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KINEMATYCZNA METODA OKRESLANIA UDZWIGU KONSTRUKCJI ZBROJONYCH

VW dziedzinie inzynierskie] teorii plastycznosci najszersze
zastosowanie zdobyza sobie teoria nognosci granicznej, ktorej
poastawy przedstawvione zostaty w usystematyzowanej formie
przez D.C.DRUCKERA, W.PRAGERA i J.H.GREENBERGA [1]. Opiera-
jac sie na modelu ciaza idealnie plastycznego pozwala ona
okreslié intensywmosé obecigzenia, przy ktérej konstrukcja
traci cechy geometryczne] niezmiennosci. Oznacza to, zZe od-
ksztaXcenia konstrukecji narastaé mogsg wéwezas bez przyrostu
obcigzania. Podstawowe twierdzenia teorii noénosci graniczne]
opierajs sie na zaozeniu geometrycznej liniowosci konstruk=-
cji; odksztazcenia'uznawene sg ze dostatecznie maxe aby ich
wpiyw na réwnania réwnowagi byZ pomijalny. Zachowanie sie. kon=
strukcji idealnie plastycznej przy speinieniu tego zatozenia
przedstawione jest schematycznie na rys.1 /linia ciggza/.
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\/ rzeczywistych konstrukejach po, poczgtkowe] fazie plastycz=
nego piyniegcia, w ktérej ukzad rzeczywiscie moze zachowywaéd -
s3ie jak mechanizm, konfiguracja odksztaicona zaczyna sig¢ na
tyle rdéznié od wyjsciowe], ze nie mozna juz zakladaé geome=-
tryCznejnlinibwosci konstrukeji. Mamy wéwezas do czynienia z
gadﬁ%triézﬁmeWzmocnieniem Lub oszabieniem konstrukecji; efekt
ten zaznaczono na rys.i liniami przerywanymi .

W szeregﬁ'przypadkéw /np. przesuwnie podparte ukizady belko-
ve/ “platforma plastyczna" z rys.1 jest dostatecznie dxuga
aby teoria nognosci granicznej mogia dawaé¢ zadowalajgce re-
zultaty; Jednakze w bardzo wielu kategoriach konstrulkeji
wpxyw geometrycznej nieliniowoscli uwidacznia sie bardzo wyraz=-
nie navet juz w pierwsze] fazie procesu deformacji. vla tych
przypadidw nieliniowosé okreslana zwykle. jako efekt "drugiego
rzgdu" moze mieé¢ pierwszorzg¢dne znaczenie. Na problem ten
zwrécit piléruszy uvage E.T.0NAT [2].

wPiyw nieliniowosci geometrycznej w plastycznej fazie od=-
ksztacenia moze objawia¢ sie jako jeden z trzech efektow:

a. wzmocnienie geometryczne,

b. nieatdtecznoéé,

c. przeskok.

Odpowilednie krzywe charakterystyczne dla tych efektéw pokaza—
ne sg liniami ciggiymi na rys.2.

Efekt wzmocnienia geometrycznego /rys.2a/ wystepuje np.
bardzo wyraznie w cienkich pzytach metalowych, dla ktérych -~
/por.np.[5]/ trudno jest w ogéle okreslié obcigzenia odpovia=
dajgce nosnosci granicznej. Klasycznymi przypadkami osZabie=
nia geometrycznego /rys.cb/ i niestatecznosci sg nps; prety
Seiskane mimosrodowo, lub rury obcigzone cisnieniem wewngt-
rznyn, Zjawisko przeskoku /rys.2c/ wystgpuje, gdy w pierwséej
Tazlie odksztatfcenia plastycznego'mamy efekt geometrycznego.
oszabienia, a przy bardzie] zaawansowanym procesie przevazacé
zaczyna vznocnienie., Many 2z nim do czyniénié np. w przypédkuﬂ )
1netalowych powzok o bardzo matej wynioszoscli oraz dla nie-
przesuwmie podpartych pxyt i belek 2z materiaxdw o rdéznych
cechach piastycznych przy gciskeniu lub rozecigganiu /z tzw.
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nmateriaxdéw "znakoczukych'/.

Analiza zagadnien nieliniowych fizycznie /materiax spre-
szysto-plastyczny, i geometrycznie natrafie na znaczne trude
nosgcl, Rozwigzania uzyska¢ mozna ne drodze numerycznej, sto-
sujgc na ogdx pewne uproszczenia, jak np. wykorzystywanie
teorii deformacyjnej zamiast teorii plastycznego piynigcia
/0P. 4.)ASZCZYSZYN [4]/. Procedury obliczeniowe wymagajg
znacznego nakzadu pracy i kosztéw /czas pracy maszyny/, zas
osiggnigte rezultaty bywajg mazo przydatne dla wyciggania
vnioskow jakosciowych.

Znacznie wygodniejsze jest operowanie modelem konstrukojl
sztywno-plastycznej., Dla takiego modelu uzyskano szereg
rozwigzan, takze analityeznych, dla koZowo symetrycznych
2yt JULEPIK [5]/ i powzok walcowych /M.DUSZEK i A.SAVCZUK
[6]/. VI przypadku konstrukeji metalowych, szczegblnie cha-
rakteryzujqcydh sig geometrycziuym wziiocnieniem, podejscie -
takie daje na ogéx zadowalajgce rezuliaty.
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Dla bardziej zXozonych konstrukecji konieczne jest pPoSzZu~
kiwanie metod przyblizonych w rodzaju tych, ktére znalaziy
zastosowanie w klasycznej teorii nosnogci granicznej. Szcze=
gbélnie wygodnym okazaXo sig zaproponowane przez E.T.ONATA i
"ReMJHAYTHORNTHVWAITE? 2 lﬁ] podejscie stanowigce t.zw. analize
"standv pozagranicznych". Zakzadajgc niezmiennossé ogblnego
charalteru mechanizmu plastycznego pynigcia /np. rozmiesz-
czenie przegubdw plastycznych w belkach/ okreslamy chwilows
nosnoéé graniczng dla kolejnych etapdw procesu odksztazce-
nia; w ten sposéb otrzymujemy poszukiwang zaleznosé miedzy
obcigzeniem i ugigciem. Tego rodzaju postepowanie stosowane
byzo np. dla powkok stalowych przez M.DUSZEK [87, zas dla
Pyt zelbetowych przez AJR.RZANICYNA [9] oraz A.SAVCZUKA i
L WINGICKIEGO [10].°

‘Podejdcie umetodg "standéw pozagranicznych" jest szczegélnie
vygodiie do stosowania dla konstrukeji, ktérych materiax pod=-
lega werunkowi plastycznosci najwiegkszych naprezed gkévmych
/warunek Galileusza/. Do t€j kategorii nalezg np. konstrukcje
zelbetowe; w ich przypadku znalezé mozZe zastosowanie znana '
metoda linii zaZoméw K.W.JOHANSENA [11], ktdr% dajg slg sto=-
sowaé takze /por. [12]/ w przypadkach bardziej zXozonych niz
proste zginanie, "

Lfekty geometrycznej nieliniowosci wystgpujg szczegélnie_
silnie w przypadku zginanych elementdw z materiaxdéw "znako= '
czuxych", do ktérych w pierwszym rzedzie zaliczyé nalezy Zelw ~
bet, Zginaniu tego rodzaju konstrukecji towarzyszg odksztaice=-
nia ich powierzchni srodkowych; jesli ﬁigzy zevmegtrzne lub
wewmgtrzne przeciwstawiajg sie swobodnym przémieszczeniom w
piaszczysinie srodkowe}, juz'we wczesnej fazie deformacji wy-
ctepuja znaczne sity sciskajgce. Jest to t.zw. "efekt tarczo=
uy", ktérego istote oméwimy nieco pdzniej, zas rezultatem
jego oddziaxywenia jest niestateczne zachowanie sig konstruk-
cji w pierwsze]j fazie procesu deformacji. Wynikiem tego jest
obserwowany v dogwiadczeniach gwattowny charakter zniszcze- -
nia Zelbetowych pxyt zamocowanych /por.np. R.H.WOOD [33]/.
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W przypadku konstrukeji charakteryzujgcych sie wyraznym
poczqtkowym osabieniem geometrycznym, dla prawidowe]j oceny
jej rzeczywistego udzwigu sobciazenie Q. na rys.2b,c/ nie=~
zbgdne jest uwzglednienie nie tylko zmian geometrii ukadu,
ale takze wpXywu na nie odké?fi%één spreszystych. Zbidér publie
kacji do ktérego wstep sfaﬁbﬂi_qiﬂ;ejszy tekst, poswiecony
jest opracowaniu przyblizonej metody pozwalajgcej okreslad
w mozliwie prosty sposéb rzeczywisty udzwig konstrukcji "zna=-
koczukychv /zelbet, beton, mur, zbrojone tworzywa/. Metoda
ta polega na zastosowaniun wogélnione] metody linii zaXomdw
B2] do analizy zagadnied nieliniowych,

I/ dalszym ciggu opracowania oméwione zostang zaiozenia,
sodstawowe wyniki i zakres zastosowania metody na tle ogélne=
go stanu badan w dziedzinis okreslania'udzwigu zginanych ele=
nentoéw konstrukeji.



W teorii konstrukeji inzynierskich wygodnie jest na ogéz
poszugiva¢ sie¢ wielkosciami wypadkowymi: siZami i momentami;
takimi tez wielkogciami operuje klasyczna mechanika budowlii.
u teorii konstrukeji plastycznych stdsulje sig wprowadzone
przez U.PRAGBRA[14] nwogoélnione nuprgﬁenia QQ 1 odksztazce~
nia 9, , przy czym wogdéinionymi naprezeniami sg te z si wy-
padkowych, ala ktorych odpowiednie odksztafcenia nie sg toi-
samosciowo rdwne zZeru. W teorii nosnosel granicznej wystarczy
zwykle posiugiwa¢ sie jedynie uogdélnionymi naprezeniami, na-
' lezy jednak pamietaé, ze rzeczywista przestrzern sit weimetrz-
nych ma wigcej wymiarow, a redukcja ich liczby jest wynikiem
operowania rzutami lub przecigciami ogdélnej powierzchni gra=-
nicznéj; analizowali to dla konstrukeji powierzchniowych
A+SAVCZUK i J.RYCHLEWSKI [151. szczegélnie w przypadku zgi-
nanych konstrukeji z materiazdéw o rdéznych cechach wytrzyma-
rosciowych przy éciskaniu i rozecigganiu /znakoczuych/automa-
tyczne reaukowanie liczby wymiardw przestrzeni sit wewnegtrk-
nych prowadzié¢ moze do nieporozumier i bzegdnych rezultatiw.
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I tak np. jednoczesne przyjecie czysto zgigclowego stanu
'y siachv (NCI=O) i "w ouksztaiceniach powierzchni grodko~ -
vejn (ﬂ¢;=0) Jest uzasadnione w przypadku materiazow kla-
sycznych /metalopoaobnych/; lecz czésto okazuje sie niedo=
puszczalne dla konstrukeji q_maﬁeriaIOw znakoczusych. Mozna
to przedstawié na najprostszym przykiadzie stanu granicznego
zginanej belki o przekroju prostokgtnym. Krzywa graniczna w
przestrzeni momentu zginajgcego M i sizy osiowaj N ala ma-
teriaiu klasycznego /rys.’a; jest symetryczna wzgledem osi
i w prazypadku stanu czysto zgigciowego rdéwnowaga graniczna
odpoviada jednemu z punktéw na osi momentdw: A" 1up AT .
Zgodnie ze stowarzyszonym prawem piyniecla plastycznego za=
chodzi wéwezas jedyoczesnie N=O 1 2A=0 ., v przypadku
nmateriazu znakoczuzego analogiczna kraywa /por.[js]/ Jest
niesymetryczna /rys.>3b/; warunek znikania six osiowyeh N=O-
/przekrdj/ i warunek znikania odksztaXeen osi'érodkowej A =0
/rzut/ dajs wiec rézne rzedne, odpowiednio: AT i A~ orasz
B* i B~. Dla kazdego z tych dwéch standw zgiqcioﬁych po=
vinnidmy operowaé teraz inng wielkoscisg momentu granicznego
ﬂa% lub M, na rys.i1b/. ¥ wyniku tego np. przy niéprzesumf
nosgci podpdr w obeigzonej tylko poprzecznie belce muszg sig
pojawié sizy osiowe N, _ . ! '
Dla konstrukecji o wyzsze] wytrzymazoscl przy sciskaniu niz
arzy rozcigganiu /beton, 2zelbet/ pojawiajg sig sity éciskajacé
dajace t.zw. "efekt tarczowy" w piytach lub nefekt Zulcowy™
w belkach, Na istnienie tego efektu zwracaz juz davmo uwage
AsA,GUOZDEY [17], a péiniej D.C.DRUCKER [18] i R.H.W00D [13],
_jednakze préby praktycznego wykorzystania w obliczeniach wy=-
nikajacego stad wzmoenienia konstrukeji byzy dosé rzadkie - -
/np. SJHJERYZOW [14] dla belek zelbetowych, K.THOMAS [?0] -
dla konstrukeji mwrowych/. Omawiany efekt zalezy w bardzo du=
sym stopniu od warunkdw podparcia w kierunkach rdévmolegych
ao piaszczyzny grodkowej konstrukeji, Warunkom tym, choé - --
jalk wykazano to w pracy [21] - mogy one mieé powazny wpiyw na
noénoéé konstrukecji, poswieca sig na ogdét maXo uwagi przy



obliczaniu i konstruowaniu piyt i belék; dotyczy to takze
efektu tarcia [21] wystepujgeego na nieidealnych podporach
przesuwnych. Oddziatywaniem efektu varczowego tiumeczy sig
talkse obserwowany doswiadezalnie /por.R.TAYIOR [22]/ znaceny
wzrost sdo 605/ nosnosci pryt zelbetowych na przebicle w przy-
padku zapewﬁienfa nieprzesuwnogci ich podpér. _

bla konsekwentnego uwzglednienia efektu tarczowego koniecz=
ne jest, jak zaznaczono na wstepie, rozpatrzenle peinego
zestawu sit vewnetrznych wysigpujacych w konstrukeji i odpo-
wiadajgeych im wogdélnionych odksztaXcen. Wychodzqc 2z kompletu
8 sik wewngtrznych dla piyt przeprowadzono w pracy 23 ana-
lize skutkéw przyjmowania upraszczajgcych zatozen ogranicza-
jgcych lklasg dopuszczalnych mechanizméw plastycznej deformacji.
%. taldimi ograniczeniami zuigzena bywa koniecznoséé speznienia
dodatlkowych warunkdéw kinematycznej dopuszczalnosci pdél prze=-
nieszczen, chodzi w plerwszym rzedzie o- zapewnienie "wewnetrz=
nej zgodnogci" deformacji w uplastycznionych przekrojach po=
przecznych., I tak, jesli pfzestruen vogélnionych naprezen
dla ptyt zelbetowych ograniczymy a priori do momentéw zgina jg=-
cych, mechanizmy dopuszczajgce odksztaXcenia jedynie'w prze=-
subach plastycznych nie mogs zawieraé uwkzadu przegubdw rdézno=-
imiennych. Wyjagnia to znany, niepokojacy fakt, ze wyniki ba=
dail nosnosci pxyt zZelbetowych czesto znacznie przewyzszajg
rezultaty otrzymane z metody linii zazXomdéw, choc te powi;my_ . ’
by¢é géraym oszacowaniem nognosci. |

Jak wida¢ opieraj. c sie na analizie eczysto zgigciowej osza-
cowujeny nosnodé zbyt nisko. Z kolei jednak uwz lednienie
efelktu tarczowego w ramach procedury zgodne] = klasyczng te=-
oria standéw granicznych prowadzi do przeceniania nosnoscl.. -
Wynika to z falktu, Ze efekt tarczowy ma niestateczny charakter
i maleje wraz z deformacjg konstrukcji. W odrdznieniu od kla-
sycznej teorii nosnosci granicznej zagadnienic nalezy wige
rozpatrywaé¢ z uwzglednieniem zmian geometrii uiiadu wywoza=- -. - -
nych odksztaiceniani., Jak juz zaznaczono, obliczanie skoiczo=
nych deformacji konstrukcji plastycznych jest zadaniem dosé

—



kopotliwym i wymagajgcym znacznego nakiadu pracy. Dlatego

szczegolng uwage zwrdcono na zastosowanie analizy stendv poza=-

granicznych. tifekt tarczowy analizowali ta metodg R.H.WO0D
ﬁBI /pxyty koXowe/ i A.SAVCZUK [?4] /ptyty prostokagtne/.
VI oracach tych operowano deformacyjng teorig plastycznodcl
maj@cq ograniczone zastosowanie w przypadku procesow zwigza=-
nych ze znacznymi redystrybucjami naprezen. '
W pracy 16 zaproponoweno analogiczng metodg postgpova-
nia opierajac sie na teorii plastycznego piynigcia. Jest to
ekstrapolacja metody linii zaXomoéw z zastosowaniem podejscia
energetycznego. Analogiczne podejscie zastosowali C.T.MORLEY
(26] i C.ACALLADINE [27]. .
\larto zaznaczyé, Ze zatozenie o niezmiennoscli schematu znisz=-
czenia jest szczegolnie uzasadnione w przypadku wykazujgcych
efelkt tarczowy konstrukecji Zelbetowych, dla ktérych mechanizm
poczgtlcowy skzada sie z przegubow plastycznych. Jak ilustruje
to przykzad nieprzesuwnie podpartej belki, w przypadku zelbe=
tu /rys.d4a - siia gciskajaca/ przegub plastyczny pozostaje v

.',l,u OO iy
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RYS. 4

pierwotnym poxozeniu, podczas gdy w przypadku belki stalowe]
/2yS.4b = sita rozciggajaca/ wraz ze wzrostem ugigé maksimum

monentu zmienia swe poiozenie. “ g

Yyniki korzystajgcej z modelu ciaza sztywno plastycznego
analizy pozagranicznej /cienka linia cisggZa na rys.b/ pozwa-
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lajg na zorientowanie sig co do charakteru zachowania sig¢ . ‘
konstrukcji i na okredlenie najnizszej nosnosci Pp dla
konstrukeji odksztazconej; nie pozwalzjg jednak na bezposred=-
nis oceng jej rzeczywistego udzwigu wyznaczanego przez maksi-
mum zaleznoscl miedzy obcigzeniem i ugigeiem. Okreglona na .
tej drodze nognosé dla konstrukcji nieodksztaiconej Po nie -
bgdzie mogxa byé osiggnieta ze wzglgdu na deformacje sprg-
zysto-plastyczne pojawiajace sie przed wystgpieniem pocz@tko-
wego nieskregpowanego piynigcia plastycznego. Aby uwzglednié ‘
odpowiadajgcg tym deformacjom redukcje biezgcej nosnosci na=-
lezatoby przyjunowac wstepne ugigcia konstrukc]i np. roévne

ugigciom sprezystym w, lub odpowieanio powigkszonym umownym



wielkogciom W, /POr. np. 28 , rozdz.T/. .

