Analysis of separation of blood flow in constricted arteries
K. HALDAR (CALCUTTA)

THE PRESENT investigation represents the analysis of blood flow through an axisymmetric constricted
artery and the constriction is cosine-shaped. The perturbation method has been applied to study the
flow field in the tube and the theoretical results obtained in this analysis are given for the velocity
distribution, wall shearing stress and the separation phenomena. Numerical solution of the theoretical
results have been shown graphically and tﬁc pattern of separation is compared with that of Morgan
and Young [4].

Przgprowadzono analize procesu przepltywu krwi przez osiowo-symetryczng arteri¢ z przewezeniem
o profilu cosinusowym. Zastosowano metodg perturbacji dla okreslenia pola predkosci przeplywu w
arterii, rozktadu napre¢zen stycznych na $ciankach i zjawisk oderwania. Na rysunkach przedstawiono
wyniki obliczen numerycznych, a posta¢ oderwania strumienia poréwnano z wynikami podanymi przez
Morgana i Younga [4].

[posenen aHanus npolecca TeUEHUA KPOBU Uepe3 OCECUMMETPUUHY IO aDTEPHUIO C CyKe-
HUeM ¢ KocMHYycHBIM npodunem. [Ipumenen meton neprypbaummu ans onpenenenus nons
CKOPOCTM TEUYEHUA B aAPTEPHM, PACNPEJENIEHUA KACATEbHbIX HaNpAXeHUN Ha cTeHKax
u sBsuenuit orpuiBa. Ha pucynkax npeacrasiieHbl pe3ynbTaThl UMCIEHHBIX pa3yeTob, a
BU/Jl OTPbLIBA NOTOKAa CPaBHeN ¢ pe3ynbTaTaMu, npusenennbimu Mopranom u FOnrom [4].

1. Introduction

LOCAL CONSTRICTION in an artery disturbs normal blood flow and frequently results in
arterial disease. There is much evidence that the importance of hydrodynamic factors
can play an important role in the development and progression of this disease. The flow
characteristics which may have medical importance require some alterations.

The actual cause of stenosis are known but its effects on the flow characteristics have
been studied by many authors. In one of the earliest papers YOUNG [1] considered a
highly simplified linear model to analyse blood flow through a mildly constricted tube.
Then FORRESTER and YOUNG |2] extended the work of YOUNG [1] to study the effects
of flow separation on a mild constriction. LEE and FUNG [3] investigated the problem
of blood flow through a constricted tube numerically and the solution was applicable to
both mild and severe contrictions. MORGAN and YOUNG [4] extended and modified the
work of FORRESTER and YOUNG [2] by making use of both the integral-momentum and
integral-energy equations. The solution obtained in their analysis was valid for both mild
and severe constrictions.

The present investigation deals with the problem of blood flow through a locally con-
stricted tube by means of the perturbation technique. The solution obtained in this analysis
by considering blood as a Newtonian fluid is shown graphically for the wall shearing stress
and separation phenomenon.

2. Mathematical model

The nondimensional equation of motion that governs the flow field in the constricted
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tube, is given in terms of a stream functions as

23 i}
(2.1) R.6 1oV, ¥) _ _2_ : S?_"_ V| = v

with the following transformations:
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where Re = U R, /v is the Reynolds number, (u,v) and (u,, u,) are the dimensional and
nondimensional velocity components in the axial and radial directions, respectively, Ry is
the radius of the normal tube and [/2 is the length of the constriction (Fig. 1), uy is the

characteristic velocity; the stream function 3 is defined by

(2.3)

and the operator is given by

(2.4)

(/2

Fi1G. 1. Geometry of constriction.

The boundary of constricted tube is described by

R(Z) T ( 471‘2) Iu
2.5 =]l—-—(14+cos— ]|, —-—+<2<
(2:3) Ry 2Ry Iy 3 =R
=1, otherwise,
whose dimensionless form is
£ 1 1
: =1—= — e
(2.6) flz)=1 2(1+c:os47'r:r:), 3 <z < R

=1, otherwise,

-~

where R(z) is the radius of the tube in the constricted region, ¢ is the maximum height

of the constriction, f = R/Ry and € = 7/ Ry.
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The boundary conditions in terms of nondimensional quantities are

27 uy =0,
. u, =0 atr=f;
(2.8) up, =0 finite at r = 0;
I(x) 1
(2.9) f rugydr = =5

0

To solve Eq. (2.1), we need some simplifications and use the perturbation technique to
build up differential equations of difterent orders together with their boundary conditions.
In order to do this we expand the stream function ¢ in ascending powers of é as

(2.10) Yz, r,8) = Yoz, r) + 6¢q(z, r) + oz, 7) + ...,

where ¥y, ¥ and i, are the perturbation quantities of order 0, 1 and 2. Introducing
Eq. (2.10) into Eq. (2.1) and then equating terms with equal powers of §, we have the
following set of perturbation equations together with their corresponding boundary con-
ditions to the second order:

Zero-th order

02 10
7 2 ), — COE s e i i T
(_11) L d[) O: 87'2 r 37’ 1
__1_% = ﬁnlte”
(2.12) A r or
Yy =0 at r=0;
Low_,
(2.13) "R :
Py = ~3 atr = f
First order
19yg (&Py 3% | 3 Oty Re 0Ovy Oy
2 ) = " c——— ——— — — — — — ST SR PP Py
(2.14) L1 =Re r dx (f)r-" r Or? & r2 9r r dr - gz’
_1% = ﬁni[e,
(2.15) r or
Y1 =0 at r=0;
Loy _ _

