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Hydrodynamic interactions between falling solid particles
of different densities (")

F. FEUILLEBOIS and A. LASEK (MEUDON)

THE vELociTy of sedimentation of a suspension of rigid spheres in a viscous fluid is calculated.
Hydrodynamic interactions between a large number of spheres are taken into account for
a small volume concentration and homogeneous distribution of the spheres. A probabilistic
approach introduced by G. K. Batchelor is used. Results are obtained for spheres of different
densities and equal radii.

Obliczono predkosci osadzania si¢ zawiesiny sztywnych kulek w cieczy lepkiej. Uwzgledniono
oddzialywanie miedzy diza liczba kulek przy zalozeniu malej koncentracji objgtosciowej i jedno-
rodnego rozktadu kulek. Zastosowano podejscie probabilistyczne G. K. Batchelora. Otrzymano
wyniki dla kulek o roznej gestosci i stalej §rednicy.

Brerunciiena CKOpOCTh OCeJaHHA B3BECH YHECTKMX INAPHKOB B BA3KOH YKHIKOCTH. YUTEHBI
B3aMMOJCHCTBUA Meay OGOoNBIIMM KOJHMYECTBOM INAPHKOB, IPH IMPEANOJIOMKEHHH MAaJIoH
00BEeMHOI KOHIIEHTPAlMH M ONHOPOIHOrO pacnpefiencHuA mapukoB. IIpumenen npobabmmmc-
Tuueckux noaxoxn I'. K. Baruenopa. ITonyuenbl pe3y/bTaThl AJ1A IIAPHKOB C PasHBIMH IUIOT-
HOCTAMH H NOCTOAHHBIM JHAMETPOM.

1. Introduction

WE consIDER the effects of hydrodynamic interactions upon the sedimentation of spherical
particles in a fluid. The particles are assumed to be small enough for the creeping flow
equations to be valid. Moreover, the particles are assumed to be solid, so that the no-slip
condition applies on their surface.

The problem of sedimentation of identical spheres was treated by BATCHELOR [l] using
a probabilistic approach that he developed for that purpose. The sedimentation of drops
of different radii, but equal densities, using Batchelor’s method, was calculated by HABER
and HersronI [6].

In the present paper we are concerned with the opposite case of solid spheres of equal
radius, say a, but different densities. The full calculations to which this paper refers are
part of F. FEUILLEBOIS® thesis [5].

2. The results for two spheres

Before considering the many spheres problem, we expose the results for two spheres,
which will be used in the rest of the paper. The problem of creeping flow around two

(*) This work was done with the aid of “A.T.P. Mécanique et thermodynamique du C.N.R.S.”
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spheres can be separated into several problems (i.e. motion parallel to the line of centers
of the spheres in the same direction, plus motion in the opposite directions, plus motion
perpendicular to the line of centers, ...) due to the linearity of the Stokes equations of
fluid motion.

The separated problems have been considered by many authors. We may refer to,
for example, WACHOLDER and SATHER [9] who have used these different results to calculate
the trajectories of one sphere relative to another. The ‘case that they consider is general,
in the sense that the spheres have different radii and different densities. It happens that
different types of trajectory occur: either open trajectories where one sphere is coming
from infinity, passing near the other sphere, and going to infinity in the other direction;
or closed trajectories where the sphere number 1 cannot escape from a vicinity of the
sphere number 2, in despite of the fact that both may have different velocities of sedime-
ntation when falling is isolation.

This last situation may occur only for certain ranges of the ratio of densities and of
radii (see WACHOLDER and SATHER’S paper). For the case of interest to us, i.e. the same
radius, the trajectories are all open, which will allow us to calculate the probability distribu-
tion function, as explained later. It happens that it is easier for the probabilistic calcula-
tion to use the velocities of the spheres expressed in terms of the applied forces, when
the applied couples are zero,

1
Vp1 = 7411 F1+412F3],
@.1) Gerops

1
Up, = W[BuFu‘FBuFZL],

1
U, = w——[A42:F1 +42:F3 ],
2.2) 6rau

1
Up = W[Bnpu‘*‘Bzzel]-

The coefficients are then called “mobility coefficients”. We have written them in the form
developed by BATCHELOR [3]. The index || (resp. L) denotes the motion parallel (resp.
perpendicular) to the line of centers of the spheres.