Poniewaz gzéwny wpiyw na rozbieznosé pomiegdzy rzeczywistym.
zachowaniem sig¢ konstrukeji sgruba linia ciggZa na xrys.5/ 1
idealizacjg sztywno-plastyczng majg szybkie zmiany wielkosci
sl osiowych w poczgtkowej fazie deformacji, w pracy [29] za=
pro@onowano przyblizong metodg analizy uwzgledniajgcg spreg-
zyste odksztazcenia tarczowe, a pomijajagcg gietne odksztasce=-
nia sprezyste. Podobne podejscie uwszgdnEajqce sprezystag
podatliwosé podpor proponowano w pracach A.JACOBSONA [}O] i
eH o ROBERISA [3:}, Jeanakze nie speiniajgc wymagan teorii
plastycznego psyniegcia,

uyniki mevoay [29] /linia przerywana na rys.3/. opisujg
dobrze zachowanie sig konstrukeji w strefie je] najwigksze]
nognosgei i pozwalajs wzglgdnie Xatwo ocenié jej udZwig. Roze
wigzanie dla konstrukcji zelbetowych okazuje sig byé identycz=-
ne jak dla konstrukecji o jednorodnym prﬁekroju z odpowiednie-
g0 zastgpczego materiaiu znakoczuiegos W zaleznodci od przy=-
Jgtej wielkosdci wspbéZczynnika odksztaXcalnosci sprgzyste]
otrzymaé mozemy cazg game rozwizzan od modelu sztywno-plas-
tycznego az po nie wykazujacy efektu tarczowego model kon-
strukeji przesuwnej., Badania dogwiadeczalne A.JACOBSONA [;oj
dla pxyt kwadratowych oraz przeprowadzone specjalnie pod ka;'
tem widzenia weryfikacji metody [29] badania C.T.MORLEYA (33
/pXyty kozowe/ dajg dobrg zgodnosé z podejsciem analltycznym._

Uwzglednienie wpiywu odksztaicen sprezystych na nosnosé
pozwala takze wyjasnié /por. [93]/ przyczyny jakosciowych
sprzecznosci z dosdwiadczeniem niektérych vwynikdéw nognosdci
granicznej pyt. I tak np. przy obciazeniu pxyty zamocowane]
ciza skupiong /rys.ba/ analiza sztywno-plastyczna daje nos=--
nosé niezaleing od rozmiardéw R strefy uplastycznionej. Nato=-
niast z analizy wg L29] wynika, ze maksymalny udfwig P_ ‘be-
duzie tym mniejszy im wigksze bgda te rozmiary /rys.6b/. Tak
wiec miarodajny mechanizm zniszczenia odpowiadaé powinien
najvigkszemu mozliwvemu zasiegowi strefy uplastycznionej Rmax'
co zgodne jest z obserwacjami rzeczywistych konstrukeji. W
preypadku konstrukeji tarczownicowej obeigzonej w kalenicy
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/rys.Ta/ analiza sztywno-plastyczna podaje jako miarodajny
/dajacy najnizszg oceng nognogci/ schemat zniszczenia o nie=-
skoficzenie maxym zasiggu strefy uplastycznionej , /rys.Tbv/.
Analiza unglqdnlaj%ca odksztazcalnoéé sprezysts daje, zgod=-
nic-z doswiauczeniem,’ skoiczong wielkosé strefy Q.

Pokazane na rys.j_krzyyg‘dotjcve zmieniajgcego sig w pro-
cesie deformacji dbciqunié., dla ktérego mozliva jest révmo=
waga quasistatyczna ukadu, W rzeczywistosci mamy zw&kle do
czynienia z obcigzeniami narastajgcymi monotonicznie i z
chwilg osiaggniecia wartogci odpowiadajacej uwdzwigowi kon-
strukeji p, réwvmowaga statyczna nie. jest mozliva; musi wige
nastgpi¢ dynamiczny przeskok do nowego poXozenia réwnowagi
/strzatki na rys.3/ o ile takie w ogdle istnieje. Tego typu
zachowanie konstrukcji zelbetowych obserwuje sie v rzeczywis=
tosei /np. doswiadezenia R.H.WOODA [33]/. 2 punktu widzenia
skutkéw wyczerpania noénodci konstrukcji istotnym jest okres-
lenie jej ugiegéd Wy po wystgpieniu zjawiska przeskoku. Do tego
celu wykorzystaé¢ mozna stosowang w przypadku obcigzehd impule-
sowych metode energetyczna /np. N.JONES [343/ bgdgcg wogdlnie:
niem na zagadnienia dynamiczne kinematycznego podejscia w
teorii nosgnoseci granicznej. W pracy [35] podano'uzyskane na
tej drodze proste wzory do okreglania korcowych ugleé belek |,
oraz elementarng procedure oszacowywania ugleé pxyt.

Ze wzgledu na formalng analogie rdéwnan dla plastycznych‘
powXolc walcowych i .dla belek /por. np.P.G.HODGE [36]/ zapro=-
ponowang w [29] metode okreglania udzwigu zastosowaé mozma -
takse i w przypadku powZok kolowo-symefrycznych. Podane w
pracy [37] rozwiazanie pozwvala Xatwo uwzgledni¢ znaczns nie- -
raz nadwyzke nosnosci krétkich, zamocowanych powZok w stosun=-
iu do normalnie stosowanej'analizy pomijajacej sciskanie '
wzdxuz tuorz@cych.

wyniki analizy aprqzysto-plastjcznej pozvwalaja juz obecnie
na uwzglgdnienie efektu tarczowego w praktyce obliczeniowej
v niektdérych prostszych przypadkach., Nalezy jednak zwrodcié
uwage na fakt, ze miarodajny udzwig konstrukeji zalezy w bar-
dzo duzym stopniu od wielkosci wspéZozynnike tarczowej, sprg-
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zystej odksztaxcalnogei pxyty. Przyjmujemy go jako unovng
wielkosé staxg, podczas gdy w rzeczywistosdcl zalezy on m.in.’
od rozkiadu momentdédw zginajgcych. Do wiarygodnego okreslania
tego wspoezynnika potrzebne sg dalsze wynzki analizy sprq-
systo-plastyczaych konstrukeji z materia éw ¥nakoczutych
oraz - v pierwszym rzedzie =~ bogatsze ﬁa éiialy doswiadczal=-
ne. Dla popravniejszego okreglania uarunkow poczgtkowych
potrzebne jest talkze doprowadzenie do stadium bezposrednie]
stosowalnosci metod analizy zgigciowej dla sprezystych ma-
terialdéw znaltoczuxych. Zagadnienia te stanowia temat aktu-
alnie prowadzonych badan.

Z punktu widzenia praktycznych zastosovai waznyni zagad=
aleniami wymagajgeymi takze poSwiqcenia szczegdlnej uwagl
jest wpiyw luzéw dontasowych na udzwig konstrukeji prefa-
brykowanych oraz wpiyw zmian temperatury 4
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Kinematical compat1b111ty problems

in yield- llne theory

by M. Janas*

SUMMARY

An attempt is made to classify assumptions made in
yleld-line theory in connexion with the upper-bound
theorem of limit analysis. Both classical theory and
theory taking into consideration membrane forces are
examined for reinforced concrete slabs. The complete
set of generalized stresses and strain rates is considered,
and compatibility conditions imposed by the associated
[flow law are discussed, including those for the configura-
tion of yield lines and for internal compatibility of the
cross-section. In the case of Johansen's yield-line theory,
the general type of fan pattern generated from the
envelope line is considered, and some statical restrictions
applied in the upper-bound technique are discussed. Con-
siderations are limited to the case of isotropy, unless

otherwise specified, but conclusions can be more or less -

directly extended to the case of orthotropic slabs.

Generalized stresses and straiﬁ rates

The upper-bound theorem of limit analysis'"’ clas-
sically relates the rate of work of external forces to the
dissipation of energy in the collapse mechanism con-
sidered. The fact that, in some techniques (e.g. the
equilibrium method), direct use of energy considera-
tions can be avoided does not change this fundamental
fact.

A given yleld criterion being assumed, stress resul-
tants can be associated (not necessarily uniquely) with
each kinematically admissible velocity field (collapse
mechanism) and a uniquely defined value of dissipated
energy can be computed. Hence, the work equation

furnishes, for each mechanism, the corresponding
upper bound for collapse load. The work equation,
when applied to the real collapse mode, must yield the
exact value of the collapse load, this latter being uni-
quely defined, whereas different mechanisms and even

*On leave from the Polish Academy of Sciences.

different stress pattemn can possibly be auodated
with it,

As a starting point, a yield criterion must be adop-
ted; this will define admissibility conditions for the
kinematical configurations. A kinematically compat-
ible velocity pattern must thus satisfy two essential
conditions: - .

(1) fulfilment of geometrical bounds imposed on the
structure;

(2) the possibility of satisfying the associated flow luw
for the yield criterion adopted.

Whereas the first condition needs no comment, the
second has to be explained in more detail. For this
purpose, generalized stresses and strain rates must ba
considered. In the general case, we have eight stress
resultants within the cross-section of the slab:

Mg Negy T .1

i.e. moments, membrane and transverse shearing
forces, respectively, a, B being orthogonal co-ordinates
in the reference plane of the slab. In the most general
case, all the eight stress resultants can influence the
yield criterion, constituting therefore the set of gener-
alized stresses Q,. For the isotropic slab, the yi.:.
criterion can be presented in the following symbolic
form: )
O(Myp, Nops To) = 0............(2)
defining the closed, non-concave surface in the space .
of stresses @,. The velocity field must allow the asso-
ciation of the plastic flow vector (the components of
which are the generalized strain rates g,) with the sur-
face defined by equation 2, by means of the normality
law: -
2% )
- Yy S saEa e
‘h 30 3

The strain rates ¢, are related to the respective stresses
QO by the dissipation formula

dD = QuikdS.vvvecrerenen @)
i
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with ds denoting the area of an element of the reference
plane, and with summation conventlon used,

Condition (2) imposes, in general, no limitation
upon the strain rates, since each free vector can be
found orthogonal to the closed surface. However, the
situation changes if the influence of some stress resul-
tants Q; upon the yielding of a cross-section is to be
neglected. It is equivalent to the operation of projec-
tion of the general yield surface on the planes Q; = 0,
and we now have to deal with the cylindrical surface
with generatrices parallel to axes Q). It is obvious that
no plastic flow vector can be orthogonai to such a’
surface if it has components §; # 0. It must be pointed
out that an essential difference exists between dealing

with the projection of the shrface and wnh its crOss- e

section Q; = 0, since in the latter Chise strain vates+~
g, + 0 can be admitted. The practical significance of
this observation will be demonstrated on pages 42 and
43,

Now, condition (2) can be expressed as: “‘no general-
ized strain rates are admitted that correspond to the
stress resultants that are not generalized stresses”, and
conversely: “‘no stress resultants corresponding to zero
strain rates can influence the yield criterion”,

Rigid-body motion patterns

Since the general analysis of velocity fields for
slabs is extremely difficult, we shall have to confine .
our considerations to some special classes of collapse
mechanism, The yield-line theory considers only the
displacement rate distributions governed by the rigid-
body motion rule, These distributions can be defined
by the pattern of rotation vectors (possibly completed
by the vector couples, i.e. translations).

Plastic deformations can now be developed only in
the yield lines separating rigid panels of the structure.
In the yleld lines, new generalized strain rates (‘con-
ventional strains') have to be introduced, namely in-
tegral values of the foregoing ones, defined by

A :
[ S

0 : .
where integration is performed in the direction normal
to the yield line (), and A denotes infinitesimal width
of the plastic zone, Referring all the strain rates to a
co-ordinate system with axes coinciding with local
directions normal (n) and tangential (¢) to the yield
line, we obtain the complete set of generalized strain

rates J,:
- W WIE S (6)

The first two are equal to the slope discontinuity
(normal and tangential to the yield line, respectively).
The second two are the differences of displacements
in the reference plane of the rigid parts adjacent to the
yield line. The last is the vertical deflexion discon-
tinuity.

Geometrical continuity conditions imposed by the

o =

M f

adjacent rigid panels make the other strain rates equal
to 26r0 (i, = X, = ¥, = 0), The normality law and
energy formula (equations 3 and 4) are now valid
for the newly adopted strain components,

If transverse forces T, are assumed not to influence
the yield criterion, projection procedure yields: -

Y..:Euwo ............. .--.(7)

. and vertical deflexions must be continuous at the yleld

Iiti¢, Which must thus be straight.

Geometrlcally, this is equivalent to the assumption
that yuld Hhts must coincide with projections of the
differeh of rotauon vectors on the reference plane,
Moreover, to ‘'satisfy simultaneously equation 7 and
the boundary conditions, projections of the rotation

Fectors for the panels adjacent to the supports must

coincide with the support lines.

The classical (Johansen) yield-line theory

If yielding is assumed to be due only to the moment
action:

H(Myp) = 0
all the other stress resultants must be considered as
internal reactions and, consequently, kinematically ad-
missible velocity fields must secure, in addition to the
kinematic conditions just above, the condition of
inextensibility of the slab reference plane. For a rigid-
body motion pattern, this is equivalent to the assump-
tion that all rotation vectors lie in the reference plane
i.e. that rotation plane and reference plane coincide).

Now the form of the criterion (equation 8) must be
given, For an isotropic body this is commonly assumed
to be that of maximum principal moments, and can be
‘Written as:

(Mg r)(MBF— r)“M-B =0
(Mm+ ML) (Mgg + M) = Mog? = 0...,.09)
This is represented by two conical surfaces in the space
of generalized stress resultants (Figure 1). M, and M,’
denote yield moments for uniaxial positive and nega-
tive bending, respectively. A similar treatment is.
possible'?) for the case of orthotropy.
If the co-ordinate axes a, B coincide with those of «
yield line (n, 1), we have because ¥, = Ry = 0, u sticus

‘state corresponding to the projection of the yield sur-

face in the directions M, and M,,. Since a double
projection of a two-dimensional surface has been :
made, a zero-dimensional object is obtained, i.e. two .
points A and B, on the M,, axis. Now, the assumption
M,, = 0 is due only to the fact that, in the case of
isotropy, the projection on the plane M,, = 0 and the
intersection with it must coincide. For orthotropy,
however, the assumption holds only if the direction of -
the yield line coincides with the principal direction.of _
orthotropy (see, for example, reference 3), otherwise
torsional moments M, must exist at the yield line.
However, whether dealing with the complete surface
or with its projections, we always use the same yield



criterlon (‘square yleld criterlon'), Differences men.
tioned in the literature are due only to the different
methods of upprouch to the problem, (See, for
example, reference 4.)

If a purely kinematical (i.e. energy) approach is
to be adopted, it is only projections that are of
interest, whereas if some supplementary statical con-
siderations have to be introduced, the use of the

complete criterion becomes necessary. In this con-

nexion, the notion of the ‘stepped yield criterion'‘*

has to be used only as a means of justifying the.same i
square yield criterion for reinforced concrete slabs, 4t

is related to compatibility in a cross-section and should
be discussed together with the ‘internal compatibility’
conditions (pages 42 to 44).

Since some misunderstanding may arise from the
form of the dissipation formula for an orthotropic
slab;

dD = M, 4.dy + M, .(10)
it may be useful to observe that it dbes not suggest

the existence of a stress resultant state M,, = M,,,
M,, = M,, but is a simple transformation of

(EEEEEE]

dD - Mu!ud'lqt'lill.llllﬂ{ll)

using the relationships:
M,, = M, cos?® + M, sin?0
Fun = P co86 + §,sin b PR b4
§, = ¢, tan b
where 0 denotes an angle between the yield line and
the principal direction of orthotropy x.

The least upper-bound solution and
supplementary restrictions imposed on it

As has already been pointed out, the only criterion
of validity for upper-bound solutions is the kinemat-
ical admissibility of the velocity fields considered.
However, the exact solution can be obtained with this
technique if the real collapse mechanism belongs to
the class of velocity field actually considered.

It is true!®! that the normality law, when applied to
the surface defined by equation 9, imposes rectilin-
earity of one family for both principal strain and
principal stress trajectories but, if the stress state
corresponds to the intersection of the cones (Figure 1),
the trajectories do not have to be (and, in the

- presence of distributed loads, cannot be) straight ones,
Thus, since the class admitted in the yield-line theory
does not contain all the possible collapse patterns, it
is not certain that an exact solution belongs to this
class. Hence we have to remember that we are looking
only for a reasonably satisfactory approximate sol-
ution, not necessarily for the exact one.

The classical case of this type arises when negative
and positive yield lines meet (Figures 2 and 3). It is
obvious that, if the orthogonality of lines is not satis-
fied, the yield patterns cannot correspond to the exact
solutions but, if the real configuration contains some

Kinematieal comparibility problems in yleld-line theory
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small zones of negative Gaussian curvature (M,, =
M,, My = —M,') shown shaded, or some fan system
difficult to analyse (see page 37), the best yield-line

solution must permit non-orthogonal intersection of -

yield lines, An example of such a situation is given on
page 41. However, when considering such collapse
patterns, one could question whether kinematical
compatibility conditions are strictly satisfied. Let us,

Vol, 19, No. 38 : March 1967

therefore, briefly examine both the case of intersection

of isolated yield lines (Figure 2) and that of a
continuous field of yield lines (Figure 3).

In the first case, continuity conditiops in the plastic
zones (%, = %, = 0) cannot be satisfied in the inter-
section zone, Therefore, some non-homogeneous strain

- pattern k,p must exist there. However, if only integral ..

values of external work and dissipation are of interest
to us, the question becomes irrelevant, because the
contribution of the intersection zone to the work
equallon is of order A? (A — 0), whereas the other
components are of order A,

A similar situation is observed in the case of a con-
tinuous yield-line pattern (Figure 3). Continuity con-
ditions at the intersections of lines 1 and 2 (together

With %y = %, = 0) give, on the boundary line l-Z._I

%gq = 0, but since %,, has not to be conlmnous. hlnga
2still coincides with the direction of principal curvg-

ture. Moreover, we must remember. that the existing

curvature components are here of a diﬂ‘erent order of
magnitude. While x,, Is finite, x,., must be infinitely
large. Hence, when dealing with convgntlonal strains,
we have, from equation 5, %,,; = R, = O and %,,; = 0,
and equation 11 still holds.

If we now consider the arguments put forward in
reference 4, we can certainly agree that there are many
boundary problems for which yield-line collapse mech-
anisms cannot provide exact solutions. However, the
conclusion that corresponding kinematically and

- statically admissible flelds do not exist in these cascs

cannot be accepted, Adoption of a yield criterion
other than equation 9 does not change the situation
qualitatively, except that the existence of an exact
solution corresponding to a yield-line collapse pattern
is then considerably less likely,

The supplementary statical restrictions-imposed on
the yield-line patterns (e.g. orthogonality of positive
and negative lines) can really be justified only if we are
sure that the exact solution belongs to the yield-line
class. Otherwise, such restriction. of course, gives in-

. formation on the more mllslic yield-line configura-

tion, but unfortunately can also exclude from con-
sideration the best mechanism_in the class actually
admitted, thus pmltin; in an omestlmu!e of the
collapse load, . .

