted to approximate the reliability
in the lamination parameter space. The RSM is originally developed to fit
the experimental response in terms of design variables based on statistics.
Recently, this method is widely expanded to the deterministic optimization
problem to reduce the computational cost by making use of an approximation
of the structural response. It is also applied to the deterministic composite
laminate configuration design problem |11].

5.1. Construction of response surface using least-squares

The response y is generally approximated by the polynomial form in terms

of the design factor z; (i = 1,2,--- ,k) as follows:
hal
y"*“ba'f'zﬁil‘i+f (5.1)
i=1
where b(i = 0,1,--- ,k) and ¢ indicate the unknown coefficient and the

approximation error, respectively.

In order to estimate the k+1 unknowns, n (n > k+1) experimental points
are required to evaluate the response. Usually, the number of experimental
points is set to twice more than that of variables |3]. The response formula
is described in the following matrix form:

y=Xb+e. (5.2)

The unknown coefficient b is estimated by using the linear least-squares
fit as follows:

b=(XTX)'XxTy. (5.3)

In this study, the reliability is approximated by the following third order
polynomials in terms of the lamination parameters and the plate thickness
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after several numerical experiments:

By = by + by Vi + boVi + bgh + baVi? + bsVp? + bgh® + bV VS + bgVih
+ boVih + bigVy® + by V2 + biah® + biaVy 2 Vg + bV Vg2
+ b5V 2 h + big Vi h? + bir Vi h? + bigVi"*h + by Vi Vi . (5.4)

Replacing each polynomial term into the variable z;, Eq. (5.4) can be trans-
formated into the linear equation as Eq. (5.2). Then, the unknown coefficients
can be estimated by Eq. (5.3).

The estimation error is described by the following covariance matrix:

Var(b) = o*(XT X! (5.5)

where o2 indicates an error variance. The accuracy of the estimated coeffi-
cients depends on both the error variance o of the response and the combi-
nation of the experimental points X.

5.2. D-optimal criteria and genetic algorithms (GAs)

The following D-optimal criteria [5] is widely adopted to determine the ex-
perimental point selection in order to reduce the estimation error in Eq. (5.5):

||XTX||U{":+1}

mn

(5.6)

Maximize : Dy =

This criteria implies the minimization of ||(XTX)~1].

In this study, genetic algorithms (GAs) are adopted to determine the ex-
perimental point selection [12]. The candidates of the experimental point are
combination of 221 grid points with every 0.1 spacing in the lamination pa-
rameters as shown in Fig. 5 and 16 thickness candidates between 0.7 mm and
1.075 mm with interval of 0.025, where the thickness bounds are determined
from the engineering judgment.

The algorithm is based on a simple GAs with an elitist plan. The combi-
nation of 40 experimental design points which is twice as much as the number
of the unknown coefficients is selected from the above 3536 (= 211 x 16) can-
didates, where the duplicated experimental point selection is prohibited by
treating such combination as a lethal gene.

An example of the convergence history of the GAs is illustrated in Fig. 6.
It shows that GAs required 428 iterations, where the population size is set
to 50. However, the computational cost is negligible in comparison with the
FORM, because the evaluation of the objective function (5.6) is inexpensive.
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Ficure 6. Iteration history of experimental

Figure 5. Candidates in lamination
points selection by GAs.

parameter space.

5.3. Test for significance

The approximation error of the response surface also depends on the
error variance o in Eq. (5.5). After estimating the unknown b, the accuracy
is clarified by applying the adjusted coefficient of multiple determination Rgd:

55 SS5gfin—-k-1)

Rt g ) e

where SSg and Sy, are the residual sum of squares and the total sum of
squares, respectively.
n 2
SSp =y y-b"XTy, Syw=y"y- (Z w) /n. (5.8)
1=1
Additionally, the significance of any individual coefficient is judged by
t-test. The test statistics for the null hypothesis is defined as follows:

-1/2 (5.9)

to = b; (6°Cj;)
where b; and Cj; are the estimated j-th coefficient and the diagonal element
of (XTX)"1 corresponding to b;, respectively. 5% indicates an unbiased es-
timator of o2, which is defined as follows:

¢* = SSe/(n—k-1). (5.10)

The null hypothesis is rejected if |to| > ta/2,m, where t, 5 n is t-distribution
with m degrees of freedom. In this study, the level of significance « is set to
0.05. If the null hypothesis is satisfied, the j-th term can be eliminated.
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5.4. Two-stage approach

The approximation accuracy of the response surface is not sufficient in
this study as discussed below. In order to overcome the situation, the response
surface is reconstructed around the found optimum design using the above
response surface, The feasible region of the lamination parameters is zoomed
to the square of the length 0.3 with a center on the found optimum and the
thickness region is set to £0.07 mm to the found optimum. The combination
of the experimental points is also selected based on D-optimal criterion by
GAs. The candidates are combinations of 256 lamination parameters with
every 0.02 spacing and 16 variables for the thickness.

