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The linearized theory for submerged thin hydrofoil 
of infinite span 

A. CARABINEANU, L.DRAGO~ and I. OPREA (BUCHAREST) 

IN THE FRAMEWORK of the linearized theory we study the plane-parallel uniform flow of an incom
pressible, ponderable, inviscid fluid in the presence of a submerged thin hydrofoil. We represent the 
complex velocity potential by a continuous distribution of sources and vortices potentials. From the 
boundary conditions we derive a singular integral equation for~ (the vortex circulation). A numerical 
method is used in order to solve the integral equation and to calculate the lift, drag and moment 
coefficients. Numerical results are given in the case of an oblique fiat plate of small inclination. 

W ramach zlinearyzowanej teorii przeplywu rozwai:ono oplyw plata zanurzonego w wai:kiej, nielepkiej 
i niescisliwej cieczy. Zespolony potencjal pr~dkosci przedstawiono w postaci cictglych rozklad6w po
tencjal6w ir6del i wir6w. Z warunk6w brzegowych wyprowadzono osobliwe r6wnanie calkowe dla ~· 
R6wnanie to rozwi<tZano numerycznie w przypadku oplywu plaskiej plytki o malym kctcie nachylenia 
wzgl~dem kierunku przeplywu. 

8 paMKaX JHflleap1130BaHHOH TeOpl-111 Te4eHIHI paCCMOTpeHO o6TeKaHiofe KpbiJia, norpy

>KeHHOrO B BeCKOM, HeB.R3KOH lof nec>t<lofMaeMOH >t<lof)l.KOCTiof. KoMnJieKCIIbiH noTeHLV1aJI CKO

pOCTH npe)l.CTaBJieH B BH)l.e nenpepbiBHbiX pacnpe)l.eJieHHH noTeH~HaJJOB HCT04HHKOB 11 

BHXpei:1. l13 rpaHH4HbiX YCJIOBHH BbiBe)l.eHO CHHryJI.RpHOe HHTerpaJibHOe ypaBHeHHe )l.Jl.R 

~· OTO ypasneHHe peweno 41-fCJienno B cny4ae o6TeKaHH.R nnocKOH nnacTHHKH c MaJJbiM 

yrJIOM HaKJIOHa no OTIIOWeHHIO K HanpaBJJeHHIO Te4eHH.R. 

Notations 

2Lo 
(x1, yt) 

(x,y) 
Z =X+ iy 

j 
k = i xj, 
y = 7J(x) 

Yl = -h1 + ht(x) 
y = -h + h±(x) 

n11 n 
V1 

u 
v=(u,v) 

PI 
Patm 

e 
g 

Pi =PI+ egy 
p• 

r.p 

f 
dffdz =w=u-iv 

length of the hydrofoil, 
Cartesian variables, 
dimensionless Cartesian variables 
complex variable in the (x, y)-plane, 
versor of the Ox-axis, 
versor of the Oy-axis, 

equation of the free surface (in dimensionless variables), 
equations of the upper surface and inner surface of the hydrofoil, 
equations of the outer surface and inner surface of the hydrofoil in dimensionless 
variables, 
inward normal of the hydrofoil surface, 
fluid velocity, 
speed of the unperturbed flow, 
dimensionless perturbation velocity, 
pressure, 
atmospheric pressure, 
fluid density, 
gravitation constant, 
reduced pressure, 
dimensionless perturbation pressure, 
dimensionless potential of the perturbation velocity, 
dimensionless complex potential of the perturbation velocity, 
complex perturbation velocity, 
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ko = gLo/U2 (1/ko is the Froude number), 
[p•] jump of the perturbation pressure over the hydrofoil, 
CD drag coefficient, 
C L lift coeficient, 

C M moment coeficient. 
In the incompressible irrotational hydrodynamics the potential of motion is represented by a continuous 

distribution of sources and vortices. We denote by: 
q(z) source intensity at point z, 

-y(z) vortex circulation at point z . 

1. Introduction 

IN THE FRAMEWORK of the linearized theory, a numerical method of calculation of the 
lift, drag and moment coefficients for arbitrary submerged thin hydrofoils of infinite span 
is given. Numerical results are obtained in the case of an oblique flat plate of small 
incidence. 

2. The velocity potential 

Suppose that the uniform motion of an incompressible, ponderable inviscid fluid boun
ded by a horizontal free surface is perturbed by the presence of a submerged hydrofoil of 
infinite span. 