The index p, (resp. p,;) stands for particle 1 (resp. particle 2). By symmetry

(2.3) Ay = Azz, Az = A4, By =By, By;=B;.

The coefficients 4,,, 4,, for the motions parallel to the line of centers are found from:
(i) the friction coefficient calculated for both spheres moving in the same direction
by STiMsON and JEFFERY [8] the inverse of which is

. 1 ) . -1
w0 2 Al 2 2
i v n(+D) 4sinh (n+ 1k (2n+1)*sinh?a
Ay +A;;,=|+sinha - - :
3 ~ (2n—1)(2n+3) 2sinh(2n+ 1) a+(2n + 1)sinh 2«

(24)
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with « given by
(2.5) cosha = ~2%

and r is the center to center distance;

(ii) the friction coefficient calculated by BRENNER [4] for two spheres moving towards
each other (in fact it is calculated for the equivalent problem of a sphere moving towards
a plane free surface); the inverse of this coefficient is

4 O n(n+1)
A=A = ?smha%(Zn—l)(Zn+3)

(2.6)

4cosh‘(n +-é—)rx+(2n+ 1)?sinh2a iy
2sinh(2n+1)a— (2n+ 1)sin 2«

The coefficients B,,, B,, cannot be given in such a closed form. A few values of the
friction coefficients have been calculated by O’NEILL and MAJUMDAR [7], with the use
of a computer, and the corresponding values of B,, B,, are given by BATCHELOR [3].

For intermediate ranges of the separation distance between the two spheres, we had
to interpolate between these values. For a vanishingly small gap between the spheres,
Ay, A, are regular, whereas B,,, B,, vary fast, with a logarithmic singularity.

For a large separation distance between both spheres, the results from the method
of reflexions given by BATCHELOR [3] are

4 6
All = 1_£ %) +0(“a—) 3

2.7

3. Statistics for many spheres

For a sphere A falling in isolation, the limit sedimentation velocity is given from the
Stokes drag, balanced with weight and buoyancy:

26%(0,.0—
G.1) i —_(9;; oe

where g, is the density of sphere 4 and g is the fluid density; a is the sphere radius, g is
the gravity.

For many spheres, multiple interactions may modify the Stokes drag and hence the
limit sedimentation velocity.

b
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These interactions may be either direct actions of other spheres onto the sphere A
“test” considered, or indirect actions of other spheres such as back action from another
sphere, or chain actions between several spheres.

In this paper we will assume that the spheres are uniformly distributed in the fluid,
and that their volume concentration is low, so that no cluster of more than two spheres is
present. We will use statistics, assuming that there are large numbers of spheres:

N, > 1 spheres A of density 0,4 and radius a,
Ng > 1 spheres B of density p,; and the same radius a.

We assume, moreover, that the spheres are in a large container, and that wall effects are
negligible, that the spheres rotate freely (i.e. no external couple is applied to them), and
that no force other than that due to gravity (buoyancy plus weight) and fluid drag is
exerted on the spheres. We neglected here, in particular, any Brownian force.

The statistics we use is basically that defined by BATCHELOR [1], except that it is gen-
eralized here to the case of two types of spheres. We define the probability of existence
of a configuration near the configuration €5 as
(3.2) P(€N)dEy = P(x+r,,X+T,,, ..., X+T4y,,

X+Tp,, X+Ip,, ..., X+Tpy )dor  d?r 4, ... d°rqy drg d°rg, ... d%rp,,.
This: means the probability that, simultaneously, *
the center of sphere 4, is in the small volume d°r,, in the vicinity of x+ry ;
the center of sphere 4, is in the small volume d°r,, in the vicinity of x+r,,

the center of sphere By, is in the small volume d>rp,, in the vicinity of x+ra,,.
Here
N = N_,+Ng.
We write the normalization condition

1

(3.3) N INT

f P(€y)d%y = |
by integrating each r over the large volume v containing all spheres, and remarking that
spheres A (resp. B) can be interchanged without changing the flow field.