Second order

azd’() Re 61/)() (‘)l,b] 6-:!)1 61/;0
2 Yy R e i [ — + — . l e,
(217 By - Oz r [ or k ( Oz ) or ( Oz
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(2.17) +Re Oy 1 i 3 gazﬂ’l 304
lecont] Oz or3 r Or? r2 Or
O L[y 30%p | 3 Y] .
R ;[ars i Y
—1? = finite,
r v
(218) P =0 at r=0;
(2.19) O g
r Or

3. Solution of the problem

The solution of the stream functions ¢y, ¥, and ¥, can be obtained by solving their
respective equations under the corresponding boundary conditions. The solution vy of the
zero-th order problem described by Egs. (2.11), (2.12), (2.13) is

3.1 Yo = %(?f' - 24%).

After having the zero-th order solution, the first and second order problems can be easily
solved and their solutions are

Re d
(3.2) Y = 36(; df (* — 69" + 9y*4y?),

df d*f , Re[df\’
(3) = ——6[5 (£) —f—](z - (L) Fo,
where
y=r/f,

(3.4) F(y) = 1350(my12 165" + 600y® — 1100y° + 960y* — 33137) .

The dimensionless expressions for the velocity components in the axial and radial
directions are

!
65 w= - -Gl e oot + 97 -2)

46| (51— 1) Gy 497 + 1)
Rez 10 8 6 4 2
* Sao0p (96 — 825y" + 2400y — 3300y* + 1960y — 331)
(36) w=-29-7'G )
Re §2
~ 3 20F — 4257 + 45y~ 129) — [ (4 ~ 647 + 95" — 4y)].

The expressions (3.5) and (3.6) show that the leading term of u, is independent of é
whereas it contains é in u, i.e., the radial velocity component is one order higher than
the axial velocity component.
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The wall shearing stress Ty, in the form of dimensionless variables retaining the terms
up to the second order is

__1 Re f’ 2 _1 12 1 12 " Rez' 12
k7 Tu.= FHW” [ Ff +§5(5f =JF BETT f}.

The points of separation and reattachement at the wall are given by 7,, = 0, i.e.

12f

(38 Re= pm s ff,,)[ 2V5{3(32f"2 = 15f ") — 22" - f£")

x(67f'% — lef“)}% s 15f’] :

4. Discussion

The theoretical distribution of the shearing stress along the wall of the tube is given
in Fig. 2 for different values of the Reynolds number. The figure shows that the she-
aring stress for any given Reynolds number attains its maximum value just ahead of the
throat of the tube and then decreases rapidly in the diverging section. At a low Reynolds
number the stress becomes negative over some length of the tube in the diverging section.
The reason for such negative distribution of shearing stress indicates the occurrence of
separation which involves circulation with back flow near the wall. As a result, a high
velocity core surrounded by the separated region is formed with low shear at the wall.
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FiG. 2. Distribution of wall shearing stress.

At a high Reynolds number the negative shearing stress distribution is also observed
over some upstream length of the tube. The spread of this negative shear in the upstream
direction is much smaller than that in diverging section indicating large down-stream
circulation.

The theoretical locations of the zero shearing stress are plotted against the Reynolds
number in Figs. 3 and 4. The separation and reattachment points can be obtained from
the relation (3.8). Figure 3 shows that separation occurs when a critical Reynolds num-
ber is reached. If the Reynolds number increases beyond this critical Reynolds number,
the upstream branch of the curve gives the separation points and the downstream brand
corresponds to the reattachment points. The separated region is located between these
two points. At a higher Reynolds number the separation point asymptotically reaches a
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F1G. 3. Separation and reattachment points in the diverging region.
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F1G. 4. Separation and reattachment points in the converging region.

point somewhere between the original separation point and the throat of the tube, and
at the same time the reattachement point is nearly proportional to the Reynolds num-
ber. The result obtained above is qualitative because the solution has been considered up
to the second order of é and the general pattern of the solution is the same as that of
MORGAN and YOUNG [4]. It is also observed that for any given Reynolds number or tube
constriction the separation point moves towards the throat of the tube and the reattach-
ment point moves downstream with the enlargement of the region of separation which is
physiologically unfavorable.

Similarly, Fig. 4 clearly explains the separation phenomenon in the converging section
of the tube. The downstream solution of the curve corresponds to the reattachment points
and has the same nature as that of the upstream solution of the divergent section. But the
upstream solution of the convergent section which gives the position of separation points
slightly differs from downstream solution of the divergent section of the tube.



ANALYSIS OF SEPARATION OF BLOOD FLOW IN CONSTRICTED ARTERIES 113

Acknowledgement

I express my deep gratitude to Professor A. GHOSH, Electronics Unit, 1.S.1., Calcutta,
for discussing various parts of the problem. I am also grateful to R. KUNDU, Electronics
and Communication Science Unit, 1.S.1., Calcutta for entire computation of the theoretical
results.

References

1. D.F. Younc, J. Engng. Ind.,, Trans. Am. Soc. Mech. Engrs., 90, 248-254, 1968.
2. J. H. FOrRresTER and D. F. Young, J. Biomech., 3, 297-316, 1970.

3. J.S. Lek and Y. C. Fung, J. Appl. Mech,, 37, 9-16, 1970.

4. B. E. MORGAN and D. F. YouNng, J.Math.Biol., 36, 39-53, 1974.

ELECTRONICS UNIT
INDIAN STATISTICAL INSTITUTE
CALCUTTA, INDIA.

Received February 20, 1991.





