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ON THE STASILITY OF SPRmG PENDULUM VlBRATION WITR 
THE MOVABLE SUSPENSION POINT 

CZESŁAW BRONIAREK, BOGUSŁAW RADZISZEWSKI 

Pref'aee. 
A study of' the dynamie behavior of' pendulum vibration 

wi th the movable point may begin logically wi th measurin.g ot 
·many phys i cal magnitudes when the measu;'ing ina tru.'Ilents ara 
connec.ted with. the test body. It is well known, the support 
motlon bas a gref:i.t quantitative and qualitative influence on 
the engine vibration. The work of the meeha.n.ical vibrator, 
which is_ co.nnected with medium, is the other exe.mple of thia 

problem. 
The purpose of this paper is to develop the subJe~t of 

pendulum vibrat1on witn a movable suspension point eonai de
red by G._ Gorelik and A. W!tt [t] , J .P. Den Hartog [ 2Jll t~~ 
łtinoraky l'} , · L.A. Pipes l4] , R.A. Arnold and L. MaunD.er 

(51· 
1. The general equation ot pendulum vibrations. 
We consider the motion ot the system shown diagramat! .... 

eally in Fig. 1. The syste~~ eonsiets of a heavy \Dliform ~1ld 
AS ot mass· m1 and of lengtn 2b whose upper end iA is conatrai~ 
ned t~ mo·ve_ hori~ontally with displaceroent x = x(t) oo1d 

vertieally w1th displacemant y = 7{t) • On this rod movas 
the other mass m2 whieh has a center o~ gravity denoted by 
~ • The spring is attsched to the rod at A, ia of st1f.iness 
k1 and ~e an unstressed length approximatelly ~ 

0 
• We deno

te by ~t) the distance. between point A and center mass m2: 
t1ms the elongation ot the spring in each time ts ~o ~ ~t) • 
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Viscoua trictiOD existe between · the mass a
2 

8Dd rod m1 
ot the value c 1 per unit ot relative velocity. 

Y 

x{t} --t 

---- _1 

l 
l 
l 

X 

Fig. 1 

Viscous triction by pendulaa motion aroU1ld the suspenston 
point A is assumed in the va~e ot c2 per llili t ot SJlgUl.ar · 
veloci ty ot rod. 1'he distance '4;(t) ot ~e mass m2 trom 
A and the augle oG(t) between AB and the vertical may be 
ellosen as our generali~ed coordinatee. 

The absolute .apeeds ot point . m1 and m2 may be 
obtained tra.· the expressicma . 

(1) 
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whtch are calculated ~ geanetr.J · ~. vectors u ahown iD 

Pfg. 1. 
!he ktDettc energy ot the s,atea 1187 be obta!Ded tra. 

the eqaattcm 

. ( 2 \~ ~ • ł<-1.;, + ~ ~ + .. 2) t 

1lbere I a t: + ~ and ~ • the ..aut ~· a 1 iDertia tD 
ftg8rd to .,. ~ - . the liCilent ar .2 tnertia in regard to 

~· 
. SUbeti 'tuting the value V~ ud Y~ ~ l1 ) in ( 2 ) 
p we 

lf = i(•,•2)(x2+t2)i(•,b2~~2+1}-i2~coaoG(a1b~l)
(') 

+ ~~+ ~em«- iie11*~1b + ~)+~jm2coe~ o 

lp~ .the Lagrangtan equattoaa 

d ~1' ~'f ~V_ ~. d q ·t ~! .~V " r'.o 
n~l' -cli +tii.-- cls• ctt~ -~ +ti« "" n· ~ ;:~· .... : 

after calćulati.Qg we obtaiDed 1:be ~ nar,: ,_.,··' ~"'~a~· dtt,t~~ ... 

ftllttal equattoas o~ .,~ton 

rr 7 = o thts s,stea haa the ideattcal :f.~, ·,~·i , C, i; . .:J u~e bo:,~~~ 

ot R.N. Arllolcl and L. Ma\mder llellttcmecl ~j ·· · : ·.~ -,~ :' ,:1,\-:., ;~ ~\~ l 5) ., 
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Let x = m1 = I = O and y • asinwt, where w is 
trequency and a the amplituda of the pendulum suspenston 
point A in the vertical direction. .After introducing these 
Yalues into the system ( 5) the equation of the eimplifled 

pendulum are thus 

•• c • k 
~+ uf~ +m 1 ~a a w2einultcos<i+(l+~~2-g(1-coseł.) t 

(
6

) •· e2 • 1+~. • • 2 \ 21+~-·· · O(,~+faini=- -:2\~+a<4T"sin1Jtain~1- -:-r~- ~~smOG, 
ml l l l 

where m = m2, ~·i- l and t 1(1 - ~0) =mg, l - length ot 
the spring in the static equilibricm·in vertical position. 

It ts not proposad to attempt ~ solutton to the full 

system ( 5 ) ot mot i on equation. A stady 1n thia work will be 
madet hawever1 ot the simplified cases- described by ( 6). 