Moreover, in uarehlng for lha lI!ulory possibility of
finding an exact solution by means of yield-line tech-
nique, we can easily violate the essential principles of
the upper-bound method. The collapse mode for a_
square uniformly loaded clamped slab, which is given
in reference 7 (Figure 4), may be an example of such
a possibility. The solution proposéd contains the
supplementary condition of statical admissibility, be-

' ,cause the moments at the clamped edge are assumed

"'(0 be My = M, cos* ¢ — M,’ sin? g, in order to "
. satisfy (together wnh moments on the internal yield
. lines M, = M,) the square yield criterion; This finally

gives a bound for the collapse load of gL* = 37:7M,,
which is lower than the lowest previously known upper
bound (¢L? = 42:8M,). Unfortunately, if we examine
the kinematics of the yield-line pattern, we discover
that our rotation vectors must be tangéntial to some
curved line and so violate the support conditions {see
page 34), or that these vectors must be collinear,
and no relative rotations are possible except at the
diagonals. In the latter case we have a diagonal collapse
pattern and, if the appropriate dissipation formula is'
applicd, the loluliou i qL' = 48M,



Arbitrary fan patterns
In seeking least-upper-bound solutions, we have to
consider as large a class of mechanisms as possible,
The yield-line collapse pattern can consist of systems
of'isolated plastic hinges, or of entirely plastified zones,
. In the latter case, polar fans are generally considered,
whereas straight-line patterns can constitute an arbi-
trary fan developed from some envelope line (Figure
. 5). Special cases of this type of yield-line distribution
have been analysed by means of the equilibrium
, method®:*, and it would be interesting to investigate
the problem by means of the purely kinematical (i.e.
energy) technique. Solution of the differential equation
developed by Johansen'®’ would now be equivalent
to the application of variational procedure (variation
of the envelope or both envelope and boundary hinge)
. to the work equation components in the case of one
straight boundary,

Let us analyse the collapse pattern by using'a curvi-
linear orthogonal co-ordinate system with one family

. coinciding with straight yield lines (Figure 6). If the
co-ordinates adopted are: angle 8 and distance z from
the arbitrary reference line a (normal to the yield lines),
the Lamdé coefficients are h, = 1, hg = p(6) + z, where
p is the radius of curvature of reference line a. Lengths
of elements of the co-ordinate lines are now ds, = dz,
dsg = (p + 2)do.

Since, at the line /,, deflexions must vanish, rotation
vectors of all the infinitesimal strips must be tangential
to the line. Then, the continuity condition on the line
separating two infinitesimal adjacent portions imposes
the equality of the appropriate vector projections

Kinematical compatibility problems In Yield-line theory

which finally gives:

¥m "'f'n(nll‘-'l‘ln-m' II'““ - - g

Yooy = (§ + ) 008 ( + dy = d9)..,...(13)
On pegle‘cﬁn; second-order terms, we obtain
‘%"" unﬂ! "ﬂ - 0.......-"(14)

with ( )’ = d/d0, Finally, if

tan .-m%ioillttllliu(l,)

. Is introduced, we have:

b :;myup U";‘_’D.;..._'.(zo)

where z = z,(0) Is the boundary equation, and C, isan -

arbitrary constant. Since the relative rotation at the
straight yield line is equal to the difference of vectors
¢, and ¢, we have:
Ron = Y = Y2 ,
= gsiny — (} + dlb)l]l!(.\’l'l- gh' - dﬂ)....(!'f)

3.'(2‘.' + '? — r.!

EG+e) nt p] A .
If the region considered is bounded by two arbitrary
curved hinges /, and /,, with rotations: _

Tt = Yy = hcos (¥ = ¥)erearia (19)

! iy ™ cOSY [l +

" where { = 1 or 2

the formula for dissipation in the heavily shaded

region. (Figure 6) can be established in the form:- |

n



Magazine of Concrete Research : Vol. 19, No, 58 : March 1967

dD = [4'.(:, + My = by + Yy

+Tx.(p+z)dz]d8..... ..... +.(20)

Finllliy. by ;doptlng a new variable » = p + 2 and
using the relation:
e - e Rwm —dp/db.....oovvnnns. 21)

valid on the envelope line, we obtain:

p— { M, r,;;r, [! . (r,'+R)r::2r?'-T-R) _ r,':;R']
TR,

- [0+ R o

where W,(0) denotes deflexions on the envelope line:

Wy = C.exp(-J‘ﬁ.dﬁ).._. ....... (23)

and M,,, M,; can be M, or — M,’ depending upon the
sign of the total curvature at the respective hinge.
They vanish at the free edge. The most important case
is obviously that for which r; = r, and M,, = —M,’,
when the zone considered is adjacent to the rigid region
or (if M,’ = 0) to the simple support. If, moreover,
there is no internal free edge, equation 22 can be
rearranged in the following form, more convenient for
further consideration:

° f'o To

+M, [( [ ]'7:) (‘l;""'—R):” Wo(®)dO ... ..(24)

By means of a similar procedure, after integration
along the co-ordinate z, one can obtain a formula for
the external work T done by the distributed load
p = p(6) and by a line load at a curved hinge p, = j(0),

38

dD = {(H,+ M) [l +(“‘T”S)z] +M,(£ r—"'—ﬁ) *

respectively,'as: '
dT, = “E; [P,’(Br,-z!‘g) - ’],'(3".-2'!)] W.(om
R (25)

dT, -, (1 - 1) JATEE F AW O..06)

Unfortunately, the application of these expressions
in their general form is extremely cumbersome, The
main difficulty occurs just in the formulation of the
boundary equations in the new co-ordinate system.
However, some special cases of the patterns considered
are of practical interest. .

The first case to be considered is, naturally, that of
conical bending..If we insert the envelope curvature
R =0, and consequently W, = C, into equations
22 to 26 they give t'i¢ well-known expressions for
polar fans. If the fan is adjacent to a rigid region
(ry = ry, My, = — M,’) and if there is no internal
free edge (i.e. M,, = M,), equation 24, after inte-
gration second term, of its gives:

(] =
I -r.l' ’ -
D = CM, + M,’) [1 + (r-—) ]do
= : ‘ []
Mims 5
. =M, [(1 - 3) 5‘-] ? |{27}
N/ Tod p = 8,

It is interesting to observe that dissipation is not
influenced by the equations of the internal yield lines '
but only by the co-ordinates of their origins and ends.
Moreover, if the lines meet the boundary negative
hinge (Figure 8), the second term in equation 27
disappears and the shapes of the internal hinges do _
not affect the dissipation formula at all. This fact can
greatly simplify the analysis of combined yleld-line ~
patterns.

The second special case occurs when the envelope
degenerates into the infinitely distant point. Straight
lines now become parallel and the slab segment under-

’ .



goes cylindrical bending (Figure 9), Substituting —ds
for pd0 and letting p —= oo, we obtain directly from
equations 22 to 26:

dD = [My(z; = 2,) (=2,") + M, (1 + 2,'2")
- Mn(l + l.'lg‘)] Cds ............(28)

2 -2 '
dT, = p (z, Az ‘) (2 = 2)Clds ......(29)
dT, = Pz = 2) /T + 22 Cds ..........(30)
where ( )’ = d/dsand C denotes constant rotation of

generatrices, As in deriving equation 27, we obtain,
in the case of z; = 2z, M,, = M,:

D = C(M, + M) f (1 = z/0ds

r=gy
= CM, [2,/(2 - S:}]’ PRLED

If the reglon considered does not meet an un-
deformed area, deflexions W at the hinge /; must be
fixed, whereas the boundary line z = z, is unknown
and fictitious, Since deflexions are linear functions of
z, we can replace z, in equations 28 to 30 by the
expression:

Zy = 2 + WJC ............ (32)

'We now note that the upper bound for collapse load
depends only slightly upon small changés in the yield-
line configuration. Consequently, applications of com-
bined polar fans and parallel patterns can nearly al-
ways provide results very close to the optimal ones
obtained by numerical integration of the diffcrential
equations established by using the equilibrium
method ‘&,

Let us prove this statement for the case of a simply
supported and uniformly loaded semi-circular slab

ancmal!ml compatlbillry problems In yleld-line theory

PATTERN 1

f;f

l, /
T 1/ /
) ,f;/ /
SN (728
\\ L f/ ,/
~a ¥ -
PATTERN Il
' .
* Figwre 11

(Figure 10), ltwumalyndbyM.P Nlelm“’by
means of the oquilibnum method with the aid of a
computer, '
The upper-bound solution obtained in t.hla way Is
pa® = 440M, and corresponds to some fan pattern,
Figure 11 shows some simple collapse modes contain-
ing combined polar and parallel yield-line patterns,
For the pattern I, containing only paralle! lines with a
discontinuity at the axis of symmetry, we have the

boundary equations:
Z. - 83 e va’ - ,2
z:--.'mtu -.....-.(33)
Zy = —stana —
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Using these in equations 28 and 29, and assuming that
My = My fors > 0,and M,, = Ofors < 0 we obtain,

after integration:
In [tan (’-Ir '—‘) cot '] tan ('—r m)
_3_3:_{, 4 2 2 4 2
a

part of the pattern (for s > 0) is replaced by the cir-
cular fan (pattern 1I), we obtain, using the above
procedure, pa® = 4-52M, for a = 25°, Finally, if the
fan with the pole on the opposite side of the circle is
adopted (111), we obtain pa* = 4-42M,. Hence, we see
that the collapse modes considered give results 0-5 to
3-4%, superior to the optimal one obtained by the
much more complicated procedure.

For the same slab loaded with a uniform line load
at the free edge, pattern 111 gives results identical with
those obtained in reference 6 by directly satisfying the
equation obtained with the equilibrium method. Pat-
terns like those in Figure 11 applied to the case of a
circular slab loaded along a diameter give upper
bounds 2:7 to 5-5% superior to the results obtained in
reference 8 with the aid of a computer.

As has been mentioned, the equilibrium method furh ,

nishes directly the fan with the type of envelope line
that ensures the least upper bound in the class ad-
mitted. Hence it must a priori be expected that, for
example, the pattern 111 cannot give a result inferior
to that obtained from reference 8; this conclusion
might not be true for the other patterns because dis-
continuous fields have not been considered in the
equilibrium method. However, in this special case it
is not very likely that some other discontinuous yield-
line pattern, e.g. that shown in Figure 12, can give a
lower estimate of limit load.

An additional collapse mechanism (Figure 12) is
presented because it may be a good example of appli-
cation of the combined pattern with one boundary
line unknown (z, for region b). If the boundary line

40

reciprocal rotation at ABC is
' 'work equation yields the result pa? = 5:55M, whereas,
For @ = 30°, we obtain pa* = 4-58M,,. If the central

Figure 13

ABC is fixed and deflexions on it are defined from the
fan a, the position of the zero-deflexion curve for b can
be found from equation 32, The value of M, (for
region a) and M, (for b) must be defined depending
upon the sign of total slope discontinuity across the
line ABC. For example, if the slope of the central
generatrix is assumed to be the same in both regions,
non-pasitive and the

for smaller slopes of b, the result is slightly inferior,
both numerical results being naturally of littl€ interest,

Ort-hog;s-nal fans

Another simpler case of general fan patterns is that
of straight yield lines orthogonal to the boundary line
Iy. In addition to being relatively nmp!e, such a pat-
tern can satisfy the statical conditions at the clamped
boundary line and can thus be used when the exact
solution is required,

If the condition of orthogonality is adopted, the
boundary can be considered, in the co-ordinate system
z, 0, as a reference line, whereas in the system 7, 0 its
co-ordinate r, is equal to its radius of curvature. Hence
we have ry’ + R = 0 and rotations of generatrices are -

" constant: ¢ = C. We thus obtain:

W. = Cr, ................ (35)
and the dmipution equation (22) becomes:
dD = [r(M, — M,;)) — r(M, — M,,))Cd0. .(36)

If the region considered is adjacent to the rigid zone .
(r; = ro, M,; = — M,’) the work equation components
are: .

dD = [(M,’ + M,)r, + (M, — M, )d]Cd0 ,.(37)

dT, = ”%’ (Bro = 24) CO....ovvnininnn, (38)

ﬁf(r. d)’+d"Cd0 LR .......(39)'

where r, is the radius of curvature of the boundary
line and 4 is the distance from it to the inner boundary
(Figure 13). e i K

dTr-P:



We now ses that we have not to refer to the coe
ordinate system », 6 developed from the envelope, As
in the case of polar fans, in the absence of an internal
freeedge(i.e.if M,, = M,), dissipation is not influenced
by the shape of the positive hinge. It is now propor-
tional to the length s of boundary line:

D=(M,+ M)C........cu.... (40)

Since the formula can be applied also in the case of
a-non-continuous periphery line, we can obtain from
it the knokvn expresswn for the dissipatlon in a poly-
gonal slab (Flgure 14y

o (M' + M )EC,?, oo
o v

One can, moreover, observ! that the work T, done
by uniform external lodd {eqtmlmu 38) on the d:splaoe-
ment pattern bounded by thé closed negative hinge is
proportional to the torsional plastic moment for the
bar with the periphery of the cross-section defined by
the same curve. The sand-heap analogy also holds and
known solutions for torsion can be applied here.

As an example of such a procedure, let us consider
an orthogonal fan’ pnttem (Figure 15a) for a clamped
el[iptlc slab loaded unlf‘orm]y. Both the perimeter and
the uind -heap valumo cannot be expressed by elemen«
tity functions, but we can wvbid trouhlnsome integra=
tions and use the krown results directly. Thus, we
have from the pcrlm.:ter rormuta.

D = 4GB M, % M,)C..........(42)

9‘
and the solution uf tors!on problem gives®®):

’fv e

T, - gpab=[2t(k=) - = K(k’):] C......(43)

.whm K-l b%a? and K(k?), E(k?) are complete
elliptic integrals of the first and second kind, respec-
tively,

For purposes of comparison, let us consider also
the simplest polar fan mode (pattern 1I, Figure 15b).
Inserting the polar equation of the ellipse:

r = ab(a®cos? 0 + b2sin?0)-, ., ..., .(44)
into the work equation, we obtain:

)a + b2
pereal SETRPRRED

p=3M,+ M, (45)

Although this yield-line pattern does not satisfy the '

statical boundary conditions, it happens that it always
gives results slightly inferior to those obtained with
the use of the visually much more attractive pattern I.
But that is not surprising. Pattern I, although it can
satisfy the yield criterion at plastic hinges, is finally
seen to be statically inadmissible. This can be shown
by considering equilibrium equations referred to the
moment trajectories (see, for example, reference 10)
that coincide with the yield lines. Thus, we have again
a situation in which the adoption of statical restric-
tions in the yield-line method brings no advantage.

If the same elliptical slab is loaded with the uniformn
line load p along the longer axis, dissipation remains

ETE.: )

Kinematleal comparibility problems in yield-line theo

PATTERN 11

)
Figure 13 i

' unchanged for both the collapse modes considered,

whereas external work can be expressed in terms of
elementary functions,
If the geometrical relations for the pattem I
ry = a?b¥(a?sin?0 + b? cos? 0)-! .(46) -
d = b¥(a?sin?0 + b?cos?B)-t "7’
are used in equation 39 and if we introduce the work
done by the load along the generatrix AB (Figure 15a),
we finally obtain the following upper bound for the

41
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This Is inferior to that obtained for the pattern
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Flgure I6
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Figure 17
collapee load: _
M, + M, 4
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: (;) +k(k +munb)

Numerical values of equatlon 47 are given in Figure '

16.

Internal compatibl“ty conditions

L 'n\

Yy

* since the yneld curve® is symmetrical with: respect to

Since, in classical yield-line theory, the yield criterion
is assumed to depend only upon the moments (equa-
tion 8), other stress resultants must be regarded as

must vanish all over the slab. As was mentioned on
page 34, this situation leads to tho assumption of
inextenslbility of the reference planc (A m 0), This
assumptlon will bosatlsfied If all the rotation vectors lio

. i —1...?. :
Py S ll—l—‘_._.nll. b llll_.—o "y
“I'I' ’:‘i‘. » —t—
n B
Figure 18
= SRR, L g
B ooyt . e ]
A o ) r P — _._..*—h
¢ % “'\";z' R M ek
— N < -=r=-~=::.-..-.:-.
e »” - . Jr—i L]
L Corve b Myymd
Fligure 19
in the plane, l.e. if the reference and rotation planes
coincide, The value of the bending moment introduced
into the dissipation formula (equation 11) must thus

correspond to the projection of the general yield sur-
. I'aoe on the axis M,,. However, the points representing .
h ;he projection do not have to coincide with the inter-

section pomts of the lurfnoe and the axis,

the M, axis (Figure 17, solid curve). Where there are -
different yi¢ld moments for positive and negative bend-
ing (M, + M, ) this coincidence can, however, be .
strictly sausﬁed only for the eomplzte!y fictitious sand-

fwenonsiﬁulluillullon whou lli the ized strain
m“’with he srcjeslon ol th iAne. j';“' a
on !
f{:, wo un conslder ho -Ilno mllm u boia.
alent 1o the alreseed rodi



wich cross-section (Figure 18) composed fo the system

~of bars (dots) and strings (clrcles) resisting only

" action curve established for thé median plane chosen_

compression and tension, respectively, The dashed line

“in Figure 17 represents the yield curve for such a
cross-section, Only in this case, there is no objection

to using in equation 11 yield moment values obtained
in pure bending tests (N = 0).
For the reinforced concrete cross-section,'the inter-

as the reference plane (Figure 19, solid curve) pro-
vides either pure bending (4,4°, N,, = 0) or purd
curvature deformation (8,,8,,1,_ = 0). If the slmplo__

bending formula for dissipation (equation 11) is to be -

applied, we must introduce into it moment vaiugs ¥
corresponding to the point B, or B,'. Hence, th¥' yicld
moment must be M,,
(since M, > M,), the work equation gives an upper
bound for the collapse load considerably larger than
that provided by the classical theory in which, in spite
of the compatibility conditions imposed by the flow
law (&,, = 0), yield moment was assumed to be
M, = M,

In the classical theory (where internal compatibility
is not considered), the pasition of a reference plane has
no influence upon the result, However, we can see that
the form of the interaction curve is strongly dependent
upon the choice of that reference plane. Thus, for each
position of the reference plane, we have another value
of M,, = M, (corresponding to the points B,, B/'), and
the work equation gives different upper bounds for the
collapse load. Since we are seeking the least upper
bound, we have to find the appropriate optimal posi-
tion of the reference plane, If the position of the
reference plane coincides with that of the neutral axis
of the cross-section at pure plastic bending, the coin-

_ cidence of both projection (f,, = 0) and intersection

(N,, = 0) of the yield curve (Figure 19, dashed line) is
achieved. We now have M., = M, = M,, and there is
no difference from the classical theory. However, the
coincidence can only be obtained either for posilive
(Figure 19) or negative bending.

The procedure of finding the best position for the
reference plane, which is assumed to be inextensible,
is equivalent to dropping the inextensibility assump-
tion for the reference plane that is given a fixed posi-
tion. Now rotation and reference planes no longer®
coinclde, the distance between these planes being z. If”
the condition},, = 0is not, sallsﬁql‘ the yield criterion
must depend both upon momenl and upon axial force:
WM, Ny) = 0, and the formala for dissipation must
be rearranged as:

D = [kauM(z) + i Non@)l1- . .. . .(48)

where #; denotes the length of the ith yield line, and
generalized strains and stresses are related by the
normality law applied to the appropriate yield curve,

We now have, in addition to parameters defining the
distribution of yield lines, a new arbitrary parameter

Kinematical compatibility problems in yleld-line theory

2 that Is to be computed, like the others, from the
condition of minimum collapse load. Conslderations
are simplified by the fact that the work done by trans-
verse external load is not influenced by 2z, Although the
yield criterion depends upon the position of the refer-—
ence plane, the least upper bound for collapse load is
not affected by this choice.-If there are no yield lines
with different signs of rotation in the pattern con-

' sldered, the mihimum collapse load corresponds to
{he state of pure bending M,(z) = M, (or M,),

ﬁ.,. z) = 0, and results are always the same as those

obt@inbd from simple yield-line theory.

“Howéver, if it is necessary to assume that there are
botfn negatwe and positive yield lines, the state of pure
béhi!ing tanhot in general exist and in this case clas-

= +M, and not M,. Now’ s12Ecal ‘theory ibtually turns out to be kinematically

inadmissible. Let us observe that solutions are then
considerably dependent upon the conditions of lateral

restraint at boundaries (see, for example, reference 11). .