Then, the second optimization is performed based on the reconstructed
response surface in the small region around the first optimum design. That
is, the RSM is applied in the two stages. '

6. Numerical Examples

The problem is to find the laminate configurations of the balanced sym-
metric laminated composite plate consisting of 0°, £45° and 90° plies which
minimizes the plate thickness under the reliability constraint, Gy < 3.0. The
material properties and the applied loads are treated as random wvariables.
The former is assumed to be normally distributed, where the means and co-
efficients of variation are listed in Table 1. The latter is also assumed to be
normally distributed, where the mean is set to N = (0.1,0.05,0.04) [MN/m|
and the standard deviation is set to e (V') = (0.03,0.03,0.03) [MN/m].

TarLE 1. Material properties of T300/5208,

Stiffness [GPa| Strength [MPa]
Ey E, Es 1" Xy X W Y. 8
Mean | 181.0 107 T.17 0.28 || 1500 1500 40 246 68
COV | 0,05 0.05 005 001 0.1 0.1 01 01 01
(* dimensionless)

This optimum design obtained by the conventional nonlinear program-
ming method [3] is listed in Table 2. The reliability distribution in the lami-
nation parameter space at the optimum thickness plate is illustrated in Fig. 7.
This plot is drafted from the reliability evaluations by the FORM at 221 grid
points with every 0.1 spacing in the lamination parameter space. It is found
that the reliability is distributed smoothly in the lamination parameter space.
Hence, the optimum design is easily obtained. However, the searching takes
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TasLe 2. Thickness-minimized design [3].

1%y 0.156 ? 2

A

hopt [mm]| | 0.814 Q o i
he  |mm] | 0.195

hiqs  |mm] | 0.552

hog  |mm] | 0.067

Fia. 7. Reliability distribution at the
optimum thickness plate |3].

much computational cost because of the nested iteration formulation of the
reliability-based optimization [3].

In order to reduce the computational cost, the RSM is applied to make
the reliability approximation in terms of the design variables. Then, the
reliability-based optimization is evaluated by using the response surface. The
estimated coefficient in each step is listed in Table 3 (a), as well as the ab-
solute value of the tg in Eq. (5.9). The mark of “—" means that the term is
eliminated by the t-test.

The constructed reliability response surface at the optimum thickness is
illustrated in Fig. 8 (a). The selected experimental points are also illustrated
in Fig. 8(b). In this first stage, the accuracy of the response surface in the
whole lamination parameter space is not sufficient in comparison with Fig. 7.
The optimum design disagrees with that by the previous study [3].

Vs

L L

{a) Reliability contour (b) Experimental points

Fiaure 8. First response surface at the optimum thickness.

http://rcin.org.pl
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TasLe 3. Estimated unknown coefficients and f-test values,

(a) First step  (b) Second step
# | Term by |tal by |tal
1 1 -0.661 1978 || -0.601 1.997
2 W — - - —
3 Ve - 6123 3.309
4 h - - — —
5 vl | -6.452 19.09 || 9741  6.354
6 Vo - — 16.48  3.901
7 h* 7631 5802 || 8.187  T7.595
8 | vrvy | 3148 13.88 || -15.89  29.73
9 | Wh |-1.867 5993 || -T.795 3.767
10| Vik | 4647 1208 — —
11| v - — || -7.719  3.500
12 | v | 0620 4231 || 8916 3415
13 h? -3.643  3.75 | -4.236 5.201
14 | Vv | 7874 1273 || 5474 3112
15 | V"ve? | 1.683  4.159 - —
16 | W3k | -2910 2048 | -1693  4.124
17| Voh® | 0795  2.829 — -
18 | Wyrh? | -2.087 7.496 — -
19 | Wi - — |l -9.108 6.741
20| VrVrR| — — - —

Then, the second response surface is reconstructed around the first op-
timum. The reliability contour and the selected experimental points are il-
lustrated in Fig.9. Also, the coefficient of the response surface is listed in
Table 3 (b). The second optimization is performed in the limited design space
as shown in Fig.9(b). The obtained optimum design is listed in Table 4. It
is found that a sufficient accuracy is achieved by the two-step RSM.

TabLE 4. Thickness-minimized design.

| Ve | hope [mm)] | Srsm | Ororm

Exact optimum [3] | 0,156 -0.356 0.514 — 3.0
First RSM 0160  -0.246 0.867 3.0 3.232
Second RSM 0.150  -0.349 0.815 30 3.002

Finally, the calculation cost is compared with the conventional method [3]
that requires 241 times of the reliability analyses. The RSM requires 80 times
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(a) Reliability contour (b) Experimental points

Ficure 9. Second response surface at the optimum thickness.

of the reliability analyses, which is about three times better than the conven-
tional method. However, the number of the reliability analyses is still large.
Better improvement is expected by the other types of the formulation of the
response surface.

7. Conclusion

The response surface method is applied to construct the reliability ap-
proximation for the reliability-based optimization of a laminated composite
plate subject to the FPF criterion. In order to improve the calculation ef-
ficiency with keeping high accuracy, the response surface is constructed in
two stages. In the first stage, the reliability is approximated in the whole
lamination parameter space while in the second step it is applied only to the
neighbours around the optimum in the first step. Then, the final optimum
design is achieved based on the second response surface.

Through numerical examples, the efficiency of the RSM is demonstrated.
However, the number of the reliability analyses is still large. Better improve-
ment is required by applying the other types of the approximate formulation.
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