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The experimental verification of the unloading technique 
for the yield surface determination 

W. TRJ\MPCZYNSKI (WARSZAWA) 

USING THE TECHNIQUE of successive unloadings (proposed by the author in [1, 2]), the standard physi
cal quantities and the stress jump correspondins to opposite direction of plastic straining can be 
measured. Such data enable us to get, in a simphfied way, certain information on the material yield 
surface. In the case of the Huber-Mises yield surface even its radius and position of the surface 
center can be detected in this way. In the present paper the yield surfaces were determined for 
different loading histories, using one specimen yield surface "punching" technique. These results 
were compared with that obtai.ned by using the simplified procedure mentioned above. Experiments 
were performed on thin tube specimens made of 1802A steel under monotonic tension and torsion, 
cyclic tension - compression and cyclic opposite torsion-proportional loadings. It is shown that the 
unloading technique can be very useful in determining the yield surface main properties, even in the 
case of complicated loading histories. 

1. Introduction 

THE ACCURATE DESCRIPTION of solids behavior under various loadings plays an important 
role in engineering applications, and several theories have been proposed to describe it 
[e.g. 3-6]. They were constructed on the basis of the existing experimental results, but 
none of them covers all the phenomena observed. So, new experimental results and new 
theoretical ideas have to be developed. 

The experiments concerning the yield surface determination have been carried out 
by several authors [e.g. 7-12]. Because of technical difficulties connected with obtaining 
the well defined and homogeneous stress state in the three-dimensional case, experiments 
are usually conducted under plane stress conditions. The different ways of specimens 
loading can be represented [2, 13] by planes intersecting the Huber-Mises potential. The 
ellipses obtained in this manner visualize the stress state which is realized by means 
of different experimental techniques, such as tension-torsion, tension-internal pressure, 
tension-torsion-internal pressure and torsion of thin tubular specimens. Any of the test
ing methods mentioned above gives only a limited amount of information concerning the 
material behavior in the whole stress space, and the results have to be treated as com
plementary. It can be assumed that tension-torsion tests of thin tubular specimens are 
mostly used. In such a case the way of the yield surface determination is schematically 
shown in Fig. 1. The yield surface is defined by experimental determination of several 
yield points. The specimens are loaded by different Txy' ax(/xy, ex) ratios, up to the 
yield limit defined usually as the stress state corresponding to a certain plastic strain value 
[7]. Such a technique can be realized in two ways: 

the entire yield surface is determined by means of one specimen and the consecutive 
yield points are defined by a slight surface "punch". 

every yield point on the yield surface is determined by means of one specimen. 
The first technique, mentioned above, can be applied when the yield limit is defined 

as that corresponding to a small amount of plastic strains. It is due to the fact that 
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FIG. 1. Determination of the subsequent yield surface points. 

every yield surface "punch" adds some plastic strains to the plastic loading history. So, 
determination of several points can disturb this history. Thus, the amount of the yield 
surfaces defined during the loading program is quite limited, and the data obtained can 
prove to be insufficient for the detecting material parameter evolution in the case of more 
complicate loading histories. 

The second technique is quite expensive (large number of specimens is needed) and 
all data obtained in this way contain a scatter due to different properties of different 
specimens. 

In both cases the determination of yield surface is a laborious, technically difficult and 
costly task. In the case of more complicated loading histories, when the yield surface 
has to be defined in several points, particularly difficult and expensive program must be 
carried out. 

After all, the experimental results obtained until now are still inconclusive. Although 
it is quite well established that the yield surface for the metals in the virgin state can 
be described by the Huber-Mises potential, the shape of the yield surface for plastically 
prestrained material depends very much on the assumed yield definition (for example, 
in Fig. 15 the yield surfaces for copper after 17% of shear are shown [16]. The dashed 
line refers to the "small" offset definition, and the solid one - to the back extrapolation 
technique). So, new experimental results are expected. First of all experiments concerning 
the behavior of material yield surface under more complicated loading histories (e.g. cyclic 
loading, non-proportional loading, etc.) are needed. 

A much simplified technique of determination of the yield surface was proposed in 
[1, 2]. Using this technique it is possible to detect, in a simple way, two well-defined points 
on the yield surface. These two points can then be used for theoretical verification. In the 
case of the Huber-Mises yield surface, these two points give enough data for determination 
of the whole surface. Let us now summarize the main idea of this technique. 