Since M,, + M,, a considerable autogenous (not due -
to the lateral external loads) system of membrane
forces is generated, known as ‘arching action’. The
fact has been observed by many authors (see, for
example, references 7 and 12) and has influenced some
design codes',

The collapse modes considered, with translation of
the rotation plane permitted, do not include all the
-possibleyicld-line mechanisms, To allow consideration
of a larger class of collapse patterns, two more para-
meters can be introduced, defining the inclination of
the rotation plane with respect to the reference plane.
It can’be shown that, for many types of boundary
condition, the least upper bound corresponds to an
inclined rotation plane. In this case, the distance z
from plastic hinge axis to rotation axis changes along
the yield line, Then the simple multiplication in equa-
tion 48 must be replaced by integration with respect
to the co-ordinate ¢,

Finally, if the most genernl class of yield-line pat-

siderations to coplanar rotation-vector systems. How-
ever, if rotation axes do not lie in one plane, the condi-
tion X,, = 0 does not have to be satisfied and yield lines
do not coincide with the directions of principal struin
J:ttes (since principal directions of curvatures and axial

. terns is to be admitted, we must not confine our con= —

strains do not coincide). Such a situation is observed |

‘commonly if yield-line theory is applied to shells!™',

It can be found (see Figure 20) that, if two non- I

coplanar rotation vectors 0,, 8, govern the motion of
adjacent rigid panels | and 2, the reciprocal displace-
ments of both portions are defined by the difference
vector 8,, and by the vector couple (®,, ®, = —9,), The
first component yields the curvature ®,, = ¢, and the

extension of the reference plane hy = ¢, (1 = a), |

whereas the second one gives parallel translation of
the two parts’,, = AD,,

The main problem is now the adoption of an appro-__

priate yield criterion, In the preceding case, when the
43
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Flgure 20

yield lines were principal strain axes: different ap- '

proaches!!%1¢) seem to prove that adoption of the
square yield criterion and its extrapolation to the case
equivalent to cylindrical bending (see footnote at the
beginning of this section) is justified. In this situation,
there Is no reason to introduce a notion of ‘stepped
yield criterion’ which was an attempt to justify
the square yield criterion accepted. Since this justi-
fication has been achieved by more rigorous me-
thods''%€) and internal compatibility is not satisfied
at the ‘stepped yield line’, the latter type of justification
ought to be regarded as only of historical interest.

In the case of the ‘generalized yield line’ the problem
is much more open to discussion. We may mention
simply that, if maximum principal stress criteria are
accepted both forconcreteand forreinforced layersthen,
by using general geometrical relations at that hinge‘'¥),
parametric representation of the yield surface can be
derived and a dissipation formula established'*,
However, the calculations are heavy.

Fortunately, it happens that, for most important
types of boundary condition, shears X,, are small in
comparison with other strain rates and consideration
of the ‘coplanar class' of collapse pattern does not
result in important overestimation of the collapse load.

Finally, it must be pointed out that all the solutions
which include ‘arching action’ are very sensitive to
changes in geometry and no considerations which
neglect secondary effects can yield reliable results. In
this situation Johansen's classical theory appears to be
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the safe approximation to the approach Including
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it is difficult to appreciate its position in relation to the
exact solutions, .=

ACKNOWLEDGEMENT ;

The author wishes 1o express his gratitude to Professor
Marcel Save, Faculté Polytechnique de Mons, for his
encouragement, valyable critical discussions and help
throughout the preparatian of this paper.

. PRAGER, W, General theory of limit design, hMm of

""" the Eighth Congress on Applied Mechanics, Istanbul, 1952. |

“+ Istanbul, 1956. Vol. 2. pp. 65-72,

2. MASSONNET, CH, and SAVE, M, Calcul plastique des construc-
tions, Vol. 2: Structures spatiales. Brussels, Centre Belgo-
Luxembourgeois de I'Information de I'Acier, 1963. pp. 214-
217.

). xEMP, K. 0, The yield criterion for orthotropically reinforced
concrete slabs, International Journal of Mechanical Sciences.
Vol. 7, No. 11, November 1965, pp, 737-746.

4, woop, R. H, New techniques in nodal-force theory for slabs,
Recent developments in yleld-line theory. London, Cement
and Concrete Assoclation, May 1965. MCR Special Publi-
cation, pp. 31-62.

5. SCHUMANN, W, On limit analysis of plates. Quarterly of
Applied Matheniatics. Vol. 16, No. 1, April 1958, pp. 61-71,

6. JOHANSEN, X.W. Brudlinieteorier. Copenhagen, (943, English

..edition: Yield-line theory. London, Cement and Concrete
Association, 1962, pp. 181,

7. wooD, R. H. Plastic and elastic design of slubs and plates,
London, Thames and Hudson, 1961, pp. 344,

8. NIELSEN, M. P, On the cdlculation of yield-line putteins with
curved yield lines. RILEM Bulletin, No. 19, June 1963,
pp. 67-74,

9, OLSZAK,W., PERZYNA, P., SAWCZUK, A. (editors) , Teoria plas-
tycznosci, Warsaw, PWN-Polish Scientific Publishers, 1965,
pp. 243-244, -

10, HOPKINS, H. @, On the plastic theory of plates. Proceedings
of the Royal Soclety of London, Serles A. No, 241, 1957,
pp. 153-179,

11, JANAS, M. and s8AWCZUK, A. Influence of position of lateral
restraints on carrying capacities of plates. Archiwum
Inynieril Ladowe/. Yol. 12, No. 3. 1966. pp. 231-244, .  —

12, QVOZDEV, A. A. The basis for paragraph 33 of the reinforced
concrete design code. Stroitelnaya Promyshlennost. Vol 17,
No.-3. 1939, pp. 51-58. (In Russian.)

13. ANON. Instruction on the design of reinforced concivis 4.y«
statle structures undergoing siress redistribution. Moscow,
Gosstroizdat, 1961, (In Russian.) ‘

14, JANAS, M, Limit analysis of non-symmetric plastic shells by’
a generalized yield-line method. Non-classical shell prob-
lems. Proceedings of an IASS Symposium, Warsaw, 1963, -
Amsterdam, North-Holland Publishing Company and
Warsaw, PWN-Polish Scientific Publlsh:n. 1964, pp. 99'.'~
1010.

18, niELseN, M, P, Yield conditions for reinforced concrele

slabs, Nordisk Betong. Vol. 7, No, 1, 1963, pp. 61-82,

16, MORLEY, C. T. On the yield criterion of an uvrihogonally -
reinforced concrete slab element. Journal of the Mechunics
and Physics of Solids, Vol. 14, No 1, January 1966, pp.
33-47,

Pr.lnl'ad by the Cement amd Concrete Association
2 Groswenor Gardens, London 5.W.1



Int. J. Solids Structwres, 1968, Vol. 4, pp. 61 hﬂ,hlﬂﬁ-..mhomm

LARGE PLASTIC DEFORMATIONS
OF REINFORCED CONCRETE SLABS

M. JANAs*
Polish Academy of Sciences, Warsaw, Poland

Abstract—Plastic response of reinforced concrete slabs is analyzed, including membrane effects and geometry
changes at large defiections. Based on the flow theory of rigid-plastic bodies, load-deflection relations are derived,
starting from the initial compression (*arching action") in laterally restrained slabs, up to the overall membrane
tension and cracking. The kinematical approach is applied, using energy or/and equilibrium methods, with the
initial collapse mode assumed to be preserved at large deflections. Examples of clamped strip, square and circular
slabs are presented, and the comparison with the approach based on the deformation theory is discussed.

- 1. INTRODUCTION

:rHE theory of limit analysis employs the model of rigid—perfectly plastic body, and thus
cannot account for deformations prior to collapse. For real structures, however, these
deformations may sometimes be large enough to influence the equilibrium equations,
and to change the load intensity at which the unrestrained plastic low commences. The
influence of changes in geometry can, however, be studied within the framework of the
rigid-plastic theory as *the post-yield behavior”. One then obtains a sequence of load
intensities at which the instantaneous plastic motion of the sequence of deformed struc-
tures occurs, The work-hardening being neglected, the load—deflection relations thus are
influenced only by the changes in geometry due to plastic deformations. This sort of
influence (“secondary effects”) has been studied by Onat [1], and certain problems of
post-yield behavior of metal rod systems have been solved [2-4). Existing complete
solutions for axially symmetric metal plates are due to Hodge [5] and Lepik [6], and the
approximate approach assuming continuation of the initial collapse mode at large deflec-
tions has been used in [7, 8].
For reinforced concrete slabs the kinematical approach using the above assumption.
has been applied by Wood to circular plates [9], whereas Sawczuk [10, 11] and Park [12]

treated rectangular plates. For very large deﬂecnons. pure membrane analysis has been )

employed (cf. [13, 14]).

It must be pointed out that the term “secondary effects” (cf. [1]) is misleading when
applied to reinforced congcte structures, since in this case small changes in geometry
can be of considerable importance. Thls is due to “the arching action™ neglected in both
elastic and plastic theories of plates. As first observed by Gvozdev [15], and later discussed
by Drucker [16], as well as verified in numerous tests (e.g. [9, 12]), this action can con-
siderably strengthen concrete structures. The arching action is, however, unstable, thus
considerations based on the undeformed geometry can lead to erroneous results. For metal
plates, the load—deflection curves always keep increasing [6], but l'of reinforced concrete
plates they may decrease appreciably (see Fig. 1).

* At present at: Faculté Polytechnique de Mons, Belgium.
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Fia. 1. Load-deflection relations for laterally restrained reinforced concrete slabs,

2. KINEMATICAL APPROACH FOR DEFORMED SLABS

The post-yield behavior of remforced concrete slabs will be analyzed with the follo‘hrinl
mumpuons

" (i) The materials are rigid—perfectly plastic,

(ii) One is interested in approximate soluuons bued upop thé uppetbound theorem
of the limit analysis theory, e 1N

- (iii) The collapse modes adopted do not change’ wllh gw dc[ormqgn. ie. lha deflection
changes are proportional to one parameter, -

(iv) The initial collapse modes are chosen among lhe yield- llne gnllapse mechanisms.

The upper-hound theorem is valid for structures ung om; neghmbh changes in
geometry prior to the collapse. If it is used in the malytia defiections, the routine
energy technique has to be applied to the current deformed couﬂgunuon Thus, at each
stage of the deformation process, the associated kinematic solution can be found and the
upper bound for the load-deflection relation can be established. Unfortunately, the real
configuration of the deformed system should be known a priori at each instant con-
sidered. This requirement can rarely be satisfied. Nevertheless, the discussed method is
valid in all cases, provided the components of the work equation depend solely upon the
deflection at a fixed point. This situation arises, for example, if the yield-line collapse
‘mode assumed is initially exact, and then, due to translation or expansion of plastic hinges,
the deformed zones develop into conical surfaces. In a general case, it is not certain that

- the kinematical approach really gives an upper bound for the load-deflection relation.
" However, if the considered coliapse meodeis reasonably close to the real one, errors should
not be excessive. i

The assumpuons stated at the beginni?ig of this section have already been applied in
some papers cited in Section 1 ﬂqwh‘ﬂ' all the papers dealing with reinforced concrete
slabs [9-12] are actuauy mi' upap the deformation theory, even if they are written
within the framework of the theory of plastic flow.

The difference between the applications of both theories can be easily demonmted by
examining the deformed beam as shown in Fig. 2. For small but finite rotations x = w,:a,
the position of the undeformed (neutral) layer O, is determined by z, = 0-5w, (see [9]).
The deformation theory relates stresses to strains, and thus at the point O the yield stress

.
_:_1-- 3
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changes sign. However, since the displacements are governed by the rule of rigid-body-
motion, the neutral axis for strain rates must coincide with the axis O, of instantaneous
rotation. The principle of vector summation specifies the rotation rate at the hinge, and
the axis O; must therefore lie on the straight line AB, its co-ordinate being z; = w,. For
the flow theory the sigris of strain rates and thosé of stresses must agree, and hgnce the
zone O0,C is in tension. The deformation theory would give there compressive stresses.
The rate of energy dissipation is therefore different in the two theories and kinematical
approaches based upon them must give different results.

Fi0. 2. Yield hinge at large deflections.

Both theories coincide only if deformations vary proporllonally in the whole structure.
Approximations obtained from the deformation theory can be satisfactory also if the
deformation process does not differ strongly from proportionality. Unfortunately, this
situation does not occur for slabs, since, as can be seen in Fig. 2, the initially compressed
layers become successively stretched during the deformation process. Only for the incipient
flow of undeformed structures and at a considerably advanced flow (with both the axes
0, and O, falling out of the cross-section) will both theories give identical results.

One objection can be raised against adopting the flow theory. The concrete is assumed
-to be a stable plastic material with the yield point in tension g, — 0. Thus, the cracked
zone is to be considered as undergoing plastic tensile deformations and, whenever the
sign of the strain rate changes, the compressive yield stress must appear. However, the
compressive strength of the cracked concrete is very small (theoretically equal to zero),
until the cracks are closed. Therefore, when cracked zones can possibly turn back to com-
pression the applicability of the flow théory becomes questionable and use of the deforma-;
tion theory could be considered. However, in the absence of reversed loads, and at collapse
modes excluding upward deflections, strain rates decrease monotonically and no change
from tensile strains to oompressive strains is possible.

4 £y

i )
3. DISSIPATION OF ENERGY IN A PLASTIC HINGE

Ifa yield-line collapse mode is assumed, no strains but those normal to the cross-section
of a plastic hmge ¢an exist, and the only generalized stress resultantsare the bendmg moment
M and the axial force N. The rate of energy dissipation dD for an elementary lcn;lh dt of
a yield line is then: ot i

dD = %(M+2z,N)dt, i 1)

where % denotes the curvature rate, and z, stands for the co-ordinate of the neutral axis
of strain rates (the axis of instantaneous reciprocal rotation, Fig. 3(a)). The stress resultants
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in the plastic hinge of an arbitrary nonhomogeneous or layered cross-section (Fig. 3b) are:
t

M= _[ ' m,(z;dz-J'_ : sods, N = -f' oifs) dz+J:.L o)ds, Q)

b

where o,(2), 0,(2) are the yield stresses in corﬁﬁ_resslon and tension, nﬁpecﬁvely._‘

] -
h : () =
i — D
s
e
a) o b <)

IFIG 3, Strain rate and stress distribution within a plastic hinge; (a) strain rates, (b) yield stresses within
an arbitrary non-homogeneous cross-section, (c) reinforced concrete cross-section.

For transversely loaded horizontal slabs, vertical positions of the rotation axes z,, do
not influence the work of external loads. Hence, the positions corresponding to the least
upper bound to the collapse load must furnish the minimum rate of the total energy dissi-
pation D in the structure, and thus they must be determmed from the condition:

oD
Loy 3
el !

Since the elementary dissipation dD is non-negative, the absolute minimum of D will
be furnished by the values of z, found from the equation:

a(dD)
azu

- o @

Introducing equations (1) and (2) into (4), one finds that the latter is equivalent to the
assumption of pure bending in plastic hinges (N = 0). The least collapse load should then’
correspond to zero axial forces all over the yield lines. Such'a condition is a priori satisfied
in the yield-line theory (pure bending theory), and Johansen's theory [17] always gives the
least upper-bound collapse load possnble for the assumed yield-line pattern.

Kinematical restraints, dlsregarded in jhe bending theory, rarely permit to satisfy
equation (4) all over the slab, even at incipient plastnc flow. On the other hand, it is possible
to satisfy equation (4) for. metal slabs, singe the neutral axes for negative and positive pure
bending coincide, and the condmon N, = 0 does not contradict kinematical restraints,
For reinforced concrete, this is :mposs:ble, except for the laterally unrestrained slabs in
other cases axial forces (archmg action) musg be taken into consideration.

For deformed slabs, the position of the neutral axis depends on displacements (Fig. 2)
and therefore it may be impossible to have simultaneously N = 0 along all plastic hinges.
Indeed, upper-bound solutions give in general collapse loads considerably larger than the
results from Johansen’s theory (see Sections 5 and 6). Only for strips and beams (Section 4)
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can the condition (4) be satisfied for a fixed valué of the deflection, and then the minimum
value of the load—deflection curye (Flg l} coincides with the result supphed by the pure
" bending theory.

- To particularize formulg (1) for the case of a reinforced concrete cross-section '

(Fig. 3c), values 0,(z) = 0., 0,(z) = U'forconcrete and 0(2) = 0,(z) = g,, for steel remfome-
ment have to be introduced into equation (2). Using non-dimensional oo-ordmates of the
, neutral axis { = 2z,:h and of the ith layer of reinforcement (with the area of steel Gross-
section A,)) §; = 2z,:h, we can express the elementary rate of energy dissipation as:

: l+lf’ ;
dD = [%|Mo|——+{ sgn & +2ni¢—{d| dt for|d <1 -

dD-Ia'thc_,(]€|+Esgna'¢+2ml{—fJ)dt for|dl 21 N e (6)

where M, denotes double ultimate bending strength for a unreinforced cross-section,
and #, is the reinforcement intensity of the ith layer, namely:

2
My = %» n= ;j;‘ M

The summation convention applies to repeated subscripts in equations (5) and (6).

4. REINFORCED CONCRETE STRIP

The kinematical approach, based on the plastic flow theory (see Section 2), will be '

applied to the case of a clamped slab strip of span L. Reinforcement of arbitrary intensity
is assumed to be distributed at the bottom (n,, £, = 1) and top face (,,§, = —1) of the ,
slab. At symmetrical loads the motion commences when plastic hinges form at the mid-
- gpan and at the supports. If this mode is assumed to continue, the deflection increments
are due to rotation rates ¢ with respect to the instantaneous axes at supports 0, (Fig. 4).

m-*-smmhﬁeninmmﬁltwm ' R
Thus. the rate of work T of umfoxmly dlstnbuted load q a.nd due w u” “m,al mm
rate é is: AR
qL’ ' P

=% e

both for the undeformed and deformed states. i \ : o Ao
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Neutral axes in plastic hinges of the deformed strip (Fig. 4) coincide with the axes of
reciprocal rotation rates. Hence the relations:

= =0 la=& ==l - . O
¥ '..1
define the strain rates due to the virtual rotation rate ¢. : e
Introducing the adopted reinforcement charactensucs, logethcr mth relqtmnl )

into (5) for both support and midspan hinges, we obtain the total rate of dmlpauon for
‘a umt.ary width of the strip:

= 2D,+ Dy = M9[(1—-¢)*+(1 +f-—2«)‘+8(v:.+n.)+8(r:.-m)(¢-€}]- (10) -

Since the external work does not depend on the position of rotation ‘axis, the balance
equation T = D furnishes the least bound to collapse load, when lhe dlmpnnon rate
attains a mmlmum. that is wh-

aD P ? Jju 8 v A |

a0 SRR EES TN TN | 1)

. % AR R SR FUIER SETT RV AR
Condition (11) furnishes o e o ” .
E=atdm=nm) - e (1)

and the work equation yields the collapse load: 3 I i i

f 12 s = i
8T, = 4= 4{».—».)=+u-u)' b (13

The result (13) holds for { < 1 and {3 > -1, ie. for _ )
o< =1=2n-nl _ ' : (14) .