The motion is plane-parallel and the hydrofoil is considered to be thin, i.e. 

(2.1) I hfi:t) I < £ , £ ~ 1, hj(±Ln) = h!(±Ln). 

Let the Ox1-axis be in the plane of the unperturbed free surface, parallel to the 
unperturbed velocity (Fig. 1 ). 

_., --
Ui .t! 

I 

FtG. 1. 

Introduce the dimensionless Cartesian variables x, y by the relation: 

(2.2) (xt, Yt) = Lo(x, y), 

hence 

(2.3) 

The dimensionless perturbation velocity and pressure v, pare given by the relations: 

(2.4) Vt = U(i + v), 
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(2.5) 

In the linear approximation the perturbation is determined by the system 

(2.6) 
ov 
ox + gradp* = 0, div v = 0, lim (p*, v) = 0. 

x--oo 

From Eqs. (2.6) we deduce that rot v = 0. Introduce <p(x, y), the potential of the pertur
bation velocity given by the relation 

(2.7) v = grad <p( x, y) . 

The linearized conditions imposed on the free surface are (3, 4]. 

(2.8) O<p ( 0) = d7](X) 
oy x, dx ' 

(2.9) 
o<p 
ox (x, 0) = -ko7]. 

From Eqs.(2.9) and (2.9) we get 

(2.10) 
oz<p o<p - + ko- = 0 for y = 0. 
ox2 oy 

In order to determine the perturbation produced by the hydrofoil, we represent it by the 
perturbation produced by an a priori unknown continuous distribution of sources and 
vortices. 

As it is known from [3, 4], the complex velocity potential of the flow around a sin
gularity consisting of a source of intensity q and a vortex of circulation 1 at point zo 
is 

(2.11) 
q- if q + il -

f(z) = 2;-ln(z- zo) + 2;-ln(z- zo) 

- q + il exp( -ikoz) Jz exp(ikot) dt. 
1r t- zo 

-oo 

The limits in the integral result from the requirement for the perturbation to vanish at 
X~ -00. 

We can easily prove that <p(x, y) = Re f(z) satisfies Eq. (2.10). 
Let 

1 

(2.12) f(z) = 2~ J (q(O- i1(0] ln(z + ih- 0 d~ 
-1 

exp(~ik11 z) j { [q(O Hr(O] j 1e~~~k~t~ dt} d~ 
-1 -1 

be the complex velocity potential of a continuous distribution of sources and vortices on 
the segment x E (-1, 1], y =-h. 
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3. Distribution of velocity on the hydrofoil 

As in the thin airfoil theory [1], we linearize the boundary condition v1ni = 0 on the 
hydrofoil and impose it on the segment x E [ -1, 1 ], y = -h 

(3.1) 

with 

{}h± 
v±(x, -h)= ox (x), x E [-1, 1], 

v+(x, -h) = lim v(x, y), 
y--h 
y>-h 

v- (x, -h)= lim v(x, y). 
v--h 
y<-h 

From Eq. (2.12) we get the complex velocity 

(3.2) 1 I { 1 
w(z) = 271" J [q(O- i')'(~)] z + ih- ~ 

-I 

-[q(~) + i')'(~)] z _ i~ _ ~ + 2iko[q(0 + if'(~)] 
z 

J exp[ikt!(t- z)] dt} d~. 
t- zh- ~ 

-oo 

From Eq. (3.2), according to the Plemelj formulae, we have 

I 

(3.3) w±(x- ih) = _!_ J {[q(O- i')'(~)]-1-
271" X-~ 

-I 

where 

-i1'(0] 1 . + 2iko[q(~) + i')'(~)] xJ-ih exp[iko(t_+ ih- x)] dt} d~ 
x - ~ - 2zh t - zh - ~ 

w+(x- ih) = lim w(x + iy), 
y--h 
y>-h 

-oo 

=t=~(q(x)- i')'(x)), 

w-(x- ih) = lim w(x + iy). 
y--h 
y<-h 

The first of the integrals is taken in the sense of Cauchy's principal value. In order to 
calculate the integral 

xJ-ih exp[iko(t + ih- x)] dt, 
t- ih- ~ 

-oo 

the relation 

(3.4) 
x

1
-ih exp[iko(t + ih- x)] dt = €J-ih exp[iko(t + ih- x)] dt 

t - ih - ~ t - ih - ~ 
-oo -oo 

+ xJ-ih exp[ iko(t + ih - x )] dt 
t- ih- ~ 

{-ih 
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is used, where 
{-ih {-ih . 