Most of the theoretical models in plasticity employ the notion of a yield function f, 
which can be written in the following form: 

(1.1) f(Sij- Oij, H)= 0, f(O, H)<= 0, 

where Oij ( akk = 0) is sometimes identified with a macroscopic measure of microstresses, 
Sii (S kk = 0) denote the deviatoric part of the stress tensor Uij and H describes the 
history of plastic strains. Equation (1.1) can be presented in the equivalent parametric 
form: 

(1.2) 

where nij is the unit "vector" of directions in Sij space (nijnii = 1, nii = 0). 
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For regular yield conditions R is a differentiable function of nii and H. It can be 
assumed that f occurring in Eq. (1.1) is so chosen that: 

(1.3) {) f I 8Sij X {) f I {)Sij = 1 (/ = 0), 

hence, the associated plastic flow can be written as: 

(1.4) efi I ( efnnl efnn)112 = 8 f I osii· 

Let us assume now the process of proportional plastic straining 

(1.5) efi = miieP(t), miimii = 1, mkk = 0 

such that eP(O) = 0, eP(O) > 0 and the specimens are initially in the annealed state 
(H = 0, aii = 0). Substituting Eqs. (1.5) and (1.2) into Eq. (1.4) one obtains the formal 
relationship between mii and nii: 

(1.6) mij(sgn eP) = Fij(nij' H), Fij = {) f I {)Sij 

from which it follows that mii is a unique function of nii for every H provided that eP 
does not change sign. It can be assumed also that nii is a unique function of mii. Let 
us introduce now the length .X of the plastic strain trajectory as an independent variable 
instead of the real time 

(1.7) 
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FtG. 2. Theoretical basis for the two yield points technique. 
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The basic program 0-C of plastic straining is shown in Fig. 2a. The loading is interrupted 
at point A(Sij) where specimen is unloaded and then reloaded into reverse straining 
direction until the small value of the increment of eP (the yield definition) is achieved 
( S /J) (Fig. 2b. ). One end of the stress deviator ( S /J) lies on the yield surface at point B', 
where the plastic strain-rate vector has the direction opposite to that prescribed in the 
basic program. In this moment the reloading process is stopped, the specimen is unloaded 
and loaded in former direction. The basic straining program is then continued. In this 
way two well defined points Sij and S/J on the current yield surface are obtained, for the 
chosen plastic strain history described by A (it is assumed that the plastic strain increment 
due to point B' identification is negligible). The first point lies on the yield surface where 
the plastic strain rate vector has the direction prescribed by the basic program, and the 
second one lies on the yield surface where the plastic strain rate vector has the opposite 
direction. Because of simplicity of this technique and because of the fact that it is only one 
yield surface "punch", it can be used several times during the whole loading history. Even 
for quite complicated loading histories (e.g. cyclic ones) the evolution of such parameters 
as: 

(1.8) 
Yii = (Sii - sn)/2, 

Ilii = (Sii + sn)/2, 

can follow and then they can be used for experimental comparison of theoretical predic
tions. 

Assuming that the current yield surface can be approximated by a second order surface 
possessing the centre of symmetry (ellipsoids), it is possible to show [1] that 

Yii = (Sii- sn)/2 = nijR(nii, H), 

Ilii = (Sii + sn)/2 = aii. 
(1.9) 

In a particular case when the successive yield surfaces are approximated by the Huber
Mises spheres, then 

Yii = (Sii - sn)/2 = nii R(H), 

Ilii = (Sii + sn)/2 = aii. 
(1.10) 

So, in such a case one can experimentally determine not only the evolution of Yii and 
Ilij, but also the evolution of the yield surface radius (R) and the position (aij) of its 
center. 

The technique mentioned above was used for determination of Yii and II ij in the 
case of cyclic loading, for two kind of steels [1, 14]. Then in [15] Huber-Mises material 
yield surface was assumed and the theoretical description was proposed to describe the 
evolution of R and aij due to different loading histories. 

Now the question arises, to what extent this simplified technique can be used for 
determination of the main properties of the yield surface. 

The present paper gives some information concerning that question. The experi
mental results are reported where, for the proportional loading programs similar to that 
p rt;:s._nted in [1, 14], the yield surface obtained by one specimen "punching" technique is 
compared with the results obtained by the unloading technique. Several propositions for 
interpretation of the experimental data (obtained by this simplified technique) are given. 
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2. Experimental investigation 

The experimental programs were performed on thin tubes (outer diameter 24 mm, 
wall thickness 2 mm) made of 18G2A steel at room temperature. Tension-compression 
and opposite torsion cyclic programs were performed using the facilities of the Institute 
of Mechanics 1 of Bochum University, described in [1]. All programs were performed 
with a constant effective strain rate ee = 3.4 · 10-4s-1, and the actual stress versus the 
logarithmic plastic strain were calculated and plotted. 

c 

0 

a 

e:~ 

off set 11 = 0.0005 

FIG. 3. Application of the "offset" yield technique in the case of tension. 