When this value is exceeded, formula (6) must be used instead of (5) for the support f
_or the midspan hinge, depending on the sign of the expression (1, =n,) The minimum
condition (11) is satisfied for £ = 1 or t, = - |, respectively, and the collapse load is:

2 "
L L S

For a more advanced deformation (z > «, = 1) the formula (6) must be applied to -

all hinges, and ¢ turns out not to influence the work equation, The collapse load is then .
expressed by the linear relation: = -

L? v -
5ot A The ot a6
The collapse load is p]otted versus central deﬂecllon in Fig. 3, for various configuras

tlons of remfomement. The minimum value of the collapse load: P o
. e L m\!""“’ ::-1 ;‘,W i
R S — ] {l,'n :
i SM . ﬁﬁ

is obtained for a = ay = 1—|n,—n). Itis equal to the collapse load-supplied by the yield-
line theory, since (according to Section 3) the state & = u, eoﬂ'uponds to pum bendmg
(N 0) in all hmges. i
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Fia. 5. Load-deflection curves for clamped reinforced concrete strips: (a) symmetrically nhl‘onul .
‘ (b) singly reinforced, (c) unreinforced. .

It is known that the energy method is equivalent to so called “equilibrium method”
in the kinematical approach. In the equilibrium method the work equation corresponds
to the moment equilibrium, and the minimum condition (11) represents the equilibrium
of horizontal forces acting in the hinges. This method seems to be more illustrative, since
different collapse-load expressions can be associated with different plastic regimes met
by stress profiles at the interaction curve. For the cross-section considered (and n, > 1,
the interaction curve is shown in Fig. 6. For relatively small rotations ¢ = 2w,: L, the
axial forces can be assumed constant throughout the strip. Thus, the stress, profile remains.
vertical and it moves from the initial position A, B, up to the state of maximum tensile
action. Since the structure considered is symmetric, the initial vertical locations of neutral
" axes must be the same in the support and in the midspan hinges. Thus for both hinges
the plastic flow vectors 3%, 4 = z,%) must be parallel. This requirement, together with
the normality condition, specifies the initial position of the stress profile A, B, ..

et 1

e :
&

F10. 6. Interaction curve for doubly reinforoed concrete cross-4ection.
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All the load-deflection relations presented are valid also for loads other than uniformly
distributed, provided they produce the maximum moment at the midspan of the un--
deformed strip. Only the left sides of the formulae must be replaced by expressions
corresponding to the rate of work of thp nctua]ly considered external load. There is, how- '
ever, one difference. Fora coricentrated load appl:e,d at the mxdspan. the solution presented
is exact, i.e. the yield criterion is mot violated in the rigid regions. For distribujed loads
this condition is satisfied as long as the axial force remains compressive. For larger
deflections the plastic hinge moves out of the cross-section (see [4], for steel plates) and
the employed collapse mode furnishes only an upper bound to the limit load.

5. CIRCULAR CLAMPED SLAB

Consider a circular slab of radius R uniformly and doubly isotropically reinforced
(thus n, = n, = n). The reinforcements are placed at the top ({, = —1) and at the bottom
(£, = 1) faces. The initial conical collapse mode, of Fig. 8, is assumed to apply even as the
deﬁectigns increase.

If the formulae (5), (6) for the dlsslpatlon rate are to be applied, a eontinuous strain
- field must be considered as a yield-line pattern. The adjacent radial yield lines make then

the angle d@. Thus, a virtual rotation rate about the axis O at the clamped edge (Fig. 7}
produces in the support hinge the follomng deformations:

s

=g &=& - L e

For the conically del'omgqi#urfum,qnq pblams o

= ¢do, & =E=20(1=p) o (19 -
- b “‘,,Hr-. e ey M‘ .
where p = r R denoteu a dimens:onlesg radlal comrdmate, a.nd o - w,-h stands for a
dimensionless central dcﬁec;;op Fo: a wrtual rotation rate (b, the clementary w work of
the uniformly distributed load gis: -~

T = % dé. ¢ : ) (20)
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Since the deformations vary along the radial hinges, the total dm:pauon rate for an
elementary segment df takes eventually the form

B Mw{“ =& "'+.[ [{1*"5" +4,,:| dp}Rd9 ; | (21)‘

After mtegrauons. the minimum eondiﬁon (Il) apphed to the expression (21) pm.
¢ = 0-5a. The virtual work equation T = D yields the collapse load:

qR’ 5.
6Mo = 148 tx+ﬁa - _ (22)

The formula (22) is valid for §, < 1, &, = —1, i.e. for « < «, = 2:3. For larger deflections
a membrane zone spreads from the centre and the formulae (6) and (5) must be applied

for0 < p < py and py < p < 1, respectively. The boundary radius p, is specified by the
_ condition {, = —1, which gives:

P
Po R 23)
Integrating the dissipation and employing the appropriate formulu for elch zone,
one obtains
e el
o~ 4! b i - 2 ), @
whereas the minimum criterion (11) gwu
i . S
“ = (6n-+a)"+ 26+ 1))~ Grtar - 09

. Exprenion {25] is vo.lid fq: { < 1. ie for

o

z'.cs.r:,-1+12’r (26)
but there is no need to establish new formulae for larger deflections. The minimum
principle (11) is identical to the condition of equilibrium for horizontal forces. Con--
sidering a slab segment with central angle 8 = n, we can see that, if { > 1, the radial .
forces in the support hinge cannot be balanced by the resultant of circumferential stresses
acting along the diameter. Thus, once the rotation axis attains the bottom face, it must
remain there for a« > ... Thus formula, (24) is still valid, Introducing £ = 1 instead of -
the value given by (25), 1 we Pblam' e

e i_ Zﬂl [2+ ( ) ]+— _‘ .(27') .

In Fig. 8, the collapse loads for rein!'oroement mtensny n = 0lare plotted vs. the céntral
deflection. It can be secn, that the minimum load is considerably larscr than -

ayR? = ' :
" 4 ' o0
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yleid-line | theory

:

(1] L) ™

Fia, 8, Load-deflection curve for lymmnriéally reinforced circular clamped dl'b: :

as given by the yield-line theory. It is clear that the coincidence observed for the slab
strip cannot occur here.

6. SQUARE SLAB

Considerations concerning a circular plate can be directly applfed to the case of a
square clamped slab. Assuming the diagonal collapse mode (Fig. 9) to be preserved at
large deflections, the rate of external work of the uniformly dlstnbuted load q is found
to be

!

~ As in the case of the deformed clrcular slab, strains vary along the dmgom] hmw (seo
Fig. 7), and the deformation rates are: :

Tk .*-e!'_.«.\:

= od &=t e = 20, c.,-c-z‘("'ﬁ)' (30)

Subscripts § and D correspond to the suppor?and to the diagonal yield lines, mpect:vely.
and ¢ is the coordinate measured from the slab centre along the diagonal hinge.

The slab is assumed to bé reinforced onb/ at its bottom face. Then, introducing the
reinforcement characteristics and the relations (30) into the dissipation formula (5), and
performing the integration, we obtain the total dissipation rate D. It reaches minimum
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for & = 27+ 0-5a. The work equation T = D now yields the collapse load:

gL 1-a 5 :
8M, 2 +3a% + 21 =n) (3"

The obtained formula is valid for ¢ < 1 and ¢, = —1, and it gives the l'ollom; limita-
tions for the central deflection:

aS o, =21-2y), oSoa;,=31+2) (32]

Whenever a; < o < «,, the formula (6) ought to be applied when evaluating the dissipa-
tion in the boundary hinges. One can see, however, that the equilibrium of horizontal
thrusts acting on a triangular panel cannot be satisfied if ¢ > 1. Thus, { = 1 must be
introduced in the original formula from which the expression (31) was derived, and
" eventually we obtain

2 * 1 i
i = 1+ (33)

For the central deflection & > a, = 1, the formula (6) must be applied in the innef zone
of diagonal ]nnges whenever

<k e
]
Since the 1::0m11l11:u:|u‘.= = | must still hold we obtain: i
. (i
. ‘iL: 1 A :
T~ | 39

When the second of conditions (32) is more restrictive, (a, >a> u.}. a membnna zone
* appears for

t<—1+1+c (36)

when ¢ < 1. Then, applying the formma (5) to the support hinges and to the outer part
of dmgona]s, and the formula (6) to the inner part, we obmn a total dissipation rate which
_attains a minimum for

- m“[ﬂ+2(l +2)t—a-1 ; &y

When the minimum of D is mtroduced mld the work equatwn. the load-deflection l'ehl:on
becomes

IS L e anide S (8
a8M, o "3 3¢ [a+‘ * . . !
When the deflection exceeds the value =~~~ T
BT I R ; R R
Oy == i'5;;' : o T o (39)
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the neutral axis remains at the bottom faf:e (¢ = 1), and thus, the exi:reuion_{.%i) is again
valid. ) e

i
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Fia. 9. Load-defiection curve for square clamped symmetrically reinforced slab,

For reinforcement intensity n = (-1, the collapse load is plotted in Fig. 9 vs, the central
deflection. Similarly to the case of a circular slab, the minimum load, though being con-
siderably smaller than the initial load, is larger than that provided by the yield-line theory:

(
qyL? L g :
a8, = "o ¥ “)
‘ i
L Al
\ o
o \‘ﬂ"i\‘ b i "
e
b - .
4l \ \\ " lf L E
wiEol .S\\ == A
. I /\;:a\h;_ : : .,----l‘.‘ § ye 8
.N L Eq:38 \\_‘“ L rai®
B I i S
T 0 05 10 B 20 g.:.* :
_ . 10, 10. Square clamped slab; ranges of validity of solutions, *

Wi sy
_Regions of applicability of expressions (31-38) are shown in Fig. 10, where the dashed
line indicates the deflection values for which the minimum load is attained. .
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7. FINAL REMARKS

The load-deflection curve for rigid plastic structures being decreasing (zone OA in
Fig. 1), for the reasons of safety the geometry changes prior to the initial plastic flow
should be takeri‘into consideration. If they are not accounted for, the classical pure bending
theory [17] should be preferentially applied. For clamped or laterally restrained re-.
inforced concrete slabs, this theory occurs to be kinematically non-admissible (see [18)) .
but it gives a safe approximation of the coliapse load. On the other hand, the ngld-plasuc
analysis, kinematically correct but based upon the initial geometry, can lead to a conslder-
able overestimation of the real carrying capacity. fo

If the ultimate collapse load (the peak value) is desired, the analysis must account .
for the elastic-plastic response. If it does not, it must be accompanied by experiments
specifying approximate values of deflections associated with the peak load [14]; other-
wise the minimum ordinate should stand for the ultimate collapse load.

Variations of a yield mechanism due to the changes in geometry, disregarded in the
paper, are of importance for metal plates. For reinforced concrete structures, however,
the yield mechanism is of a more stable character. In fact, the collapse mode maintains
its original form up to rather large deflections. This situation is due to the fact that mem-
brane forces are always tensile in metal slabs, whereas reinforced concrete structures are
compressed in the early stage of deformation. For example, the positive plastic hinge must
move out of the midspan cross-section of a uniformly loaded clamped metal strip, whereas
for a reinforced concrete structure the maximum moment conserves its initial position
until the membrane force becomes tensile.
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AGcrpaxt—B paGote npUBOAHTCA NMNAcTHYCCKH AHANHI MeNeIOGETONHBIX ILTACTHHOK C YIETOM BIIMAHHN *
MeMOpaHHBIX YCHAHH H HIMCHCHHH TEOMETDHH KOHCTPYKLMH, BOIHHMKAOWMX mpH Gonswmnx npormGax.
Hcnoniys TEOPHIO TEHCHHA XECTKO-, TUTACTHYECKMX TeEJ, NOAYYEHB! COOTHOWICHHA MEXAY nporkGom M
Harpysxofl B nenom npotecce Ac)OPMALIHH: HAMHHAA OT OCCBOTO CXKATHA BOIHHKAIOUIETO NPH HANMYHK
TOPHIOHTANLHLIX ONOPHBIX cBAdet (3ddexT pacnopa), Ao memGpanHoro pacTaxeHHa M TpetwunooGpalo-
BanuA. Mcrion3yeTcs XMHEMATHYECKHMH MOOXOA ¢ NMPHMEHEHHEM 3HEPTETHYECKONO METOAA WIH METORA
PABHOBECHA; CXEMA PaIPYILCHHA CYHTAETCA HEHIMEHHMOH B MpoLecce HArpyweHHA, TIPHBOANTCA NPHMEPH
ans 6anoyHoR 3aleMeHHON NAKTH, AN KPYTABIX H XBAAPATHLIX ITACTHHOK H cpmuumu NpeaioxeH-
HBH METOML € AHANHIOM HCTION3YIOWMM AcHOPMALIHOHHYIO TSOPHIO TLIACTHYHOCTH,
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Arching Action in Elastic-Plastic Plates
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INSTITUTE UF Basic TECHNICAL PROBLEMS
Warsaw, POLAND

1. INTRODUCTION ;

Arching action may considerably increase 'ne « arrying capacities of rein-
forced concrete slabs in comparison with the values obtained from a simple
flexural analysis. In a slab whose material reveals different responses to com-
pression and to tension (a “‘sign-sensitive” material), pure bending must be
accompanied by lateral displacements at the supports. The displacements are
prevented by the support restraints and, therefore. ‘membrane forces appear.
The more the properties in tension and compression are different, the more
pronounced is the effect.

It might appear surprising that the yield-line theory [1] based upon the upper
bound technique furnishes results inferior to the experimental data. In a simple
bending theory, however, the compatibility conditiuns in plastic hinges are not
necessarily fulfilled (see [2]). Actually, in the case of restrained edges and/or
mixed boundary conditions, a pure flexural collapse appears to be kinemati-
cally inadmissible [3]. The problem therefore requires a careful study within a’
kinematically compatible theory. A plate is to be considered as a three-dimen-
sional structure and axial forces have to he taken into account; due to their
contribution, collapse loads are obtained which are considerably greater than
the upper bound values given by the yield-line method. Unfortunately, a
simple theory, in which an incipient plastic motion is considered, seriously
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overestimates the actual carrying capacity, This is due to the fact that, unlike -
the case of metal plates, even small deflections are capable of weakening the
reinforced concrete slabs, Therefore, results derived from the consideration of
an incipient collapse have to be completed by a large-deflection analysis.
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11. RIGID-PLASTIC POST-YIELD BEHAVIOR

The influence of deformations can be studied within the framework of the
rigid-plastic theory as “‘post-yield behavior.” Loads corresponding to the
plastic limit equilibrium are sought at consecutive stages of the deformation
process, and a sequence of values thus obtained gives a load-deflection rela-
tion. In such a procedure the actual collapse mode must be known at any
configuration throughout the detormation process. To avoid this difficulty
the incipient plastic flow mechas. in is:.ssumed to be preserved also at moder-
ately large deflections. Such an appraach was employed by various authors
(see [4-6]), but the analyses were based on the physical relations inherent in
the deformation theories of plasticity. However, the use of this theory is fiot
appropriate, because in the case considered local unloading appears in the
process. The plastic flow theory was consequently applied in [7] and [8]. The
difference between the “deformational’” and the “‘incremental” analysis was
explained in [7]. Since the present paper is also based on a similar kinematical
approach, the principles of the method have to be presented in order to make
the paper self-contained.

If the incipient yield-line collapse mode is assumed to apply to the deformed
structure, the deflection pattern is defined to within a single parameter, e.g.,
the central deflection. Therefore, deflection rates w are related to rotation,
velocities ¢ with respect to the instantaneous axes (point 0 in Fig. 1). In order
to satisfy the boundary conditions, the rotation axes must lie at supports, but
their distance from the reference plane (i.e., the distance z in Fig. |) is not « .
priori fixed. The rotation rate ¢ gives rise to discontinuities of deformatiop
rates in plastic hinges. The generalized strain rates can be defined in terms of
these discontinuities. For the deformed portion of a slab shown in Fig. 1 the
generalized rates of axial deformations 4 and curvatures & are, for positive and
negative hinges, respectively:

‘tp = ¢z — wy), l&’ =¢
. in = —¢z, ':-ll = =9 .

(1.

where the dot denotes differentiation with respect to a time-dependent param-
eter. ;
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Fig. 1 A half-span of a clamped reinforced concrete strip collapsing at finite deflection w,.

The positions of instantaneous neutral axes are given by the relation

22 2
(=T=2 _ @

and hence they are related in the positive and negative hinge as follows

& =tum 20 : 3

denoting a nondimensional deflection & = wy/h.

If the mechanism considered consists of rotation vectors lying in one plane,
only deformations normal to plastic hinges can appear (see [2, 9]). Thus the
generalized stresses in the plastic hinges are the same as in the case of an
eccentrically loaded rectangular beam (for the Huber-Mises yield criterion,
with a multiplier 2/,/3). In the case of a homogeneous cross section made of a
sign-sensitive material (yield stress depending upon a sign of the strain rate)
the interaction curve is described by the following equations:

- 2 - .
m,=1-1¢3, n, =K+ ¢, k>0

m, = —1 + &, n=K-¢, k<0 ther

The appropriate formulas for the double-reinforced concrete cross section
shown in Fig. 2 can be written as follows: ;

my = 1=E2+4n+n),  n, = 1+&=20,—n), —1<E<1K>0, (4b)
my, = 4(ny — ), ny= =2my 1), &< —1,k>0, @)
my = =1+ =4 +ng) ny = 1=&=201—m), —1<{<1k<0 (4b7)
my = —4(n, — ) ny = =201 + ng), &> 1,k<0  (4b")
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Fig. 2 Stresses and stress resultants at plastic hinges in a reinforced concrete cross section.

The nondimensional couples m = M/M, and stress resultants n = N/N,
are referred to plastic moduli of the cross section:

2
Mo=T0,  Nomoh ®)

The value g, stands for a mean yield point at compression o, and at tension o, .
and

(6)

. In the case of reinforced cancrete the tensile strength of concrete is neglected,
and thus o, = o,/2. Intensities of reinforcement defined with respecl to the
area of its cross section 4 and the yield point g, are

Ao,

q =t

ho,

The subscripts b and t correspond to the bottom and the top reinforcement,
respectively and ()’ denotes reinforcement in the compressed zones. For the.
sake of simplicity, the reinforcement (as it is shown in Fig. 2) is assumed to be
placed at the faces of the cross section.

Equations (4b) do not define the complete plastic interaction curve but only
its portions necessary in our further analysis.

Using relations (1)-(4) the work equation can be established including dis-
sipation due to the axial deformations. Then the routine procedure of the
kinematical approach may be applied. The appropriate formulas for dis- °
sipation energy are given in [7]. In addition to parameters defining an incipient .
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collapse pattern, the current distance of the plane of rotation from the reference
plane (parameter £, in Fig. 1) and 1ts slope are to be found from an appropriate
minimum condition.
The work equation s known to be equivalent to the equations of rotational
equilibrium for the whole rigid paneis The position of the rotation plane is to
be specified from the equilibrium condition for axial forces. The equilibrium
:method appears to be more convenient for our further considerations than the
energy method. This will be illustrated by the example of a clamped reinforced
concrete strip loaded at its midspan with a linear force P. For the sake of sim-
plicity the compressed reinforcement is disregarded (n{ = n; = 0). One half
of the deformed strip is shown in Fig. 1.

The moment equilibrium gives immediately the formula for a current
collapse value of a concentrated force'

= PL _mp—my 2n0 .‘ )

8M, 2

The second equilibrium condition n, = n,, together with the formulas (4b')
and (4b") and the geometrical relation (3) gives

bo=My—m+a, C=m—n-a ®)

Introducing the values (8) into (4b) and (4b™) and then into the formula (7)
one finally obtains

g=qy+ k-0’ n=k-ua ©)
where gy is the collapse load given by the simple bending theory, i.c., when

n, = n, = 0 are introduced into (4b"), (4b™) and (7). In the case of single re- -
" inforcement we have

gy-= 4(ny + 1) — 205 + M) (10)
The parameter k in (9) defines the total intensity of reinforcement:

k=l"'fb—’h (1)

Depending upon the distribution of reinforcement, the instantaneous neutrat

axis (8) reaches its limit position ({, = 1 or{, = —~1)inthe negative or in the

'Equation (7) is n-pplicab!e also to the case of a uniformly loaded strip if the nondimen-
sional load g stands for g = pL*/16M,.