J exp(ik0(t + ih- x)] dt = lim J exp(iko(t.h+ ih~- x)] dt. 
<
3

·
5

) i - ih- e a-+00 t - 'l -' 
-oo -a-ih 

Cs X 

.....__ ___ -+-_ ~-ih 
c1 

FLG. 2. 

To calculate the last integral, the relation 

0 = J exp(iko(t.+ ih- x)] di, 
<3·6) i- zh- e 

c 

is used, where 

C = Ct(a) U Cz(a) U C3(a, c) U C4(c) U Cs(c) 
is the path of integration consisting of (Fig. 2) the following segments: 

Ct(a) = {i = tt + iiz;it E [-a,e],iz = -h}, 

Cz(a) = {i =it+ iiz;it + iiz = e- ih +(a+ e)exp(iO);O E (;, 1r]}, 

C3(a,c) = {i =it+ itz;it = e,iz E (h + c,a]}, 

C4(c) = {i =it+ iiz;it + iiz = e + ih + c;exp(iO);i E (I, 1r]}, 

Cs(c) = {i =it+ iiz;it = e;tz E (-h,h- c]}. 

Taking into account that 

lim J exp(iko(i.+ ih- x)] di = O. 
<3·7) a-oo i - zh- e 

C2(a) 

and (from the semi-residue theorem) that 

(3.8) lim J exp[ iko(i .~ ihe- x )] dt = 1ri exp[ iko(e - x)- 2hko], 
£-+0 i- 'l -

C4(£) 

we obtain 

(3.9) €J-ih .exp[iko(i + ih- x)] di = - i1rexp(iko(e- x)- 2hko] 
t- ih- e 

-oo 

- lim J a-+oo 
£-+O C3(a,£)UCs(£) 

exp(iko(i + ih- x)] d 
.h ~ i, 

i- z -' 

33 
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whence 

(3.10) 
{-ih . . 

I exp[zko(t+zh-x)]d -[. E"*(2hk)] ["k(' ) 2hk] .h , t - n + z . 0 exp z 0 ~,_ - x - 0 , 
t- 'l -~, 

-oo 

where 

(3.11) 
-£ 2hk0 

[ I exp s I ex
8

p s ds] Ei* (2hko) = lim -- ds + 
£--+00 s 

-oo £ 

is the exponential integral function. 
On the other hand 

(
3

.
12

) xi-ih exp[iko(t + ih- x)] d 
t- ih- ~ t 

z-ih 

= Ix {(s- ~) cos[ko(x- s)] + 2h sin[k0(x- s)]} __ _ 
· (s- ~)2 + 4h2 

{ 

___ +i{2h cos[ko(x- s)]- (s- 0 sin[ko(x- s)]} ds 
+(s-02+4h2 . 

From Eqs. (3.4), (3.10) and (3.12) we obtain 

'1 

(3.13) w±(x- ih) = 2~ J { (q(e)- i-y(e)] x ~ ~ - (q(e) + i-y(e)] 
-1 

x _ ~ 1_ 
2
ih + 2iko[q(~) + i1(~)] · [Ei*(2kho) + 1ri] · exp[-ik0(x- ~)- 2hk0] 

+2iko[q(~) + i!(O] 

. Ix {(s- ~) cos[ko(x- s)] + 2h sin[k0(x- s)]} __ _ 
(s- ~)2 + 4h2 

{ 

___ +i{2h cos[ko(x- s)]- (s- ~) sin[ko(x- s)]} ds} d~ 
+(s- ~)2 + 4h2 

=t=~[q(x)- i1(x)]. 

By separating in (3.13) the real part from the imaginary one, we get 

(3.14) 

I 1 } 

u±(x- ih) = _.!._ I q(~) d~ + _.!._ I { -q(O(x- 0 + 2h!(0 
271" X - ~ 271" (X - 02 + 4h2 

-1 -1 

+2koexp(-2hko)[q(Osin[ko(x- 0] -!(Ocos[ko(x- ~)]] · Ei*(2hko) 

-[7r!(~)sin[ko(x- 0] + 7rq(Ocos[ko(x- ~)]] 

_
2
k (') Ix 2h cos[ko(x- s)]- (s- ~) sin[k0(x- s)] d 
oq~,_ (s-02+4h2 s 

{ 
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(3 .14) 
[cont.) 

