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Problems with a direct simulation Monte Carlo method
applied to the shock structure in a binary gas mixture

B. SCHMIDT and M. WORNER (KARLSRUHE)

It Has BEEN found that the direct simulation Monte Carlo method as developed by G. A. Bird
gives results independent of the number of molecules per cell for the shock structure in binary
gas mixtures if the number of molecules per cell is sufficiently large. Up to a certain number,
separation of the components, shock thickness and the temperature relaxation downstream of
the shock are dependent on the number of molecules per cell. Two facts are responsible for tb.e
observed distortions of the computed results: the calculation procedure for the molecule colli-
sions and the small perturbation propagation speed across a simulation cell.

Stwierdzono, ze zastosowanie bezpoSredniej metody symulacyjnej Monte Carlo opracowanej
przez G. A. Birda prowadzi w dwuskladnikowych mieszaninach gazowych do wynikéw nie-
zalemych od liczby czasteczek w komorce, jeéli tylko liczba ta jest dostatecznie wielka. Do
pewnej granicy rozdzial skladnikéw, gruboéé fali uderzeniowej i relaksacja temperatury wzdiuz
strumienia zaleza od liczby czasteczek w komérce. Zaobserwowane znieksztalcenia wynikow
obliczeft wynikaja z dwéch przyczyn: z procedury obliczeniowej dotyczacej zderzeri czasteczek
i z malej predkosci propagacji zaburzeh wewnatrz komérki symulacyjnej.

KoncraTnpoBaHo, UT0 NPHMEHEHHE HEMOCPEACTBEHHOTO AMATALMOHHOr0 MeTtoa MonTte-Kapio,
paspaboransoro I'. A. Bupaom, OpHBOOUT B JIBYXKOMIIOHEHTHBIX I430BBLIX CMECAX K pe3ylb-
TaTaM He3aBHCALIHM OT YHCJIA MOJIEKYJI B A4eiiKe, €C/IH TOMBKO 3TO YHCJIO JOCTATOYHO BEJIMKO.
Jlo HeKOTOpOro mpefeNia pasielleHHe KOMIOHEHTOB, TOJMIIIMHA YIApHON BOJHBI H PeflaKcalHs
TEMIEpPaTYpPh! BAOJEL NOTOKA 3aBHCAT OT YMC/Ia MOJIeKy/l B Adeiike. Habmonaemble HCKaYKeHHA
PE3yJLTaTOB PacyeTOB BBITEKAIOT H3 ABYX NPHUMH: M3 PaCUeTHOH NpoLeayphl, Kacaromeica
CTOJIKHOBEHHII MOJIEKYJI M I3 MAJIOi CKOPOCTH PAacnpOCTPAHEHHA BO3SMYLUEHHH BHYTPH HMMH-
TAlMOHHON AUeiKH.

1. Introduction

SeEVERAL forms of direct simulation Monte Carlo methods are in use ([1] to [4]). The
differences among the methods are mainly in the calculation procedure for the collisions
between the model molecules. It is of crucial importance that the simulation of the collision
process be done in a proper way. The result is very much influenced by the collision pro-
cedure.

In applying BIrD’s method [1, 5] to the shock structure in a binary mixture of inert
noble gases, it was found that under certain conditions the temperatures of the compo-
nents do not relax to the common equilibrium value (Rankine Hugoniot value) down-
stream of the shock wave. This has been observed especially when the number of mol-
ecules per cell of the simulation procedure was small. The reason seems to be a distorted
statistical balance in connection with the collision calculation procedure. An attempt
has been made to explain this phenomenon by describing the simulation method used.
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2. The numerical simulation method