282 Marek Jan.

positive hinge at a nondimensional deflection a,. For larger deflections  the
limiting value oi‘z,, or &, being exceeded in a hinge, (4b™) must be replaced by
(4b") or (4b’) by (4b"). The general:z:ed stresses in the hinge are now indepen-
dent of the position of neutral axis. Equilibrium equation n, = n, together with
(4b) give the generalized stresses in another hinge. All those values introduced
into (7) yield a modified membrane formula:

Gm = 4("!: + “1) ke 2(”1; — ’?:)2 + 2(x = l)
My + N = Iny — nD) . (12)

It can be readily verified that the load-deflection relation given by (9) und (12)
is exact and not only kinematically admissible. However, if the solution is
applied to the uniformly loaded strip it remains exact only 8o long as the axial
force is compressive. After the axial force becomes tensile the collapse mode
changes. Thus the compressive membrane action clearly extends the range of
applicability of the assumption of preserving the incipient collapse mode.

In the case of a homogeneous cross section, (9) remains valid but k has to
be replaced by K given by (6). The flexural collapse load (10) must also be
changed to become

gy =1 = K? (13

I1l. ELASTIC EFFECTS

The rigid-plastic solution demonstrated in the preceding section overesti-
mates considerably (asillustrated in Fig. 3) the incipient load-carrying capacity. -
This is due to elastic and elastic-plastic deformations being disregarded prior
to the initiation of plastic flow. The influence of elastic deformation has two
main features: -

1) Elastic and elastic-plastic bending at an early stage of loading--although’
having no influence on the post-yield curve—provides deflections before the
curve is attained ; thus, the plastic flow commences from the point g, instead of
9, (Fig. 3).

2) Elastic axial compressibility of slab panels changes geometrical relations
" (3) and therefore affects the plastic load-deflection relation.

Since variations in axial forces exert a predominant influence on the load-
deflection behavior, the second effect is of primary importance. It was ac-
counted for in [10] and [I1), where, however, the deformation theory was
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Fig. 3 Load-deflection relations for laterally restrained reinforced concrete slabs.

actually employed (perhaps inconsciously) instead of the plastic flow law.
Here and in [12] the flow theory is consequently followed.

The method is first presented with the example of the clamped strip men-
tioned previously, according to the principles of rigid-plastic analysis. Incre-
ments dA, of elastic axial deformation of the slab panel shown in Fig. | are
proportional to the length L/2 and to the force increment dN; thus, we have

dNL
da{, - m

where E is the actual modulus of compressibility. If this deformation is added
to the plastic one given by (1), the relation (3) for positions of the instantaneous -
neutral axes changes into - ww o

P (14)
4

Lol

$ =
where & describes the elastic compressibility of the slab
=2t as

If the sup‘por-ts can undergo lateral elastic deformation, this can be accounted
for through an appropriate reduction of ¢. z
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Since differentiating with respect to time can be replaced by deﬁwdtim_i'with
-respect to the deflection, (14) becomes i . :

1 dn
Ed_a"'"“-'k_“ (16)

provided that the conditionn, = n, = n as well as expressions (4b’) and (4b™)
are accounted for. Its solution, together with the initial condition n = 0 for
o =0,leads to -

- e““}(k + 5) - a7

Once the axial force is obtained the current limit load can'be found from (7)
using (4b’) and (4b™), to be

: a
q-qr+(k—a)’-[k-—(1-—e"')(k +-:-)] _(18)
For special cases this equation reduces to the formula (9) for incompressible
slabs (¢ — o0) and to the simple bending value g, (10) for free axial displace-
ments of supports (e = 0). Similarly to the rigid plastic solution, (18) is valid
for{, < land{, > —1,ie.,fora < a, with a,, evaluated from the following’
transcendental equation:

ot + e""'(k + }) +mp—nl=1 +£ (19)

The value «,, is always larger than the corresponding value for the rigid-plastic
solution. For deflections exceeding «,,, the pure membrane action begins and
(12) is valid again. z

The curve defined by (18) gives loads inferior to those obtained from-(9) -
with one common point corresponding to maximum axial compression. The
latter takes place at the deflection .

i, - l-: In (1 + ke) 20

From numerical data it follows that the ultim_ﬁn!((‘load corresponds to’
deflections a, & 0,5a.. Once this value is introduced in (18), the ultimate peak
load becomes

2 -
q,gq,+(k —Z—) —E',(JH'-'E- 1)? (2n
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The results presented above strongly depend upon the value of &, which
therefore has to be carefully specified. In reality the compressibility varies as
forces and deflections change. Accepting the mean value as a representative
one, the compressibility modulus E in expression (15) has to be choseri smaller
than the Young modulus for compressed concrete. Depending @ipon the span-
to-thickness ratio, the coefficient £ varies within the interval 1 <e<50. In Fig.4
the current load is plotted versus central deflection for different compressibility
coefficients & and different reinforcement intensities.

Axial deformability of reinforced concrete slabs in compression is distinctly

ol | Y/ / M/

Fig. 4 Load-deflection curves for a clamped teinforoed_concrete strip.
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different from that in tension, Therefore, to make’ the Bolution more realistic,
a new coefficient of extensibility e, has to be mtrodliogd instead of e in thé pre-
membrane phase of advanced deformation. Now, for n < 0, Le., fora > «, .
(defined from (17) on putting n =, 0} (16) togcther with the condition of con-
tinuity gives

' I s : 2
go=art k= =[k—w —0 - emeyer Loa)] @2
It can be readily shown that the tensile zone (22) appeafs when the current load

is equal to its bending value, ¢(e,) = g,. In Fig. 4 some curves are given for the
case &, = /4.

IV. SQUARE SLAB

:-J . _ B

The procedure eﬁplained above will be applied to a clamped square slab.
As before, the reinforcenient'is distributed only in the tensile zones (g, = #; =
0). An incipient collapse mode is assumed to be that with diagonal plastic
hinges (Fig. 5). If the nondimensional coordinates {, x are introduced as shown
in Fig. 5, and « denotes the nondimensional central deflection, the deflections
in the positive plastic hinge OA ({ = y) are w/h = al. As before, the moment
equilibrium of one panel furnishes expression for a current collapse load. For
a uniformly distributed load p one obtains

- pL? -m, .
1= 8, _L (J'T" 2"""“)"c =

Axial forces acting on one panel must satisfy equilibrium, i.e.:
1 ] :
[, o -noa =0 : (24)

The position of the instantaneous neutral axis in the positive hinge is now
defined by the relation ;

g, = Ae t+ 4y - (25)

where 1, and A, include elastic and plastic strain rates in the,respective dirgé-
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Fig. 5 The yield-line collapse mode assuméd for u clamped square slab,

tions. The elastic compressibility of the triangular panel depends upon the
variable distance between the hinges. Suitable values for x and y directions
must supersede the constant coefflcient e:

g, = g =z (26)

For the sake of simplicity elastic deformations in both directions are assumed
to be proportional to the mean value of axial forces, n = 0.5(n, + n,). With
these assumptions and for virtual rotations around supports the position of the -
neutral axis in the positive hinge (25) is related to the corresponding value in
the negative hinge: ;
S HE . . @
B edo :
Defining axial forces from (4b") and (4b™) with the use of relation (27), the .
following equations are obtained:
2dn

I—z’ln"'fn—'zal:"ﬁ

3
I

(28)
1 -2 - &, -

3
1
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To define n, (16) is again obtained from the ai)dve set. Subtracting (ﬁ) and
usmg{24) we can find &, which, due to the symmetty, must be mdepcndent of

{. Thus y we have e, 3 ;
g . 1 ,_‘ | %
n=k—of + g + CQe ™ 29
] 1 ! ’
‘fn=§+ﬂh_'h_z+L C(Dd;e—u (30)

where k is again defined by (11). Introducing expressions (29) and (30) into .
(28) and defining the arbitrary function C({) from the initial condition & = 0,
n, = n, = 0, we obtain

n
n, = (I ~e‘“)(k+l)—5
" 2/ 2

i 1 2\ 1 a
= (] - —_—— —_— -

n, = ( e “‘)(k 23_'?' e) + u(z ZC) . (31)

These equations together. with expressions (4b), when introduced into the
(23) and the prescribed integration performed, yield finally

o) )]

- 6_‘12,(1 — ety (32)

Incidentally, the simple bending collapse load g, is equal to the value for
clamped strip, given by equation (10).

Equation (32) is valid for &, > — 1, i.e., for « < ay,a, being defined from the -
equation .

'“'2 I--l._ 2 -
o +e (3k+8) 30+ =) (33)

For larger &, a pure membrane tension zone appears in the central part of posi-
tive hinges and (4b”) has to supersede (4b’). The analysis becomes very cumber-

some, but its results are of rather minor interest for the ultimate peak load

always belongs to the zone covered by (32). Moreover, for larger values of & -
the influence of the compressibility becomes irrelevant when deflections
increase. For these reasons, only the rigid-plastic formula valid fora > #(1 +
n, — 1,) is given here.
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g=Q+a)m +n)+ Q2+ a+2n—2n)

-{;a[l —JI + 2(1 + 1 = q,)] + l} + ;t_!‘ + e = Tn)  (34)

For several intensities of reinforcement some values of the limit load are
plotted versus deflection in Fig. 6.

It must be observed that the elastic compressibility in the x direction results
in tangential displacements at supports. Therefore, the solution may be applied

o
ke08 (n,=n=02) ' .
=0
k=0.8 (n,=n=o1)
.-l T

ke (‘Ib =), =0)

o s s,

Em0 "?

0.5 19 8

Fig. 6 Load-deftctior curves for a square clamped slab. s
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if support conditions enable such thsplacemeﬂt,s to develop in the absence of .
plastic shears. This is the case with a multispan system of square slabs. If the
tangential displacements are nﬁ; permllteq, oibmpresslbillty in the x'direction
has to be reduced or disregarded. The salﬂe situation arises when the supports
are laterally deformable and hence thc deformablluy in the y direction is of
primary importance. “Freg b

When the compressibility in the x dlrectlon is disregarded, &, — oo has to
be put into expressions (26). Fortunately, if e, is replaced by a constant average
value &g, the new solution is identical with (32). '

V.PLATES WITH AN ARBITRARY CONTOUR’

For plates of arbitrary shapes whose collapse modes consist of triangular
segments the equilibrium equations (23) and (24) can be written for an ith
segment, with the integration performed along the contour. The whole proced-
ure shown before remains unchanged. However, it should be mentioned that
the simplifying assumption on deformations to be proportional to the mean
value of membrane forces n = 0.5(n, + n,) ceases to be reasonable enough
when the triangular segments are very narrow.

In the case of a circular plate (32) and (34) remain valid, but the nondimen-
sional load is

¥ -'4rrM.,
for concentrated force, and _ 2
P RZ ) = = -
- 7= %M, '

for an uniformly distributed load.

VI. INITIAL DEFLECTIONS

Allowance for initial deflections does not change the basic equations of the
problem, only the integration constant (or function) has to be defined from a
new initial condition. For the clamped strip one obtains
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i A 2 ETh =
g=qy+(k - o) - [k s - e"‘:'_""‘)(k @ : - a,)] (35)

In the same way, for the clampeql'_;tfmre slab we ,gct )

= LB _5 = _a g o, 1\1?
g=grt+k a(k I—fa) [k % (e "’)(k-3+§;)]

2 |
o (e (LA RTY - (36)

N

The load-deflection curves for the initial deflection &y = 0.1 are.drawn with
dashed lines in Fig. 4 and Fig. 6.

It may be noticed that (35) and (36) enable a protective cohcrete cover of .
thickness a to be accounted for, Solutions for the ideal cross section shown in
Fig. 2 can still be used provided the thickness 4 is replaced by the distance A,
between the compressed face and the stretched reinforcement. Moreover, an-
initial negative deflection o,, = —a/h, should be introduced.

Vil. DOUBLE REINFORCEMENT AND A HOMOGENEOUS
CROSS SECTION

For the double reinforcement (with n; < n, and n, < n,) the resulting for-
mula (18) for the strip appears to remain valid if k, given previously by (11), is
replaced by .

K=1=1ny=n+n+n .37 .

The magnitude of the simple bending collapse load gy is now

qy = 4y + 1) — 2(n, ""3:}1 = 2(n, — n)? (38)

However, in this case the limits of validity of (18) are slightly different since
before the phase of pure membrane response there is an intermediate one cor: -
responding to those parts of the interaction curve which are not covered by (4b).
For a doubly reinforced square slab, (32) is also valid with the modifications
and restrictions displayed above.
All the solutions discussed are valid also for slabs with homogeneous cross
sections made of a sign-sensitive material, Reinforcement parameter & has
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to be now replaced by K deﬁr{ed' in (6) and "l]fe_'bending collapse loads are"
given by (13). L St IR

'
s

VIIl. CONCLUSIONS

The kinematical approach based upon the rigid-plastic post-yield analysis
can give a qualitatively good description of the real response of clamped
reinforced concrete slabs if completed with the effect of elastic axial compres-
sibility. Depending upon an assumed coefficient of compressibility the results
vary between these predicted by the simple bending theory and those of full
rigid-plastic arching action. Therefore, if reliable quantitative results are
desired, the appropriate value of the coefficient & has to be adopted. Suitable
choice of that value remains to be made, experimental evidence on the subject
being relatively scarce. Interesting tests on square slabs are reported in [10]
and some of the results are shown in Fig. 6. Due to the absence of top reinforce-
ment, the test data and the actual results are truly comparable only in the case
of concrete slabs (n = 0, k = 1), Clamped strips with elastically deforming
supports were tested by Roberts [11]. One finds that the best quantitative
coincidence may be ensured for the compressibility coefficient corresponding
to the reduced modulus E which is roughly equal to half the incipient elastic
modulus for concrete. '
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Zakxad Teorii Komstrukeji
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PRZESKOK W ZGINANYCH ELEMENTACH
ZELBETOWYCH

’

-1+ Vprowadzenie

Jak wykazuje doswiadczenie /por.np.[1]/, zniszczenie zel-
betowych belek i piyt w przypadku ich nieprzesuvnego podpar-
cia me gwaxtoway charalkier i obserwvujemy nagzy przeskok kon=-
strukcji do nowego stanu rdéwnowagi, ktdéremu odpowiada poja=
wienie sig dusych deformacji. Wynika to stgd, ze w nieprze-
suvaic podpartych elementach zginanych z materiazéw "“znako-
czuzycih" /o réinych charakterystykach przy rozcigganiu i
éciskaniu/ pojawiajg sig sSciskajgce sizy membranowe. W pier-
wszej fazie procesu deforiacji wzmacniajg one znacznie kon-
strukcje [2], ale nadajs dalszemu procesowi odksztatcenia
charalcter niestateczny, podobnie jak w przypadku mimosrodo-
wego $ciskania smukZych prgtéw. Zaleznodé migdzy obeigzenien
poprzecznym i ugieciem ma charakter pokazany na rys.l /linia
cique/. _

! przypadlcu podparcia przesuwnego zachowanie sie konstrukeji
jest Jakosciouo rézne /linia “kropka - kreska"/, a jej ma-
ksymalny udzwig jest znaczuie nizszy. 55

Praktyczne zrealizowanie sic przedstawlonego na rys. 1za
pomocg linii ciggze]j procesu mozliwe jest jedynie w przypadku
gdy rozpatrywany element stanowi czegsé statycznie niewyzna=-
czalnego ukiadu, w ktdrym rezultatem zwigkszonej podatliwos-
ci elementu jest zmniejszenie oadzidZywujgcego nai obcidze=
nia. V7 przypadku elementéw poddanych bezposrednio oboiQZe-_
niu zewﬁqtrznemu proces deformacji przebiega na ogéx prazy
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obcigzeniu niemale jgcym. Po osiqghiqciu intensywnogci obeig=-
Zenia odpowiadajgce] maksymalnemu udzwigowi"Pu,nie jest juz
mosliwe zachowanie réwnowagi quasistatycznej. W zaleznoseil

od charakteru wpiywu zmian w geométrii ukZadu wywozanych od=-
kszlazceniami konstrukcja moze bgds ulec cakkowitemu znisz-
czeniv, Dbgdz przejsé w sposédb dynamiczny do nowego stanﬁ rov-
novegi, V przypadku nieprgesuwnego podparcia elementéw zgina=
nych mamy na ogéx do czynienia z dynamicznym przeskokiem,

Z punktu widzenia konsekwencji obcigzenia konstrukeji do
granic jej udzwigu bardzo istotnym jest olkreglenie trwazych
ugicgé wcxadu po przeskoku., Temu zagadnieniu poswigcona jest
niniejsza praca.
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Rozpatrywane dotychczas zagadnienia dynamiczne] teorii

construkeji plastycznych sprowadzajs si¢ do okreslania trwa=-
Zyc4 Lgleé przy zadanym w czasle obcigzeniu przekraczaaqcym
noinosé wkadu [3] lub przy zadenych predkosciach poczgtko-
wych [4]+ W obu tych przypadkach odksztaXcenia spregzyste sg
¢ rzad miejsze od plastycznych i mozna z powodzeniem opero=
waé modelem ciaa sztywno-plastycznego. W naszym przypadku
cbeigzenie ma charakter statyczuny i narasta powoli do wiel=-
kosci rdéwnej maksymalnemu wdzvigowi / B, na rys.1/, ale kon-

struiicja Jest geometrycznie nieliniowa i 2z chwilg osiggnig=-
cia wielkosei obcigzenia I%L zaczyna sie jej ruch przyspie-
szony.

Vnzyw odksztaXcen sprgzystjch jest tu istotny, ale ogra-
licza sie on glownie do fazy przed osiggnig¢ciem maksymalne-
go udzwigu )Ilnl% przerywang na rys.l/. Porownujge wyniki
analizy sztywmo-plastycznej [2] i sprezysto=plastycznej [5]
wilziny, ze przy normalnie spotykenych smukXosciach kon-
steulzcji roznice dla ugieé wiekszych od w, /przy ktérym o-
sica sig maksymalny udzwig P./ s& bardzo maze. vla ugleé
miiiejszych od W, proces ma charakter gquasistatyczny, wobec '
czego analiza dynamiczna moze byé prowadzona w oparciu o mo=-
del sziyvmo-plastyczny. 2 anaiizy.39quysto-pléstycznej niez=
bgdne nam beda wielkosci poczgtkowe dla procesu dynamicznego:
Po i W, .« sXusznogé takiego uproszczenia potwierdza przy-
toczony w p.5 przykiad. '

2. Podejscie kinematyczne przy dynamiczne] analizie lkon-
svrukeji plastycznych '

Podobnie jak w przypadku statycznej analizy “pozagranicz-
nej+ [2] , czy analizy dynamicznej dla maXych . Lub skon-
czonychB‘p] deformacji najwygodniejszym podejsciem jest
op-.rcie sieg na zazozeniu o niezmiennosci w proccesie defor-
macji ogolnego charakteru mechanizmu plastycznego piynigeia.
analizg wozna prowadzié wéwczas metodami dobrze znanymi z
klugyczne] teorii nosnosci granicznej, a w pierwszym rzedzie



metoda energetyczig.