We define also the conditional probability (')

P(€n41)
3.4 P(€xlx,) = — =
where P(x,) is the probability to find a sphere about x,; this probability is uniform by
assumption.

The average sedimentation velocity of a “test” sphere, say “4” sphere, located at x,,
is defined as
— 1
(3.5) Vpa(Xo) = N"—Narf Vou(Xo, €n) P(EnIxo)dE y.

v

Our purpose is to calculate this average velocity.

(*) The P are densities of probability but we will call them only “probabilities” for simplification.
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4, The reduction to two spheres

The formula (3.5) is quite general, and in order to simplify it and take on further the
calculation, we may use the assumption that only two spheres may be in the same vicinity.

Considering only two spheres, the test 4 sphere at x, plus a second sphere (either 4
or B) at x,+r, one would ohtain in place of Eq. (3.5)

1) Voaka) = [ ¥pao, Xo-+1) P(xo+EIxXo)dPr.
v
The formula has a question mark because we may ask whether the integral written in this
way is convergent.
In fact it is not, as can be seen from the mobility coefficients for large r, Eq. (2.7),
which contain terms in 1/r, 1/r3, and also from the fact that

(4.2) P(xq+r|xe) = P(Xo+r) = const for r— o0,

i.e. that spheres do not interact when well separated. The remedy to this situation has been
given by BATCHELOR [1]. The idea is that the influence of other spheres of the suspension
should be taken into account (two spheres are not enough) by specifying the average
velocity at any point of the suspension.

We take the frame of reference such that this average velocity is identically zero:

|
7}\( 'N 1 {Vw(xo, %;N)P(gﬁ)dgy — 0,
A. Bo .

(4.3)

N,NNB fV Voo(Xo0, €n) P(€x)d6y = 0,

where v (Xq, €y) is the velocity at a point x, located either in the fluid or in a particle,
due to all N spheres in the €y configuration. We wrlte first the expression (3.5) to be
calculated in the form

sty 1 2
Vpa(Xo) = Wflv”’ +V,(Xo, €x) +‘%‘[v2"m(x; En)lx—x, +W(Xo, %’N)} P(€xix0)dEy.
4.4)

We have written it this way because for two spheres the quantity between braces reduces
then to the Faxen formula (containing all terms in 1/r, 1/r®), plus an interaction term
which is O(1/r%).

Combining Egs. (4.3) with (4.4), we may obtain terms of the form

Veo(X0» GN)[P(E y|X0)— P(% )]

under the integral sign.

The quantity between brackets vanishes for spheres far apart, and permits the sim-
plified expression for two spheres

Ve (X0, Xo+1)[P(Xo+r|Xo) — P(Xo+1)]

to be integrable.
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The expression for the average velocity of sedimentation is then calculated from Egs.
(4.3) and (4.4) to be

4.5) Vpu(Xo) = Vpu, +V +V'+W
with
V= f Voo(Xo, Xo+T ) [P(Xo+T 4| X0) — P(Xo +1 )]d%r 4
v,x, efluid

+ f Veo(Xo0, Xo+¥5) [P(Xo+T5|Xo) — P(Xo+15)ld°rg—c 4V, 4—C5Vp5;
(4.6) v;x, €fluid

2
V = f %[V’ Voo (X, X+ )]xmx, [P(Xo +T 4|X0) — P(Xo +r)]dr 4
v,x, efluid

2 ' 1 1
+ f %—[V’vm(x, X +7g)lx=x, [P(Xo+r5|Xo) — P(Xo +r,)]d3r,+3 CaVpu,+ 5 C8Vps, -
v;x, €fluid

The second particle is either a particle 4 (at xo+r,) or a particle B (at Xo+rs).

The integrated terms in Eq. (4.6) contain c,, ¢ which are the volume concentrations
of particles 4 (resp. B). These terms originate from integration of Eq. (4.3) for situations
where the point x, is located in the particles (4 or B). The expression for W results from
straightforward integration of the interaction term w in Eq. (4.4) which decreases fast
enough for wP to be integrable

@47 w= fw(xa, Xo+1 ) P(Xo+T 4|X0)d’r 4+ fw(xo, Xo+1p) P(Xo+1rg|Xo)d’rp.