_ Zk (C) Ix (s- ~)cos(ko(x- s) + 2hsin(k0(x- s)] d} dc "Y(x). 
o"Y ~ (s- ~)2 + 4h2 

8 .~ =F 2 ' 
~ 

'1 

v± (x- ih) = _!_ I { 1'(0 + Zhq(~) + (x- 01'(0 
· 21r x- ~ (x- ~)2 + 4h2 

211' 

(3.15) 

-Zk [ (C) Ix (s- ~) cos(ko(x- s)] + 2h sin(ko(x- s)] d 
() q ~ ( s - 02 + 4h2 s 

~ 

_ (~) Ix 2hcos(k0(x- s)]- (s -Osin(ko(x- s)] d l 
1' (s- ~)2 + 4h2 s 

{ 

-2ko exp( -2hko)[["Y(~) sin[ ko(x - ~)] + q(~) cos[ ko(x- ~)]] · Ei* (2hko) 

+>rq(e) sin(ko(x- OJ- "1'(0 cos(ko(x- Oll} de± q~) . 
From Eq. (3.15) and from the boundary conditions (3.1) we obtain the relation 

q(x) = dh+(x) _ dh-(x) 
(3.16) dx dx 

and the singular integral equation for 1'(~) 

1 1 

(3.17) _!:. I /(O d~ + _!:_ I f'(OK(~, x) d~ = f(x), 
7r ,-x 7r 

-1 -1 

where 

(3
.
18

) "( )- ~-x Zk Ix2hcos[ko(x-s)]-(s-Osin(k0(x-s)]d 
/\ ~' x - (x- 02 + 4h2- 0 (s- 02 + 4h2 8 

{ 

+ 2koEi* (2hko) sin( ko(x- ~)] exp( -2hko)- 2ko7r cos[ ko(x - ~)] exp( -2hko) 

and 
1 

f-(z) = -(dh+(x) + dh-(x)) + _!:_ I { 2hq(~) 
(
3

·
19

) dx dx 1r (x- 0 2 + 4h2 
-1 

-Zk (C) Ix (s- ~) cos[ko(x- s)] + 2h sin(ko(x- s)] d 
oq ' ( s - ~)2 + 4h2 s 

{ 

+2koexp( -2hko)q(0 cos[ko(x- e)]Ei"(2hko)- 2ko exp( -2hko),.q(0 sin(ko(x- OJ} de. 

4. The lift, moment and drag coefficients 

The lift and drag coefficients are 

(4.1) 
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(4.2) 

The moment coefficient with respect to the point M (0, h) is 

(4.3) eM=~ J X X p*nds, 
av 

where 

(4.4) 1J = {x + iy;x E [-1, 1], -h + h-(x) :=:; y :=:; -h + h+(x)} 

and n, the inward normal, is 

+ dh+. . dh-
(4.5) n = dx 1-J, n- =- dx i+j. 

From Eqs. (4.1)-(4.5) we obtain (taking into account that the order of magnitude of 
the terms we have in view is €) 

(4.6) 

with 

(4.7) 

(4.8) 

1 

eL = - J (p*] dx + 0(€2
), 

-1 

(p*] = p~(x, -h)- p:_(x, -h), P±(x, -h)= p*(x, -h + h±(x)), 

e J1 ( * dh+ * dh-) d 0( 3) 
D = P+ dx - p_ dx x + € ' 

-1 

1 1 

eM = -2 J (p*]xdx + 0(€2
). 

-1 

From Eq. (2.6) we deduce that p* = -u; therefore, taking into account Eq. (3.14), we 
obtain 

(4.9) 

Hence 

(4.10) 

(4.11) 

(4.12) 

where 

1 

eL=-j1(x)dx, 
-1 

1 
( dh- dh+) en= J u---u+- dx, 

dx dx 
-1 

1 1 

eM= -2 J X/(x)dx, 
-1 
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The drag, the lift and the moment of the hydrodynamical forces are 

(4 .13) Rv = i I Ptnt ds = i I (Pi- (]9Yt)nl ds, 
av 1 av1 

(4.14) RL = j I Ptnt ds = j I (pi - (]9Yt)n1 ds I 

8D1 8D1 

(4.15) !vi = +k I Xt x Ptnt ds = -k I (Pi - (]9Y1)nt x X1 ds. 
av 1 av1 

1J1 denotes the transversal section of the hydrofoil. If we know the drag, lift and moment 
coefficients, we get from Eqs. (2.2), (2.4 ), (2.5) and ( 4.1 )-( 4.3). 