'~ Réwmanie przylobtow mocy obcilgzen zewngtrznych ’T i pfgd-
kogeli zuian energli ouksztazcenia D dla ustalonej chwili.
czasowe] mozna zapisa¢ dla konstrukcjd przestrzenne; 0 po=-
wlerzchnl srodkowej S w postaci:

iy J(po‘ep' B2ope e, w8, ds = |, dds,
5 | i ' S

guzlie obcigzenie zewngtrzne P przyjmuje sie ze stafie w cza=-
sie dynamicznej cze¢sci procesu delormacji i okresglane przy
pomocy in'censyvquci Po 1 konriguracji Ep zaleznej oa
wsposrzgdnych X' na powierzchni srodkowej:

p‘,@p(_x_'.') ;

/21 p

Vielikos¢ P, = Q;(XL) Jest czgsclg obcigzenia nie zwigzang
Z masg /np. clsnienie gazowe; Pole przemieszczen poprzecznych
W  Jest Jednoparameirowg /parametr W / funicejg czasu

/3/ w = wc‘e(x") .

Jeanostkows, predkosc zmian energii odkszitaXcenia wystgpu-
jecg po prawej stronie réwnania /1/ oznaczymy przez d

/47 d."‘/.‘/ga(xi;wc);

zags roznlczkowanle wzglgden czasu oznacaymy, jak ZWykle krop—
kami,



-7-

Réwnanie /1/ przeksztaXcié mozna do postaci

I(Poteptew —&) dS
[ (pey-p)dS

/5/

poniewaz drogg analogicznego postgpowania okreslié mozemy
statyczng nosnosé konstrukeji /lub jej oszadcowanie/

/61 Ps = Pos (We)- €, (x*)

na kolejnym etapie procesu deformacji [2]:

g(aas

/1/ = —
Pos = T e ds
S

révnanie /5/ mozna zapisaé jako

- (1- £2) I‘eptewds
j‘ei (‘ep_ %)ds ;
S 0

e/

W DOWYLSzym wzorze mamy zatlane, staze intensywnosci obcigze=-
ala p, i jeqo czgsci bezmasowe] p, oraz obcigzenie gra=-
aiczae Poo (W) znane z analizy “standw pozagranicznycht [2];
©p jest niezmienng w procesie deformacji konfiguracjs ob-
ciotenia zag €, okreéla zaozony, nwezm:.exmy mechanizm ply-
niccia, Jedyng niewiadomg funkecjg jest wige wo_ Wc(Wc.)



Delconujac podstawienia

/8/ vo=w,
nooy

A
/10/ dw. U = We

1 po scazkowaniu réwnania /8/ wzgledem W, otrzymujemy

2 f‘e e, ds j
_'g_ Pw _ Pasd.Wc
A T A

+ C4).

Cazy czon przed nawiasem jest znang, staxs wielkoscig (:

zai (C, Jjest stazg caXkowania zaleing od warunkéw poczgtko-
wyche

Poistawlajge warunek poczgtkowy dla rozpatrywanej czgsel
pProcesu

12/ We=w ; V=

otzzymujemy

/137 wi= +2CI -P"”(“’)] :

W,

Ugieeie W, odpowiadajgce zakoriczeniu procesu ruchu Xon-
strulceji otrzymamy z warunku

/14/ We = Wi v=0
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Jesli pruzyjety mechanizm deformacji jest mechanizmem rzeczy-
wistym, Wy okresla sciszg wartosé obeigzenia koricowego; w
przeciwnynm razie uzyskujemy jedynie jego oszacowanie
[6,?]. Podobnie jak to ma miejsce w przypadku statycznej ana= -
lizy noénoscl graniczne] uzyskane z podejscia kinematyczhego
przyblizone rezultaty majs na ogéx dostateczng dokadnosé
dla potrzeb zastosowan praktycznych.

5. Przvkad zginania walcowego

Dla mozliwie Jasnego przedstawienia toku postepowania przy
okreflaniu ugieé konstrukeji po przeskoku rozpatrzymy prosty
przykzad obustronnie zamocowanégo pasma pxytowego /belki/
ooclazonego w pozowie rozpletoscl /rys.2/ sixg skupions.
Clezar wZasny konatrukcai pomijamy.,

L/2 L2

|

__].
(]

Rys. 2

Rozpatrzymy je@nostkowe] szerokosci pa:zuc o Jednorodnym
przcliroju o wysokosci h zbudowane z materiuru "znakoczu-
Zego' o granicach prasiuycznosci przy scislkeaniu CE i przy
rozciagzanin er. Obliczeniowymi charakteryctylcemi takiego
materiaiuw sg wielkoscis

-



| i O "Or
/75/ Oe=—o-°—-2f-g": . K= @_‘_—z+5r :

zeleta operowania takim wyldealizowanym pr'zékrojem jest wy=-
godna dla analizy jakogciowej postaé¢ uzyskiwanych wzordéw oraz
Yatwosé przejécia do wynikéw dla przekroju zelbetowego [5].
Przelwd] zelbetowy rozpatrzony zostanie w p.éd.

Dla skupionego obcigzenia P Zwigzanego 2z masg F’/g i
przy mechaniznie odksztaXcenia pokazanym na rys.2 konfigura-
cja obeigzenia ©p opisywana jest funkejs . Diraca ., 238
ronfiguracja ugigeia €y jest liniows funkeja X . Wystepu-
jece we wzorach /1+8/ caiki majg wéwezas wartosel:

L k
2 : ) 2 ;
/N6y Jtewtgpdx= 1, [‘e:, epdx =1
-l
3

L
z
zai pozostaze wielkosci réwne sg

/1 P =0, C =g.

Vorowadzamy wielko $ci bezwymiarowe:

PL
/8) Q =5=—m , ok=-H&
uys 26°h2 h »

gdzie E jest usrednionym moduzem odksztaa:calnoéci podZuinej
belli, Przy tych oznaczeniach zaleznosé miedzy biezacg. nos=
nogcia graniczng QY i ugigeciem O\ przybiera wvg [5] postac:
2 o€ 41\12
19/ Q= G+ (K-ol) -[k-(1-e7)(K+ ).
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wielkosé CLH Jest nosgnogeig bellki podparte] przesuwnie
2
/20/ 9, wd - K,

révmanie /19/ obowigzuje dla X S X przy o, olci'esl_a.nym
z réwmania [ 5]: s

-Eolm 1
/21/ ol +€ (K+4§)=’|+-g :

dla wigkszych ugigé belka przechodzi w stan membranowy

r22/ g =20 (1-K):

Zgodnie z rozwazanlami podanymi na koicu-p.1, przy cazko-
waniu wyrazenia /13/ operowaé mozemy modelem sztywno-plastycz-
nym (£ = , dla ktorego znika wyrazenie w nawiasie kwa-
dratowyn /19/ zas /21/ sprowadza sie do A p,=1,

rodstawiajge wielkoscl /17/ i /18/ mamy wyrazenie na pred-
kosé ugigcia ’

' ol .
2
/237 vt = v, +2qh[(1—%—i—)doc ,
°"‘l

gizie Q, =, Jest maksymalnym obcigzeniem, przy ktérym
nastgpuje przeskok /rys.3/.



™

e X
oL, oL, ok, Oly Tyl LT _

" Rys.>3

Poniewaz narastanie obdiqunia. w granicach () —Q, Jest
bardzo wolne w pordéwneniu z przebiegiem przeskoku,mozna przy-
jec, ze dla

/24 oL =0ol, , v, =0.

W przypadku gdyby obeigzenie Ofo przekraczazo znacznie wiel-
kosé q{u , nalezaXoby rozpatrywaél caty proces obcigzenia
od oL, =0 . _

VV zalesnosci od tego, czy ruch ustaje dla Ly €A m/pro-
ces I na rys.2/ lub oL, >Oly, /proces II/, we wzorze /23/ pod=
staviamy Q¢ vg /1 9/ lub w odpowiednich obszarach wg /19/ i
vg /22/. I pierwszym przypadku z warunku /14/ otrzymujemy

A0
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X
125/ o, = >K-% 4 3\[4(% Qy)- (K o)

PO pods‘fav{ieniu zaleznogci .. Q. = q’s (0{'4). wg /19/
otrzymnujemy:

12542/ oLIK =3K-20,

lub

EIRY, 06:= K+2Yg,-q,

wzoxry /2.5/ obowigzujg dla X, '~<~°(-m_=‘1 s TeJe dla
2

266, 4, ()

jesli nierdéwvmosé ta ni.- jest speiniona, to otrzymujemy odpowied=
nio jak dla przypadku I:

I ~ol, )
/217 oL, = O +\/(ocs—oc,.)- '5%—’%
; A, _3 4 L]
I 1-K [ 4_Vou-05Y [[ Yau-0q .
;21 ol = ol + g (1m0 [( i) %J

gdzie

/2E/ ob _Z—E-"—RT



-

Gdyby w obszarze 0(-4 o OLK operowac krzyw_ac dla modelu
spr¢zysto-plastycznego cazkowanie réwnania /197 dla € #0
prowadzizoby do niewygodnych wzordw. Zatwiej jest przeprowa-
dzic cazkowanie numeryczne. rroces ustaje dla otk s Drzy
ktéryn powlerzchnie pél zakreskowanych nad i pod krzyws
/2ys.5/ sa réwme. W najczesciej spotykanym przypadku, gdy

oLy >Om » Wykorzystujgac liniowosé zaleznogci w fazie
weubdbranowej /22/ otrzymujemy ‘formuxe péanalityczng:

i )
1297 ol = ol | T H{olg =0l .

gdzie Fd jest bezwymia:'cowym polem powierzchni oKX <ol

iy P

for | =f(%-%)d~°¢

&

4

W/ ponissze] tablicy poréwmano wyniki uzyskane dla materia-
zu o rosbieznodei granic plastycznogei K=06/tj. 6,.=0.’25 Ce/
uzyslkane przez przyjecie modelu sztywmo=-plastycznego w obsza=
rme Sy — olg . Jak widaé, o rzeczywiscie liczgeych sig bie-
dach wynikajacych z przyblizenia sztywmo-plastycznego méwié -
mozne dopiero dla € €2 ; co noze aotyczyé jedynie bardzo
smulziych lkonstrukeji.

£ B Ky PSPresz-plastXyszt-plast biad
57,000 | 7,00 2.1 e -

100,865 | 1,05 1,69 1.68 0, 6%
5 |0,820 1,20 | 1458 1.53 992%
1 10,705 | 1,70 1.52 1.29  |15,1%
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4, Proekedi zelbetowy ' -

Jak zaznaczono na poczgtku p.3, charakter zachowania sie
lcenstrukeji zelbetowe] jest identycazny jak dla konstrukeji z
jeanorodneygo materiazu znakoczuZego. Réwmanie /1 9/ oplaujqce
pruzebieg procesu odksztafcenia statycznego pozoutaje nadal w
mocy [5], jesli np. dla komstruikcji zbrojonej w strefie roz-
cigzanej /na powierzchni dolnej w przesle i na powierzchni
gornej na podaporach; przyjmiemy

/317 K= 'l-?d-zg,

gdzie Pzd i q okreslajg bezwymiarows intensywnosé zbro=
jenia przesXowego i podperowego ¢ przekrojach _{ ¥ _L

granicy plastycznosei 65 $

_'[:ct Os _ £96
/92/ ?d.-'— h 65 ’ ?g— h Oi .

wyss -.1a%osé betonu na rozeigganie pomija sig, zas granice
elastycznoscl przy sciskaniu oznaczono przez Oc .

Nosnosé zgigelowg /20/ dla konstrukeji podpartej przesuw-
nie wyraza sie obecnie wzorem [b5]:

/531 G, = 4('29'&)‘2(?:*?;);

ze wzgledu na asymetrig przekroju zmianie ulega takze wyraze-
nie /22/ odpowiadajgce strerie membranowej (X >Km): e

B Gy =Ak2alg g 10 Rul)s

- Ju- 18 ) ‘ 0%



/551 A=2 [rgq-fzd-(rzq-?d)zﬂ?;?;l]a

Réwnenie die Olm okreslajgcego zakres wasznosci wyrazen
/197 1 /347 ma obecnie postac:

/36/ o{,m‘+e-8°£m (K‘.*‘ 'g‘,')': 1"'% —I?q-?d.l'

Wzory /25 = 25.b/ na ugigcie koncowe OL, dla podelu
sztywno-plastycznego pozostajs nadal waine, zag dla O, >Am
otrzynujemy obecnie:

i 31
I = v/ B 2, (ddmd
/317 ol = g TV (sl +,‘(,)FE‘;_—Q))—

guzie

an, o = S =A
/33 " &g = Plolm=K)

vzér /29/, 2z zastosowaniem numerycznego calkowania dla mo=-
delu sprezysto- ilub sztywno-plastycznego ulega takze niewiel-
ltiej moayfikacjis

I

739/ o(,,k

= d,s +Vdom‘K +(d¢s Dﬁm)

Wzo2y .3 stanowlisg szczegolny przypadek powyzszych wzorow

aa A=0 i ?q:tzd . _I.
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5. Zanocowana piyta kwadratowa .

Zaxiacajge mechanizm zniszczenia ala rownomiernie oocigzo-
ncj piyty zelpetowej jJak na rys.4 otrzymujemy [ 5] krzyws sta-

LycEng s

1 k- (k- Fpat)-[kt-€) (k4 7] +

4 ~-Eot
=== 1—e
zas dla oL >Om 6€ ( )

s = $ 0140,

wystarczy operowaé wyrazeniem odpowiacajgeym moaelowi sztyw-
no-pLastycznemus '

e Qo= (2e)(g )+ S (147070, )+

+(2+0o% +2|?q-2|2d){%-oc[‘f -V’l + f—z(ﬂ?g—?d)‘] +1}.

W powyiZszych wyraZeniach operujemy wielxodciami pezwymia-
rouymi okreslonyml w DP.>, a jeaynie intensywno$é bezwywiaro-
we;o obcliZenia rowna jést:

2

L

ey q = ?3%
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zgodnie z procedurg przedstawiong w poprzednich punktach,
przy cazkowaniu wyrazenia /13/ operowaé mozemy modelem sztyw-
no-plastycznynm (E —300) » & jedynie przy wyzi}a.czaniu wiel=-
kojsei Oy i qm korzystaé z rozwigzania sprezysto-plastycz-
nszo f40/. » '

Dla obcigzenia réwnomiérnego mamy wg /2/ @P = 1 , oraz
wg /3/ ’

s/ e, =1 _'le-lullz-lxtﬂgl

i po scazlowaniu wyrazed w /11/ otrzymujemy we wzorze /13/

na prgdkosé przeskoku C . Dla warunku pPoczgtkovego:
=0, , Yy =0 . warunek ustania ruchu /14/ sprowadza

nic do postaci ) 2 '

olk g 3
145/ [(g,-9)d% =0
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Aﬁali'byczne caXkowanie wyraszei Q(s nie jest celowe,gdyz
i tak 2z warunku /45/ otrzymaelibysmy réwnanie przestepne.
Wygodniej jest bezposrednio planimetrowaé wykres jak na rys.5,
okreilajac Ok w warunku réwnosci pél nad i pod rzedne

q =g, -+ Dla przykiadu pokazanego na rys.5, dla ktérego
mamy s '

»

G, =144, KX, =0,125 , g =1,715, ol = 0,155
otrzymujemy w ten sposdéb o(,K = 2,41,
20

0- 0.5 1.0Rys. 5 1.5 2.0 2.5



Ponievaz zmiennosé krzywe] qs@xj dla piyty kwadratowej
jest Zagodniejsza niz w przypadku belki, niewielkie zmiany

rogunej wywoxane efektami sprezystymi mogg mieé wigkszy wplyy )
ne oceng ugleé kordcowych pyty niz belki. Aby zmniejszyé wy-

nikajecy stad btad mozna operowaé w obszarze Oy <A 4k
oGpowviednio zmodyfikowang wielkosScig obcigzenia C%u:

. t 9
/;"_.o/ qu. = qu + TEE‘a .

6. Ocena wpkywu predkofci odksztaZcenia

VpXyw predkogci odksztaXcenia na zachowanie sig konstruk-

¢cji 3eibetowej uvwidacznia sie w pierwsz&m_izgdzie przez

wzrost granicy plastycznosci zbrojenia przy szybkim rozci@-‘

saniuv. Aby przekonaé sie o znaczeniu tego czynnike dla do=-
lZadinogci proponowanej metody oceny ugieé nalezy przejsé od
piedlosel uglecia - poprzez kgtowe predkosci w przegubach
plestycznych = do predkosci liniowych odksztazced w zbroje=-
niue - ‘

Dla okreslonych z réwnania /13/ predkosci ugigeia

mozna okreslié predkosé wydiuzenia Uz zbrojenia w strefie-

plastycznego przegubu przgsiowego /rys.ba/ jako:

/417 v, = Z—LU (h +22c)

gazie .Zc okresla pofozenie chwilowe] osi obojgtnej w prze=-
troju. ' J

Vdkszlaicenia w przegubie plastycznym powinny osiagac
teoretycznie nieskorczone wielkosci. W rzeczywisvoscl prze-
gub Yrozmazuje" sig w obszarze przekroju pokazanym schema=-
tyczinie na rys.bb. Zakzadajgc w przyblizeniu, ze wydfule=



n2'| -

h
a)
Rys. 6
nie o + . rozkZada sig rdéwnomiernie na du=
gosel

L = (h+22c)tqf otrzymujemy srednis predkosé odksztaz- .
cenia zbrojenia w strefie przegubu:

. v
/48/ G = 2|_, ctg

Najwigkszg predkosé ugigcia, a wige i prqdkbsé odksztatce=-

nia osiggamy w przypadku rozpatrywanej w p.4 belkl zelbeto-
wej dla ugiecia O, /wg rys.3/, przy ktérym zachodzi qs=q,;
tijl d-J-.a-:

/ 49/ O(_f: K +vqu“'qg 3 dla - q,u ‘SQ("'_K)(Z"[?Q"?dI)’

/50/ o(

2(4Klr3 %) dla, Gu>2(1-K)2-lp-n D).