5. Calculation of the conditional probability

The conditional probability to find a sphere A4 at xo,+r, when a sphere test 4 is fixed
at x, is written using the uniformity assumption, plus the condition that both spheres
do not overlap:

0 if r,<2a,
.1 P(xo+r 4|%o) = :n‘ it r,>2,

where n, is the number of spheres 4 per unit volume of the mixture. The conditional
probability to find a sphere B at x,+r; when a sphere A test is fixed at x, is more compli-
cated, as both spheres have a relative motion which may influence this probability:

0 if rp<2a,
G2 P(xo-+rslxo) = {n,p(r,} if rg>2a.
Here we introduce p(rg) which has to be calculated from the hydrodynamic interactions
between both spheres in relative motion. For convenience, we will drop the subscript B
in this calculation.
The equation satisfied by the conditional probability is a Fokker-Planck type equation,
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describing the continuity of the cloud of all possible positions of the center of the B sphere
in the surroundings of the 4 sphere. For p(r) this is written as

(5.3) g" +V-(p-u

The same equation was used by BATCHELOR and GREEN [2] in the related problem of two
spheres in a pure straining motion flow. Here . is the relative velocity of both spheres
due to gravity effects. From Eqgs. (2.1) and (2.2)

(5.4 ll—'——[(A“ Alz) 72 + (B, — Bl:)( )] (Fs—F ),

where 1 is the identity tensor; F,, Fg, are the forces (weight plus buoyancy) applied to
A, B, respectively. The boundary condition to be applied to Eq. (5.3) with Eq. (5.4) is
a condition at infinity, i.e. for spheres far apart.

We see here that it is important that sphere B may effectively come from and go to
infinity relative to sphere A4, as announced at the beginning of the paper. If it were not
so, the boundary condition to apply would pose a serious problems.

The boundary condition has already been given in Eq. (4.2), on physical grounds.

We will show in the next paragraph that this result can be obtained rigorously, yielding

(5.5) r—-o, pr-—1.

The integration of Eq. (5.3) with Eqgs. (5.4) and (5.5) can be performed with the same
kind of analysis as the one used by BATCHELOR and GREEN [2] for the case of two spheres
in a pure straining motion flow, although the expression for u is here different. The analyti-
cal results is a function of the nondimensional distance r/a:

2(A;,—A;;—B,;+B,,)
5 6 ) = r) = ( ) f 11 12 11 12 dR
(56 pO=490N=20 —Au R(A,,—4,,)
where A4,,, A,,, By, B,, are functions of this nond:mensional distance also. For large
r/a, this expression can be developed using Eq. (2.7)

r 15(a\* 9 fa\’ a\’

(&) Q(‘E’) = I+?(?) +*a-(?) +0(?) 5
For other values of r/a, we have calculated numerically the integral in Eq. (5.6). The
resulting function is shown in Fig. 1. For closed spheres, Q is going to infinity, suggesting
a strong attraction potential. The result is due to the friction coefficient which becomes
(paradoxically) infinite in Stokes flow when particle B is moving towards particle 4,
and very close to it. But then other physical phenomena may be important and, in particu-
lar, the Brownian motion should be non-negligible as shown recently by Batchelor (paper
to be published in J. Fluid. Mech.).

For spheres far apart, we will give some more details. We have not used until now the
normalization condition for the conditional probability. This condition may be written as

(5.8) f P(xo+T1|X0)d%r = Np,

U—Uex
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a(R) 1 T T

\—--__J
2 25 R
FiG. 1

where v, is the volume excluded by the presence of the 4 sphere. The normalization con-
dition of the single probability for the sphere B is written by stating that the same number
Ny of spheres B is still present in v:

(5.9) [ Pxo+1)d = Ny
In fact 5
(5.10) P(xo+r1) = ng,

by the uniformity assumption.
Let us write the conditional probability for r > 2a in the form

(5.11) P(xo+T1|Xo) = K-n,-Q(_;_),

where Q(r/a) is the function found precedently, and K has to be found.
Substracting Eq. (5.9) from Eq. (5.8) and using Egs. (5.10) and (5.11) we get

P nan o Np-NpKa8nE - 8 1 -
(5.12) [ lew-nrzar = " |1
2 _é___m:!