For the calculation of the one-dimensional shock structure the field in front of the
shock generating piston (see Fig. 1) is divided into a sufficient number of cells. The size
of each cell, in this case its length in the x-direction, should be about one mean free path 4,
at the beginning of the calculation. State “1” is the undisturbed condition ahead of the
shock wave. The calculation starts by putting an equal number of molecules of each com-
ponent in each cell. It is impractical to fill the cells according to the mixture ratio with
such a number of molecules that the component in minority 'is well represented. In gen-
eral the number of molecules per cell would become too large and computer problems
would follow. The storage capacity would be exhausted soon and the demand in compu-
ting time would be excessive. BIRD [1, 5] circumvented this problem by putting at the
beginning of the simulation an equal number of molecules of each component into each
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Fi1G. 1. Arrangement of piston, cells and generated shock; time-distance plot and raw density data.

cell and represented the mixture by a weighting factor W that is simply the mixture ratio.
By a random number guided acceptance-rejection selection procedure, the individual
molecule velocity is assumed to obey, in the average, an equilibrium distribution accord-
ing to the undisturbed conditions ahead of the shock wave. The piston and left border
reflect the molecules specularly. Then the piston is suddenly set in motion with a speed
corresponding to the shock Mach number of the shock to be generated. The time is ad-
vanced in small increments At,,, where At,, is a fraction of the mean free path .I, divided
by the shock wave speed u,. Molecule movement and collision process are uncoupled.
When the molecules move in A4t, according to their individual velocity, no collisions are
calculated and vice versa.
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Of the four possible types of colliding molecule pairs in a binary mixture, the cross-
collisions are selected by a probability procedure influenced by the weighting factor.
The post-collision velocities are calculated by using the well-known relations. Each colli-
sion calculation executed advances the time counter for this type of collision by the collision
time At.. The selection and calculation of collisions is stopped as soon as the sum of all
At, reaches 4t,,. The collision time A, is inversely proportional to the square of the num-
ber of molecules per cell. Therefore a small N means a relatively large A¢. and a small
number of collisions calculated is the result.

All collisions selected are calculated. But whereas the minority component molecules
change their velocity at cross-collisions with every cross-collision calculated, only every
W-th cross-collision is effective in the average for the majority component molecules.
If N is small, it can happen that over one or more time increments A¢, no cross-collision
is effective for the majority component. The final result may not be balanced statistically
and numerically-caused nonequilibrium effects are observed downstream of the shock
wave.

A second effect, connected with a small number of molecules per cell, N, is that a dis-
turbance propagates faster if N is small. This can be explained by the probability de-
pendent choice of collision pairs in a cell. If N is large, most randomly selected collisions
are between molecules that are much less apart than the cell width. The lower N is chosen,
the more collisions are selected between molecules that are close to the opposite bound-
aries of the cell. Disturbances are propagated by collisions and therefore it is more likely
that a signal crosses a cell within few collisions and therefore faster if N is small. This
effect explains the broadening of the shock wave if N becomes small.

The procedure of separated calculation of molecule movement and of collisions is
repeated until the shock wave has formed and has become separated from the piston.
The run ends with the sampling of the different moments to calculate the macroscopic
quantities: density, bulk velocity and temperature. Depending on N, 10 to 100 runs are
needed for a reasonable low scatter of the data.

3. Results

To find out what number of molecules per cell, N, is needed to generate results inde-
pendent of N, a number of runs have been started with different numbers of molecules
per cell, N, different He-Ar mixtures and for three shock strengths, M, = 2, 3.5 and 6.
N has been varied from 4 up to 160 molecules per cell and component. The result is more
or less the same for all three shock Mach numbers M. Above a certain N the results be-
come less and less dependent on the number of molecules per cell. Figure 2 shows this
for the shock thickness 4 taken between 10% and 90% of (e—0,)/(02—p:), and the sep-
aration s between the two shock profiles of the components at (g—pg,)/(e2—0,) = 0.5.
“1” is the equilibrium condition upstream, “2” the equilibrium condition downstream
of the shock wave. For a 90%, Ar-10% He mixture, M, = 3.5, thickness 4 and separation s
become almost independent of N for values of N greater than 20 to 40 molecules
per cell.
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F1G. 2. Shock thickness A and separation s as plotted against the number of molecules per cell N for
an 90% Ar — 10% He mixture.