V przypadku I otrzymujemy najwi gkszg predkosgé
I

3 -
#9517 U max ( 3%) (qru. qu_,;
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Marek Janas ' " .-
ZaekXad Teorii Konstrukeji g
IPET

ZAGADNIENIE MAKSYMALNEGO UDZWIGU
ZELBETOWYCH POWEOK WALCOWYCH

l, Zaleznoscil podstawowe

Rozpatrujemy zamknietsg powXoke walcowg /rys. 1/ ob=-
clgzong koXowo-symetrycznie cisnieniem wewn@trznym'P

oraz sitami krawedziowymi TesMessNis ,TH,M,:H,NXH-

Yrzy oznaczeniach i konwencji znakdéw jak na rys. L réwna-
nia réwnowagl powXoki mozna zapisaé /por. np [1V:

1) Tex + R =P

/2] M-x,x ol '_TO:

/3] Nx,x +0x =0,

gdzie /, x/ oznacza rézniczkowanie po X za$ g, Jest ob=
cigzeniem masowym. Dwa pierwsze rdwnania mozna aprowadziﬁ,:

do postaci

/4] Mgy + —NRQ ™ s
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"Rys. 1

OdksztaXcenia osiowe A i1 zmieny krzywizny % wyrazajg
sie odpowiednio, wzorami:

/5/ AX’: U-:X 3 3"& = _v_[{_ s “A'XG = O
0

/6/ 'acx=W,xx, ;. '509= ) Lye =O-

redkosci odksztacen Kx-,ﬂe,?bx,'b-tsmozna wyrazié tymi sa-
mymi wzorami zastepujgc przemieszczenia Wi W przez pred=-_ -
kodei W, W oW przegubach plastycznych operujemy umownymi
odkszteXceniami skupionymi bedacymi wynikiem cazkowenia pred-
kodci odksztaXced po nieskoiiczenie waskim obszarze. Wyrazajs

si¢ one wzorami /por, [2] /: o = _ -
- u-] %g = u-;X] ?Le' = O
/7/ cdzie ] oznacza skok /nieciao‘losé/ danej wielkoseci,

= . 'dd 5; "1 . 2,_{. }964
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_ Powioka posiada¢ moze dowolna niejednorodnoéé'poprzecz—
na, przy czym zaklada sig, Ze poszczegdlne warstwy speinlajg
warunek plastycznosci Galileusza /t.zw, "warunek prostokatny"/.
Y rozpatrywanym przypadku kozowej symetrii kierunki gzdwne

siz pokrywaja sie z gdwnymi kierunkemi ortotropii. Zapisu-
jac warunki plastycznos$ci przy pomocy naprezeid géwnych
otrzymujemy niezalezne warunki dla kazdego z kierunkdéw gZdéw-
aych. Wobec tego zaleznos$é graniczna przedstawiajaca warunek
uplastycznienia cazego przekroju rozpada sie takze na dwa
niezalezne zwigzki pomiedzy siXs membranowg i momentem zgi-
najacym w obu gxéwnych kierunkach [3] o Mamy wiec:

78/ F,(M¢,Ny)=0

/19 Fq (Mg, Ng) =0. _
AMX R AM&

/ /"

Q). | )

Rys. 2



ZaleznoSci te sg identyczne jak dla prostokgtnych pretdw
obcigzonych mimodrodowo f3] ) [4] o Zaleznosci te opisujg .
dwie pZaskie krzywe graniczne /rys. 2/.

Dla powZok zbudowanych z materiaiu krucho-plastycz-
nego o granicy plastycznoscil CL;, mogacego przenosié jédy—
nie_naprezenia Sciskajace oraz z dowolnej liczby warstw
ciggliwego zbrojenia o granicach plastycznosci C%Li powierz-—
chniach przekroju na jednostke A zalezno$é graniczna /8/
przyblera parametryczng poétaé:

e st [§ 22 g 0G5y

m, = 503’:’1;2 =, sgn ’3'0_,‘ [1 - 52 +I4 % SL?XLSQHCS; g)] .

Intensywno$é zbrojenia i-te] warstwy odlegej /rys. 3/ o
é h/Q od powierzchni odniesienia okresla wielko$é
i

/10/

= EELIAE ; o .

Gc h |
zas g:: Péb jest perametrem okreélajacym pozozenie chwilo-
wej osi obojetnej przekroju. Réwnania /10/ opisujg cazg

krzywa graniczng jesli przyjmiemy funkecje "signum" jako:
sgna=1 dla 0>0, sgno=-1 dla a<0, sgna=f dla Q= O(—1<(5<4')

/11/ ?xt

. - <A
h 4 .
B e -,
. L I =

|
0

|
A 4

e

S
4
i

Rys. 3
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Wéwezas dla g 5 s C2yli przy ustalonym 5 » wystepuje
nowy, dowolny parametr ..

Wzory /l0/ obowiazujg dla."'l-égé,‘I o Poza. tymi granicami Mxi
Nx réwne sg wielkosciom odpowiadajacym wartos‘ciomg-+'| .
Dla kierunku obwodowego, zgdanie ze stowa.rzyszonym Prawem
pzyniecia: .

/12/ Ly =V DM

z warunku ?.CSQFO wynika, ze stan gra.niczﬂy odpowiadaé'mo-
ze tylko jednemu z wierzchoXkéw A,B krzywe]j granicznej
/rys. 2b/. Mamy wéwczas: .

)

n6'=?10 =-2 -22?9';.

113/ ne=ﬁe=2%7ei

2. Stan graniczny cylindra jednorodnego

V przypadku powzokil plastycznie Jednorodnej w kierunku
obwodowym /o staXym zbrojeniu obwodowym/, z réwnan /l-3/ i
/13/ otrzymujemy wyrazenia:

Ty =(p- NF_{Q')X +C4

124/ -(p-NS)‘z+Cx+Cz,

gdzie N N s przy W>O 1 N "'Naprzy W<O . .

Przy podparciu kraweazi x=0 ix= H sizy poprzeczne
nie sg 2 goéry zadane., Podstawiajgc wielkosci momentdw kra=-
wedziowych Myoi Myy do /14/ otrzymujemy:

s/ Ty = M“(P‘%)(%'X)f'_ - ]



. o
fes M, = Mxo(H-i{)‘l'MxH){ (P-—-—-Q)-E—(H-X).

Jak wynika z charakteru zmiennodei momentéw,'zaleéup

nosé graniczna'F =0 moze byé na ogdz spelﬁ*ona jedynie wzdzuz
izolowanych Llinii obwodowych; powierzchhia odksztaZcona musi
wigc pozostaé prostokreslna /por. [2] s [6] /. Warunklem powv=
stania mechanizmu zniszczenia tego typu Jest, oprocz upla=-
stycznienia w kierunku obwodowym, utworzenie sie przegubu
plastycznego w miejscu ekstremum momentu VI /a Scislej:
ekstremum funkeji Fx(MxiNx)/JprzyquC)speiniony wiec musi
by¢é warunek. M -'M cdla X=Xc , gdzies

H MKD"'MH’H
n1 L % E T Y R my
/11 c~ 2 7 (p- T)H
larunek ten podstawiony do /lt/ daje, po rozwigzaniu otrzy-
manego roéwnania kwadratowego ze wzgledu na p , poszukiwane
ciénienie graniczne <

2
/18/ (p- NF?) (VMXH+ch "'"\]/Mxo "'ch )-

Dla powstania mechanizmu wymagaene Jjest ponadto uzyska= .
nie swobody obrotu woké: podpdr. W przypadku podparcia prze-
gubowego momenty podporowe M,bifﬁxumuszg byé z géry zadane;

w przypadku zamocowania krawedzi wyznaczyé nalezy Mxo= Mxo - -
1My =My, , podobnie jak momentu My z zaleznodci granicze-
nej F (Mg N0, dla ktdérej warto$e sity podiuznej wyznaczamy
z rdunania rdéwnowagi /3/ i 2z odpowiedﬁioh warunkéw brzego-
viycho Jak fatwo zauwazyé, nadwyzka cisnienla granicznego
ponad wielkodé wynikajgca z nosnosci zbrojenia obwodowego
odpowiada nosnosci umownej belki wycietej wzdXuz tworzgcej.

WV dalszym siggu rozpatrzymy szczegdiowiej przypadek

powXoki obustronnie zamocowane] i zabezpieczonej przed prze=. .

suwem podpdér. *roblem ten nie jest juz statycznie wyznaczal-
ny, gayz warunki brzegowe do wyznaczenia N, sa typu kinema-

. = wq-z?_

<!

i
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0S wzojelninego

obrotu
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tycznego. Pomijajac ewentualne sizy masowe otrzymujefny z /3/
warunek stalosci si} Ny w caXej powZoce; momenty graniczne

Mxo ’ M,H i ch, odpowiadaja wiec te] samej wartosci
Ny= Nyo © Pokazuje to rys. 4.

~ Vielkosé sity Nyowynika z warunlréw kinematyczneJ zgod-.
nosci /por. [7] /., ktdére prazy odksztakqeniu w. postaci po-
wierzchni stozkowe] przybieraja forme prave op:.su,jqcego
sztywne obroty gérnej i dolnej czesei tworzacej /rys. 5/
Stosujac bezwym:.arow& wspétrzeang porozenia osi obojetne]
/ryse 3/% = prawo to mozemy zapisaé jako:

C _$0, Xe(gH_go
- Zaleznosé¢ /19/ pods:taw'iona, wraz z warunkami Nxo"'qu“Nxc}

do wzoru na sie osiowg /10/ daje wraz z /17/ i /18/ ukad
rownarl pozwalajacy na rozwigzanie problemu.

Z technicznego punktu widzenia ﬁa‘jwaﬁniejszym Jjest
przypadek, dla ktdérego charakterystyki wyt_rzymaloég_iowe po=
wXoki sg jednakowe na obu podporach, Mamy wéwczas My = F’lxu
i xczH/Z s za$ warunek /19/ sprowadza sie do

SC.= §O= 5H
Poniewaz z zaZozZenla o prostych normalnych wynika zaleznosé:
_ 2\
/20/ g - h%®, ? :
zgodnie ze stowarzyszonym prawem pl"yni@cia plastycznego wek=
lory plastycznego psyniecia 5 (ﬂx,% )we wszystkich przegu-
bach muszg byé do siebie rdéwnolegze; pokazuje to rys. 4. ;
llozna Zatwo wykazaé, ze warunek ten moze byé speiniony tylko .
dla sizy osiowej Nyo zmieniajacej sie w granicach pomiedzy
wielkosciami odpowiadajacymi najwiekszym momentom granicz-— .
aym przy zginaniu dodatnim (X>0)- My i ujemnym(‘ac.<0)
a wige wewvnatrz odcinka CT (™ na zyso 40

w ?



Jezell zbrojenle przesZowe jest uzozZone wzgledem po-
wierzchnz Srodkowe] antysymeirycznie w stosunku do zbrojenia
vodporowego, wowezas musi zachodzid % =0 o To samo dotyczy,
cczywiscie, przypadku jednakowego, symetrycznego zbrojenia
na podporach :rfl przesle., Za wielkosci Mm,M iw L ch we
vzorze /18/ podstawié nalezy '.:owczas w:Lelkosé Mu. s ktoéra
réuna jest wg /10/: '

s = SEGeaTy 18y

_i__othl ‘

X¢

goh. '
a2 ~Rys. 6
3. Stan pozagraniczny

Podobnie jak w przypadkﬁ zamocowanej belki zélbetowej
[8] , réwnowaga graniczna rozpatrywanej powzoki ma charak-
ter niestateczny i nalezaXoby jg rozpatrywaé z uwzglgdnieniem
cdksztaXced konstrukcji. Je$li rozpatrywaé bedziemy rdéwnowage
cdksztaicone] plastycznie powzoki o ugieciu w¢ = oh .



wéwezas zaleznodé geometryczna /19/ przyjmie postaé:

/22/ gc = 50"‘ ‘ff (SH" 50) T20L.

Ograniczajac sie, jak przy snalizie konstrukcji nie-
odksztaiconej, do przypadku jednakowego zbrojenia na obu
podporach mamy §°= éH. Vielkodé go zalezy od charakte-
rystyk plastycznych przekroju poprzecznego powkoki. Dla
zbrojenia jednowarstwowego rozzozonego w poblizu rozcigga-
nej powierzchni powXoki /zewnetrznej w przesle i wewngtrz=-
naj na podporach/ mamy zgodnie z przyjetynm syétemem ozna-
czed /rys. 3/, charakterystyki przekrojdw:
na podporze -

V=W, 9,.=0, . dle gi.=4’
v przesle - ' : o =2
S S A

Z warunku ?wh-o=?ﬂpu oraz z /10/ i /22/ otrzymujemy dla
powyzszych charakterystyk poZozenie chwilowych osi obojet-
nych w przegubach:

o ¢
xRy - 5ep sy e
i z /10/ otrzymujemys: o

/o4 n=-1+p +p +o da- =1+[p -y e ct=[p p,

Zgodnie z ograniczeniami dotyczgcymi wzordw /10/, gdy
w procesie narastania ugieé Jedna z wielkoéci /23/ osiagnie
warto$é graniczna /S°= -1 1lub S°= 1/, sia osiowa nie be=
dzie ulegaé dalszym zmianom i bedzie rdwna mniejszej z war-
toécis '

.

/25/ n=2h ﬁ=2fgz. .
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*Ao ‘OdksztaXcenia sprezyste

Jak wynika z analizy przedstawionej w poprzednim pun=-
kcie, rozpatrywany ukzad jest silnie geometrycznie nielinio=-
wy i jego nosnosé zalezy w sposéd 1Etgtny od ektualne] kon~
figuracji odksztaXcone] ﬁonstrukcal. Przestaje wobec tego
obowiazywaé znana z liniowej teorll konstrukcai ‘zasada, w
my$l ktdérej odksztaXcenia sprgzyste nle wpkywajq na nos-
nosé graniczng. Stan poczatkowego plastycznego pzyniecia
osiggnie konstrukcja juz dla pewnych skoriczonych deforma-
c¢ji, a wiec przy obciazeniu mniejszym od nognosei konstruk-
cji nieodksztaXconej,

Aby unikngé kZopotliwego obliczania krok po kroku ko=
lejnych etapéw procesu deformacji sprezysto-plastycznej wy-
korzystaé mozna podejsScie zaproponowane w [10] uwzglednia~ °
jace Jedynie wpiyw odksztaXced sprezystych od siz osiowycﬁ;
a pomijajgce wpiyw na geometrie ukXadu eprezysto-plastycz=—
nych zmian krzywizny,.

Przy takim podejsciu zmianie w stosunku do toku po=-
stepowania przedstawionego w poprzednim punkcie ulega je-
dynie zaleznoéé geometryczna /22/, ktéra.podobnie jakxn[101
musi byé uzupeniona czionem odpowiadajgcym sprezystemu
przyrostowi dXugodci tworzacej przy przyroscie sity osio=-
wej Nyo Zalezno$é ta przybiera wéwezas postaé:

C_ 0 XefeH_¢o -2 dn
pu. g =8 (-5 )2 - gy
gdzie € oznacza bezwymiarowg podatnosé sprezysts tworzacej:
£ = 2Eh®
Oc X (H-%c) * .
Dla rozpatrywanego w p.3 przypadku jednowarstwowego zbroje-
nia w strefie rozciggenej otrzymujemy, podstawiajac /31/

do /10/ i wykorzystujac warunek rdéwnoseci siz osiowych w
przegubach, zmodyfikowane wyrazenia /23/:

132f



“ 15 =

Ql%

/31 £ =p -, - +8R L Eoap op v

oraz

. d -
/34/ . -%-—rl*‘n““""]"?w 7, =0

#
s
(33

Po rozwiazaniu réwnania rézniczkowego /34/ otrzymujemy:
/I/ =d—J——1+?*Q +Ceg™&
35 N a w z L

Hajac okreslonag wartos$é sity osiowej mozemy wyznaczyé z
/33/ wielkodé g w przegubach i nastepnie z /10/ odpowied=-
nie wielko$ci momentéw. Réwnanie rdwnowagi /27/ daje wéw—
T gceas:
Ne\ H? 2 oy, 2 ~Et A4 R

/36/ (p- —R—"-)%; =2[4(?~+'2g*_(?w+‘2,,) A J-2[ce™ - "8?] .

Jako warunek poczatkowy dla wyznaczenia staXej caXko=
wanla przyjaé mozna stan w chwili powstania pierwszego mecha=-
nizmu plastycznego pzynigcia. Poniewaz deformacje w fazie
sprezyste] sg niewielkie, mozna przyjaé, Ze ruch piyniecia
plastycznego rozpoczyna sie od stanu nieodksztaXconego.
Przy takim przyjeciu /por. [10] / warunkiem poczgtkowym jest:

s w=0 , n=0 ©h

Po jego wykorzysteniu rdéwnanie /36/ deje ostateczne rozwig-
zanie,

/387 n=(1- B*EOLJ(:L +1-n =p)-cL,
(p- "NE') =2[4(@p, +'2z) 2(n+0.) +(1-p, ? —Oﬁ)]
-2fg, - ), 44

/39/



¥ przypadku gdy konstrukcja posiada wstepne ugigcie W=, h

warunek poczatkowy /37/ zmienia sie¢ na:
/40/ 0(."—'0(.0 ’ n=0

i roz wiazan:.e /39/ przybiera poste.é

/a1/ (P )hz —2[4(?‘;&?) k? +? )+'(4 ?w '? —OL)}

2

2[1ppkem(tne Mgk,

Zaleznosé biezacegd obcigzenia granicznego od ugiecia
pokazano na rys. 7 dla powzoki pozbawionej zbrojenia podzuze
nego oraz dla dosé silnego zbrojenia /ok. 1%/. Najwazniejszg
- informacjg Jest warto$é najwiekszego obcigzenia Pus ktdre
przenies$é moze konstrukcja. Odpowiada ono ugieciu, ktdre w. .
przyblizeniu mozna okreslié jako OLLL'-“:Q,SQ{:, gdzie A, odpo=-
wiada punktowi stycznosci aktualnej krzywej z krzywa odpowia-
uajch konstrukecji sztywno-plastycznej. Odpowiednie rozwaza=-

nia sg identyczne Jak w przypadku belki i podane sa w [10@

Otrzymujemy ostatecznie wzor:

(pu- r,i)—z--- 2{4(?,,“31) 2(7 +7, )+1 = - -Eln[‘HS( wk '?3

/42/ [ VA+EM- gw N.)- 1] }

‘Podobnie jek w przypadku konstrukeji sztywno-plastycze "~

nej, zakres waznos$ci rozwiazania /39/ ograniczony jest wa-
runkamlg 2-1 i§ 1 « Przy odpowiednio duzych ugieciach

dla ktérych warunki te nie bedg speXnione obowigzywaé bedzie
nedal membranowe rozwigzanie /29/. Sciso$é rozwiazania /39/ . .
ogranicza sie do zakresu Sciskajgcych siZ 'osiowycho Z warunku

N=0 wynika, &5 przestaje ono byé Sciske dla ugieé odpowic=-
dajacych na rys. 7 prawe] czesci krzywe] lezgcej powyzej po=

ziomu nos$nosci poczatkowej., Ten odcinek krzywej /dajacy Jje=

dynie oszacowanie/ oznaczono na ryse. 7 linig przerywang.

= -A-'Lwl .

M o=lp =g
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beton niezbrojony

2.0" =y
(]?w_?z- 0)
A
10 f:‘?
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Rys. 7



- 1T =

W przypé.dku zbrojenia podwdjnego rozmieszczonego w
poblizu krawedzi  przekroju wzory wynikowe pozostajg nadal
wazne, a jedynie w:r.elkoeclrz IZZ zastapié nalezy odpowieda.-'
nio przez p !2; igz r?w , gdzie ’Zl; X Q'w oznaczaja-
zbrojenie w strefie scis ke.naj na pcdporze i w przesle; za=
miana ta nie dotyczy pierwszego czlonu we wzorach. /39/ 1

/41/: 4(0 'H?L) ktéry pozostaje bez zmian.

5., Uwagi kordcowe

W zaleznodci od przyjetej wielkosei wépélczynnika
przedstawione rozwigzenie opisywaé moze cakg game przypad=
kéw od "efektu rozporu" dla konstrukcji sztywno-plastycz-
nych /dla € -»co/ do nieczuego na ugigcie zachowania sig
konstrukcji podpartej przesuwnie /€ =O /. W przypadku, o
gdy podpory maja pewna sprezysta podatnodé w kierunku X,
nalezaXoby zmodyfikowaé wartoéé wspdczynnika & zastepujac
£0 przez 64 zwigzany z poprzednim zaleznoscig:

e 30 = ol + .
/,43/ E 3 h k

gdzie k jest wspbZczynnikiem sprezystej podatnosci podpory.

Rozwigzanie dla konstrukc]i wstepnie odksztazconych . ’
/42/ pozwala uwzglednié wzmecniajace oddzialywanie skosdw:
na podporach lub wyksztaXcenia powZoki w ksztaXcie hiper=-
boloidy o bardzo maze] krzywifnie w kierunku osi X.
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