2. Solutton ot a simplitied deflected pendulum. 
!ntroduce to the system ( 6 ) th~ dimensionless time 

~= l&3t, ę1mensionl.ess coordinate z; • ~ and denote by 

<-"~ = uf - the natural trequency of vibration ot masa m 
~rod, 

w~ = f - the nstural frequency ot angular vibration, 
L 01 
r\ 1 = c - damping ra tio t 

er 
c er = 2m"1 - "cri tical" dampillg, 

Cl= ~ - f'orced ~equency ratio, w o 

~ = ~ -natura! frequency ratio, 
W o 
a 

~= I - parameter, which we call "small", 

· l Wo c2 _:z_ 
K: 8~, ~s ~Kh2 , h2 = 2 - coefficients. 

mlw . . 2mluJ · 

After performing sate algebra equation { 6 ) is 
transforroed into 
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c;+ 2111!!>'•(& f;= sintcosd.t'2+~ł;~ (t-cos~), 
( 7) e~.," +~2cy., -rx2

s ini= -ra inra ini-2i~ ~l-r2?sin'la inoC-

-2,...2~ '5'fXJ' -2t~a!'-,.~2ain ~ , 

where '= ~ is the symbol of difierentiation in respect to 
dimensionless undependable "Variable 't:' • 

The :tiret equation o:t system (7) :tor 0(.: O takes fom 

The amplitude ot f'orced Vibration wUl be less ot a unit when 

or 

(ł)lł - 2 (t - 211~)1 ~ o 

f'rom which 1 - 2h; ~ O and h 1 ~"f . Theref'ore, the . 
amplituda of f'orced vibration is less ot a unit f'or any .(l 

. ~ 

when h 1 ~ 2. 
m our· case we are interested only in such case when 

h 1 ) ~ or when the ~ing coef'ficient in relative motion 
through rod AB c 1 )- 2 cer • Which means that l ~ ( ~ a • . 

The solutton o:t the system (7) due to the :f'irst 
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(a) €X, = Y + t•ła1:'dDI', . 
ad. .. . 
Jf a f1 . + r-«•łDY • 

~ 1ldB to tbe eQIIBIGD ( 7) , we .wrlte 

(9) x• + *'+(!fx = . ..._Y +r.[ } •••• 
r· ·rr1 .,..2f . ]+ •••• 

(10) Y1 =-~Y1- ~atDY- ....\etDYcoaY- ~Y1X'-.. l ! 

- # 2( l --4,t.X cc.t'aiDY+ ~·iDY + ",., ..: + •••• 
f l ! 

.U..tJI& ~ ~ 1 .. tz- -. eqaatiall ( 9 ; we obtuiD 

x· + a,!x• 4~ = afD'teosY, 

1lllel'e Y 18 coaat:Mt b7 t1ae a!fa&ą atate -~ton. 
!be aolattca ~ tbe ecpw*"·GD (11) b7 tb.ese aaaa.pttoas 

.. E7 wrtte 

(12) X = UcosYata(ft'- Cf) , 
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througb dimeDsionless t1me 1:" in this period gives 

( 1') y" + ~Y'+ ; 2[x2 +H + Ucoa't)coa~ sinY s o. 

Now, we are investigating the etabili ą o~ the clown 
equilibrium poeitton ot the pendulum, in other words, etabi
lity of the ~el'O solutton of tbe equation (13) • In such a 
case :traa the equation ( 1 3 ) we · obtain the fol.l.o1rtnc •riatio• 
nal equation 

2 
:~! + r2d~t·r2(~ + t6 + Ucoa~)1iY .. o, 

and the atabili ty coDdi t i oD 

(14) x2 + ł0 + Ucoa<e) 70. 

The unequal.itiea (14) are satisfied for the all ftnite 
magn1 tudes ot kinematic restortin& torce :f'requency w and 'e 

· aceordiDg to the preVious assumptions, becanes 9 ~ U ~ 1. 
By the upper equilibrium :Poet tion ot the pendulum 

(I =- J'r)af'ter a abort calculatiqn, the etabili-ty condition 
becomea 

(15) x.2 - f(1 + Ucos'e) < o. 

By using the notes tor K ·and U we ·pertom these 
unequalities into 

(16) 

where 
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This both functtons ~ and y2 are shown in Fig. 2 as a 
plot ot the function . f =w~ tor the def'inite aystems 

&2 =c: )2(~)2 =i • ł ' 1, 2 and h1 = :;r =Vf, 1,<V->. 

f
1' '~2 
~:+~~ . s~=, 
i't \ 2 \ 

' \ \ 1.5 \ \ 

\ 
\ 

0.5· \ 

"' ........ 

1.0 2.0 

= (%) 

-- -- -
).0 4.0 5.0 .Q. {f 

~=w k1 

Fig. 2 

Th.e region of value functions y2 is eontainad between 
. V.~ 

twe curves y2 for h 1 = 2 and h 1 = C;/::) ~~~ 

For example, we are try1ng the atabili ty ot small 
motion of the pendulum for which a = 2 cm, mg = 1 kG, 
k

1 
= 1 kG/CJ!t c1 = 0.7t c • Thus ~ 2 = i and from the piot 

, ,/Jifl er ~ 
we f'ind wv k / 0.4 • In other words, by W >12.6 the 
upper equili~rium position ie stable. 

In this way we can try stability conditions ot spring 
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pendulum v1brat1on in ~ie position. 
When h 1 or k 1 tends to inf'ini ty (i .g. , the spring 

ot pendulua occUr in the · inverted mathanatical pendulum ri th 

rigid rod ) . the unequali t i es ( 15) than becomee 

2 1 < K • 2 O. 

These results agree rith worka [ 1] , [3] , [ 4]. 
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