(4 .16) 

( 4.17) 

(4.18) 

1 2 
Rv = 2eu (2Lo)Cv I 

1 

RL = ~eU2(2Lu)[cL + ku J (h+(x)- h-(x))dx] , 
-1 

1 

M = ~eU2 (2L11 )2 [eM+ ';' J x(h+(x)- h-(x)) dx ]· 
-1 

5. Approximate evaluation of the lift and moment coefficients 

First of all we seek for an approximate solution of the singular integral equation 
(3.17). From the Kutta-Jukovski condition we deduce that the solution must be finite at 
the trailing edge (i.e. for~ = 1). Therefore we represent it as 

(5.1) 

The Gauss-type quadrature formulae [2] are used, 

(5.2) 
1 1 {N 2 n ;;: J fl~F(O d€ = ln + 1 ~(1- €a)F(€a), 

(5.3) 

where ~o: are the roots of the orthogonal polynomial of degree n, associated with the 
weight function y/(1- ~)/(1 + 0, namely 

(5.4) 
2a7r 

~o: = cos 
2

n + 11 a = 11 .. . 1 n 1 

and 

(5 .5) 
2j- 1 

Xj = cos 
2

n + 1 1 j = 1, . . . , n . 
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Formulae (5.2) and (5.3) make it possible to replace Eq. (3.17) by a system of linear 
algebraic equations for the approximate values of the unknown function r in the nodal 
points 

n 

(5.6) L(Aja + Bja)F = J;, j = 1, . . . ,n , 
o=l 

where 

(5.7) A . - 2 1- ~0' 
)0'- --

2n + 1 Xj -~a' 

and 

(5.8) 

From Eqs. (4.10), (4.12), (5.1) and (5.2) we obtain the approximate values of the lift 
and moment coefficients 

(5.9) 

n 

(5.10) eM =-2n: 1 L(1- ~a)~aFa. 

6. The oblique flat plate. Numerical results 

Let 

(6.1) 

o=l 

be the equations of the surface of obstacle (Fig. 3). From Eqs. (3.16) and (3.19) we obtain 

(6.2) q(x) = 0, 

(6.3) 

... 

[(x) = 2c. 

Y4 
I __ j ___ _ 

,.. ...... 

FIG. 3. 

'-. X 

The numerical results obtained by means of the relations (3.18) and (5.1)-(5.10) for 
various values of ko and h are presented in Table 1. For ko = 0 the results obtained in 
this paper are very close to those obtained in (2]. 
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Table 1. 

h ko NL = CL/27rE NM = CM/7rc 

1 0 1.19082 1.10320 
2 0.25 2.73542 2.66303 
2 0.50 1.43311 1.52497 
2 1 0.89607 0.99266 
2 2 0.91086 0.95187 
2 4 0.93400 0.96462 
2 8 0.94319 0.96908 
2 16 0.92465 0.97629 
4 0.10 1.44423 1.42608 
4 0.25 1.24306 1.25392 
4 0.50 1.10079 1.03257 
4 0.75 0.97271 0.99151 
4 1 0.97329 0.98724 
4 1.50 0.97855 0.98905 
4 2 0.98066 0.99013 
4.5 0.10 1.37773 1.36492 
4.5 0.25 1.17175 1.18300 
4.5 0.50 0.99712 1.01569 
4.5 0.75 0.97810 0.99143 
4.5 1 0.98003 0.99016 
4.5 1.50 0.98363 0.99168 
4.5 2 0.98502 0.99239 
5 0.10 1.32444 1.31535 
5 0.25 1.12332 1.13413 
5 0.50 0.99235 1.00648 
5 0.75 0.98253 0.99235 
5 1 0.98461 0.99231 
5 1.50 0.98710 0.99346 
5 2 0.98806 0.99396 

10 0 1.00249 1.00124 
10 0.25 1.00378 1.00719 
10 0.50 0.99609 0.99811 
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