The integral on the left hand side has been calculated ~ 3.6. On the right hand side,
vl%:ma is very large. This shows that K ~ 1 and K — 1 for © — oo0. Thus Eq. (5.5) is

demonstrated. Note that if we had supposed a priori that K = 1, then the first part of
Eq. (5.12) would have given the necessary value 8/3 for the integral of the left hand side.
But the preceding development shows that this integral should not have any given particu-
lar value.
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6. Result for the average velocity

The average velocity of sedimentation of the test A sphere is calculated from Egs. (4.5),
(4.6) and (4.7), using the values calculated for the probability, the classical expression of
the flow field v,, due to a single sphere in Stokes flow, and the expression for w from
the two-spheres problem.

The result is

(6.1) Vou = Vpu,(1=6.Tc ,—2.7¢5) +0.1v, 5 c 5.

The particle A4 is thus slowed down by other particles 4 and B. But an imprecision on our
calculated coefficients is to be taken into account. An error calculation (FEUILLEBOIS’
thesis [5]) shows that the precision on the probability Q is of the order
AQ 4 (Bl 1 "Blz)

6.2 — =27 =

L Q B, —B,;

By interpolation between tabulated values of B,,, B;,, we could get only a 10~? precision
on B,,— B,,. The resulting error for integrals on Q may then be large, e.g.

(6.3) A f [O(R)—1]R%dR = 0.3.
2

New more recent and more precise results for B;,, B;, by Jeffrey (to be published in
J. Fluid. Mech.) have allowed Batchelor and Wen to get more accurate results (to be
published in J. Fluid. Mech.).

Formula (6.1) for two types of spheres of different densities can be compared with
BATCHELOR’s [1] formula for one type of spheres:

(6.4) v, = v,,(1—6.55¢).

The difference between our coefficient (6.7) (for ¢ = 0 in Eq. (6.1)) and the coefficient
6.55 of this formula is probably due to the precision problem on B, —B,,.

7. The problem of nearly identical spheres

Another serious problem arises: if we let p,, = 0,5 (both spheres of the same density),
thus Vp, = Vpu, = Vpp, and ¢ = c,+c5, we do not obtain the same limit value for v,
as when we take ¢z = 0.

In fact the physical phenomena leading to the coefficients (6.7) and (2.7) in Eq. (6.1)
are of a different nature.

The first coefficient is the one for one type of spheres, and is obtained from a probabil-
ity distribution function (5.1) uniform by assumption.

However, the second coefficient is the one for coupled 4 and B spheres (0,4 # 0ps)s
and is obtained from the probability distribution function calculated from hydrodynamic
interactions. Now one may wonder what the probability distribution function (and hence
the friction coefficient) may be for nearly identical spheres such as g, ~ 0,5. We may



602 F. FEUILLEBOIS AND A, LASEK

put the problem in another way: consider the characteristic time of separation of two
spheres

(7.1) TRV P A . .
U a'Z Cpp—0pa

where » is the kinematic viscosity of the fluid. Consider a characteristic time for the ex-
periment where particles fall in a box of the height /:

1 v e
(7.2 t, ~ ~ . 1.
Upa, G’ Qa0
Defining the small number
(7.3) P CpB—0p4 s
Cpa—0
we see that
(7.4) RS
a
Three possible cases may occur:
3
1) 1> 2, v»(i), te> 1.
& E

The box is large enough and we wait long enough for all possible locations of the sphere

B with respect to the sphere A4 to be attained. The conditional probability is then 7y Q(&) :

3
2) Igf_., ﬂ@(i)s te = 1.
B - €
The volume of the experiment is too small to observe any relative motion of the two
spheres. Then the assumption of uniformity takes over and the conditional probability

is ng: ;
3) I~%, v~(£;—), Lot

This is the most general case. During the time 7, of the experiment, the sphere B takes only
a limited fraction of its possible positions on the trajectory relative to sphere 4. Thus the
condition at infinity (5.5) that we used to integrate the equation for the probability dis-
tribution function is no more valid here. A special treatment of this case should be con-
sidered.

We can remark that a related problem would arise for cases involving spheres of dif-
ferent radii, when the relative trajectories are closed (WALCHOLDER and SATHER [9]).
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