The more sensitive quantity is the temperature. Figure 3 shows the temperature profiles
of the components He and Ar for a M; = 3.5, shock wave in a 90%Ar-10% He mixture.
For N = 4 molecules per cell the temperature of helium does not relax to its equilibrium
value (T—T,)/(T,—T,) = 1. For N = 160 molecules per cell it relaxes to equilibrium.
Further, the profiles for N = 160 are steeper than those for N = 4. This is obvious for
the density profiles, too (see Fig. 4). Less obvious is that the separation s between the
components is smaller for N = 160 than for N = 4.
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Fic. 3. Shock temperature profiles under variation of the number of molecules per cell N.

Figure 2 shows that 20 to 40 molecules per cell are sufficient to generate molecules
per cell independent separations s and thicknessess 4. The picture is quite different for
the more sensitive temperature. As Fig. 5 shows, for the temperatures T, and Ty, down-
stream of the shock wave, the influence of N is present almost up to N = 80 molecules
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Fi1G. 4. Shock density profiles under variation of the number of molecules per cell N.

- — e e |
21 simulation N
rigid sphere model 4
Mg =35 20 -
L d 40 «
T.-T B8O =

—~

—

,_%

1 o o=l
3/97 0/%0 30/70 50150 70/30 900 573

mixture ratio Ar/He

FiG. 5. Ratio of the final temperature of argon and helium down-stream of the shock as function of the
mixture ratio and the number of molecule per cell N.

per cell. N = 20 is by far not sufficient for relaxation to equilibrium downstream of the
shock wave. An exception is the mixture with equal parts of the components, 50%, Ar
-50%, He. Here the weighting factor is equal to one and the number of collisions between
the components and within the components is balanced.

The question is now: how accurate are the computed N-independent results of the
direct simulation Monte Carlo method as developed by Birp [1], especially for gas mix-
tures? A definite answer can be given only by comparison with experimental results. These
are difficult to produce and are available in limited number. ROTHE [6] gives some experi-
mental results for very strong shock waves whereas CENTER [7] and HARNETT and MUNTZ
[8] give results for weak shock waves (M, x 2).

4. Comparison with experimental results

Only a very limited number of experimental data can be compared accurately with
calculated simulation results. Most papers lack the necessary basic data of the experi-
ments to calculate the mean free path length ahead of the shock wave or an equivalent
to normalize the length scale. The publication of CENTER [7] contains all information
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necessary for a comparison. Figure 6 shows the result for a He/Ar mixture with 48%,
argon. The agreément between simulation and experiment is good except for the end of the
shock on the high density side. Center attributes the failure of his data to come up to the
theoretical value for this particular Mach number (M = 2.24) to shock curvature and
radial diffusion in front of the shock holder. The comparison of calculated data with
Center’s results for 2.29 argon in the He-Ar mixture has not been possible thus far be-
cause the data are still being processed in the computer. We are anxious to see how good
the agreement is for the other experimental data of Center.
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FiG. 6. Comparison of calculated and experimental data for a M = 2.24 shock wave in a 487, Ar — 5277
He mixture. Simulation: N = 160 molecules per cell, mean free path A,; [1] page 71; experiment: 1, =
= 0.648 mm.

5. Conclusions

On the basis of the shock thickness and the component separation in the shock, it
is evident that the number of molecules per cell (N) has, up to a certain limit, a certain
influence on the calculated shock profiles. This has been found true in the shock Mach
number range 2 < M, < 6 and for binary Ar-He mixtures from 3% up to 97% argon.
Sufficient are 80 to 160 molecules per cell.

A comparison of some calculated results with experimental data for a weak shock
wave shows very good agreement between the results. It has to be seen if this good agree-
ment holds for other experimental data, too.
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