The yield points were defined by the offset definition 17 = 0.0005 as it is shown in 
Fig. 3 in the case of tension loading (in the case of complex stresses the curves a e versus 
ee were used). At a chosen moment of plastic strain history the value of the stress de
viator Sij was recorded, the straining direction was reversed and the slope of unloading 
curve was measured. At point B this slope was equal to Young's modulus for the virgin 
material and the straight line a of the same slope was determined. The distance between 
the successive points on the unloading curve (loading in "opposite" direction) and on this 
straight line was then calculated. When it was equal to the value 17 (the "offset definition" 
of the yield point), the second yield point S lJ was found and the strain direction was 

changed to the former one. Then the middle point 0 = (Sij + S!J)/2 was determined 
and other points on the yield surface were searched in the way shown in Fig. 4, with point 
0 being the center point. So, the presented technique of determination of the yield "off
set" was used for all points shown in Fig. 4, starting from the center point 0. At the end 
the primary direction of the strain rate was applied and the prescribed loading program 
was continued. 

Because of the instable behavior of the curve a versus e for this material (Fig. 3 -
region E), all the specimens were primarily prestrained up to eP = 0.003 in tension, 
compression and opposite torsion. So, all the specimens were primarily preloaded with 
e~ = 1.2%. 

As it was mentioned before, in the case of the one specimen "punching" technique, 
determination of every yield point adds some plastic strain value due to the yield defi
nition. For the presented experimental program the "offset" definition 17 = 0.0005 was 
assumed. So, detecting eleven (the last 12th one was used for control) separate yield 
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FIG. 5. The virgin material yield surface determined by two following procedures 
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FIG. 6. Monotonic loading under tension with subsequent yield surface determination. 

177 

points, the additional effective plastic strain e~ = 0.006 was imposed for every yield sur
face determination procedure. The influence of such a plastic strain increment on the 
form of the yield surface is shown in Fig. 5. The yield surface (for the virgin material) 
was detected twice ( • - points of the first yield surface, x - points of the second yield 
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surface, obtained just after the first one). It is shown that in spite of a slight change in 
the surface size, its shape doesn't change. 

Experiment 1. Monotonic loading under tension 

The specimen was loaded by tension at the constant effective strain rate ee = 
3.4 · 10-4s-1. After the assumed plastic strain increment L\e~, the yield surface was 
determined using the one specimen "punching" technique (Fig. 6A, B; Fig. 6B showns 
the obtained yield surfaces). The evolution of two main yield surface dimensions is shown 
in Fig. 6C. Although it is shown that the yield surface shape doesn't coincide with the 
Huber-Mises one (Fig. 6B) (in these coordinates it should be a circle), its two main di
mensions (a, b) grow up simultaneously. The maximal value of the distortion parameter 
d = 100 x (b- a)/a= 19 (Fig. 6B-3). 

Experiment 2. Monotonic tension (e~ = 5%) followed by cyclic tension-compression (e~ = ±1.5%). 

The specimen was monotonically loaded by tension up to c~ = 5% and then cyclically 
loaded by tension-compression (c~ = ±1.5%) (Fig. 7). The yield surfaces were deter
mined in three moments of the loading history mentioned (Fig. 7 A). The yield surface 
resulting from the monotonic loading is of the same shape as that resulting from the 
cyclic loading (Fig. 7B-2, 3). The maximal distortion parameter d = 100 x ( b - a)/ a 
= 15. 

Experiment 3. Cyclic tension - compression loading with different cyclic amplitude 

The specimen was cyclically loaded under tension-compression with (c~ = ±0.5%) 
cyclic amplitude up to the steady state. Then the amplitude was changed to (c~ = 
±1.5%) and the new steady state was achieved. This loading was followed by (c~ = 
±0.5% ), tension-compression cycling, also up to the steady state. The yield surfaces were 
determined for all cyclic amplitudes under steady state conditions (Fig. 8A). The shapes 
of the yield surfaces resulting from the cyclic loading are similar to those resulting from 
the monotonic one (Fig. 8B). The evolution of two main yield surface dimensions is shown 
in Fig. 8C. The maximal distortion parameter d = 100 X (b- a)/a= 18. 

Experiment 4. Cyclic tension- compression loading with (e~ = ±1.5%) plastic strain amplitude 

The specimen was cyclically loaded under tension-compression with (c~ = 1.5%) 
amplitude up to the steady state. The yield surfaces were determined at steady state 
for different plastic strain values (c~ = -1.4%, c~ = 0%, c~ = + 1.4%) (Fig. 9A) . 
The yield surface detected for c~ = 0% (Fig. 9B-3) and c~ = + 1.4% (Fig. 9B-4) have 
similar shape; it means that they are flattened in the direction "opposite" to the actual 
plastic strain and have a "nose" in the actual straining direction. The strong cross-effect 
is observed. The yield surface at point (c~ = -1.4%) is symmetric (it has a center of 
symmetry). The main yield surface dimensions (a, b) are almost constant (Fig. 9-C). The 
maximal distortion parameter was found to bed= 100 x (b- a)/a= 24. 
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FiG. 12. Cyclic opposite torsion loading with various plastic strain amplitudes. 

Experiment 5. Monotonic loading under torsion 

The specimen was loaded by torsion at the constant effective strain rate ee = 
3.4 · 10-4s-1• In several points of the loading history the yield surface was determined 
(Fig. lOA) using the one specimen "punching" technique (Fig. lOB- shows the obtained 
yield surfaces). The evolution of two main yield surface dimensions is shown in Fig. lOC. 
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The maximal value of distortion parameter was found to bed= 100 x (b- a)/a= 13. 

Experiment 6. Monotonic torsion followed by cyclic opposite torsion with different plastic strain amplitude 

The specimen was monotonically loaded by torsion up to ~~y/ V3 = 5% and then 

cyclically loaded by opposite torsion with variable plastic strain amplitude ( 1 ~Y / v'3 = 
±0.5%, ±3%, ±0.5% ). The yield surfaces were determined in different moments of the 
loading history (Fig. 11A, B; Fig. 11B shows the obtained yield surfaces). In the case of 
cyclic loading it was always the steady state loop when the yield surfaces were searched. 
The evolution of two main surface dimensions is shown in Fig. llC. The maximal value 
of distortion parameter was found to be d = 23. 

Experiment 7. Cyclic opposite torsion loading with various plastic strain amplitudes 

The specimen was cyclically loaded by opposite torsion with the following plastic strain 
amplitudes: ~~y/v!J = ±1, ±2, ±3, ±1[%]. The amplitude change took always place af
ter the steady state loop had been reached (Fig. 12A). The yield surfaces were determined 
for all cyclic amplitudes under the steady state conditions (Fig. 12B shows the determined 
yield surfaces). The evolution of two main surface dimensions is shown in Fig. 12C. The 
maximal value of distortion parameter was found to be d = 20. 

Experiment 8. Cyclic opposite torsion loading with 'Y~y / v'3 = ±3% plastic strain amplitude 

The specimen was cyclically loaded under opposite torsion with ~~y/ V3 = ±3% plas
tic strain amplitude up to the steady state (Fig.l3A). The yield surfaces were determined 
for different plastic strain values (l~y/v!J = -2.8%, 0%, 2.8%) (Fig. 13B - the de
tected yield surfaces). In spite of the observed change of the yield surface shape, its main 
dimensions (a, b) are almost constant (Fig. 13C). The maximal distortion parameter was 
found to be d = 23. 

3. The experimental results 

The complicated proportional plastic strain loading programs, under plane stress con
ditions, were performed on thin steel tubes under monotonic tension, cyclic tension -
compression, monotonic torsion and cyclic opposite torsion loading. The material yield 
surfaces were determined using one specimen "punching" technique at different instants 
of the strain history. The following main conclusions can be drawn up: 

1. All the results obtained for tension and cyclic tension - compression tests are 
similar to those resulting from the torsion and cyclic opposite torsion programs. 

2. The material yield surface for tension (torsion) and cyclic tension - compression 
(opposite torsion) loading tests are of the same shape and proportions. 

3. The material yield surface can be considered to be the Huber-Mises one (in the 
assumed coordinates - the circle) only for virgin specimens. Then, it flattens in the direc
tion "opposite" to the actual plastic strain and gets a "nose" in the loading direction. The 
considerable cross-effect is observed. The surface has no longer the center of symmetry 
but it is symmetrical to the actual straining direction (Fig. 14/1). 
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FIG. 15. The yield surface of copper pres trained by torsion up to 17% (- - - - the small offset yield definition, 
--the back extrapolation technique). 

4. The change of the shape of the material yield surface was presented using two 
parameters a and b. The first one is the yield surface dimension in the direction of the 
actual plastic strain and the second one shows its transversal dimension. Both parameters 
evaluate simultaneously through all the imposed plastic strain histories (when a increases 
then b also increases; when a decreases then b also decreases). 

5. The maximal distortion of the shape of the yield surface (from the Huber-Mises 
shape) described as d = 100 x ( b - a)/ a was found to be d = 24 (the cross-effect). 

6. As it was mentioned before, the yield surface of plastically strained material has no 
longer the center of symmetry; however, its shape can be fairly well described to within 
+8%, -5% accuracy by an ellipse. Such comparison is shown in Fig. 14/II in the case 
of the surfaces showing the largest cross-effect detected in the experimental programs 
performed (Fig. 14A- for the tension- compression, cyclic loading, Fig. 14B- for 
the opposite torsion cyclic loading). 

7. In · the case of cyclic loading (Fig. 9 and Fig. 13) the yield surface shape also 
undergoes cyclic changes (the "nose" direction) from that corresponding to one loading 
direction to that corresponding to the "opposite" one (even and odd half cycles numbers). 
Its main dimensions remain constant (a, b) for the steady state loop. 

The results reported in p. 3 and p. 6 coincide with that obtained for SUS 304 Stainless 
Steel [11, 12]. 

4. Conclusions 

The simplified two-points yield surface determination technique was described and 
discussed in Sec. 1. It was shown that, by detecting only two well defined points on 
the yield surface (Sij, S/J) one can get quite a lot of information concerning the surface 
itself. Assuming the form of the Huber-Mises yield surface, even the entire surface can be 
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determined in this way. The obtained experimental results provide additional arguments 
to this discussion. 

As it was discussed before, the two-points simplified technique makes it possible to 
determine experimentally the Yii and Ilii parameters (Eq. (1.8)). The first one corre
sponds to the yield surface dimension in the actual direction of plastic strain, marked in 
the present paper as a, and the second one represents the position of the middle point of 
that dimension. Although it was found that the yield surface for plastically strained mate
rial doesn't coincide with the Huber-Mises surface, this two-parameter evolution gives a 
lot of information about the yield surface itself. So, the proposed technique can be quite 
useful in future material investigation. Taking into account the obtained experimental 
results the following conclusions can be drawn: 

1. The yield surface plastically strained material doesn't coincide with the Huber
Mises surface. The significant cross-effect was observed and maximal distortion of the 
yield surface shape (for this experimental program) described as d = 100 x (b- a)/ a , 
was found to be dmax = 24 (Fig. 8). 

2. Although the detected material yield surface has no center of symmetry, its shape 
can be described to within the accuracy of +8, -5% by an ellipse (in the assumed co
ordinate system). Its center of symmetry coincides with parameter Ilii (Eq. (1.9)) and 
the proposed technique enables the experimental determination of llij (kinematic hard
ening) evolution. Also the evolution of a (Yij) (one of the yield surface radius) can be 
determined in this way. Knowing the a- b relation, the yield surface can be determined 
in this manner for every moment of the loading history, provided the above accuracy is 
acceptable. 

3. The parameters describing two main yield surface dimensions (a, b) evaluate simul
taneously. So, the evolution of one parameter, for example a (Yij ), describes the general 
behavior of the surface, its growth or shrinkage. 

4. The material yield surface for monotonic and cyclic loading are of the same shape 
and proportions. It means that by determining the evolution of the yield surface in the 
case of monotonic loading (using, for example, one specimen "punching" technique) and 
knowing only the evolution of parameter a (Yij) in the case of cyclic loading, the yield 
surface shape can be "reconstructed". 

5. In the case of more complicated shapes of the material yield surface (which cannot 
be described by a second order surface possessing the center of symmetry - for example 
Fig. 15, [16] - dotted line), the Two Points Yield Surface Determination Technique (The 
Successive Unloading Technique) can be also very useful. One can easily determine in 
this way two well defined points on the yield surface (Fig. 15 - point A and B). So, the 
evolution of Ilii and Yii describe the evolution of the middle point (point 1 and 2) and 
the dimension df the yield surface in the straining direction. It means that the general 
behavior of the yield surface (its displacement, expansion or shrinkage) can be detected 
by this method. 
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