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Discussion on the effects of strain history for viscoplastic materials 

P. PERZYNA and K. WOLOSZYNSKA (WARSZAWA) 

THE PAPER presents an attempt to describe theoretically the broad class of materials (fee, bee, 
hcp) in which it has been experimentallY. established that the dynamic stress-strain curVe was 
strain-history-dependent. The internal parameters: a; - inelastic deformations, "- hardening 
and y - viscosity are introduced to the description. It is shown that, depending on the evolu
tion equations assumed, the experimentally-observed effects of finite and fading memory may 
be accounted for. · 

W niniejszej pracy przedstawiono pr6~ opisu teoretycznego szerokiej klasy material6w (fee. 
bee i hcp),· dla kt6rych doswiadczalnie wykazano wplyw historii deformacji na krzyw~ dyna~ 
miczn~: napr~i:enie-odksztalcenie. Do opisu wprowadzono parametry wewn~trzne; a;- de
formacj~ niespr~zyst~. " - parametr wzmocnienia, y - parametr lepko§ci. Wykazano, i:e za
lei:nie od przyj~tych r6wnan ewolucji moi:na opisa.C, zaobserwowany doswiadczalnie, efekt 
skonczonej i zanikaj~cej pami~i. 

B uacro~eA pa6oTe npe,nCTilBneua noiiblTK8 TeopeTIIllea<oro ODHC8BHJI Umpoi<Oro· I<Jiacca 
MaTepHBJIOB, ,niDI I<OTOphlX 3I<CIIepHMeHTa.Jn.HO DO~O : BJIWJHHe BCTOpHH ,ne<t>opM81UfH 
Ha ,D;HHaMuq:eCI<ylO l<pHByiO (HanpiDKeHHe- ,ne4K>pManHJI), ,Ilmi ODHC8HBJI BBe,nem.I BHyTpeH• 
HHe napaMeTpbi: a; - Heynpyrue .neciK>pM8IlBB, " - napaMeTJ) . ynpollllemm, y - napa .. 
MeTp B.R3I<OCTH. flOI<~O, tn'O B 3aBBCHMOCTH O'l' npBH.RT:biX ypasHeHHH 3BO~QBH MO>I<H9 
OIIHcaTL, Ha6mo,naeMbiit 3I<CIIepHMeHTa.Jn.HO, 3<l><l>eKT I<OHetmOH H HC'le33IO~eH DaMJI1'H ~ 

1. Introduction 

THE DYN'ooc stress-strain curve for viscoplastic materials depends not only on the strain 
rate but also on the strain history, what has been proved by numerous experiments per
formed in the recent years on various types of materials: fee, bee and hcp. By deforming 
a specimen at a constant strain rate ·h and next, by suddenly changing the strain rate 
from y1 to another constant value y2 > y1 , a stress-strain curve is obtained which differs 
from that following from the experiment in which the specimen is deformed at a constant 
strain rate y2 from the very beginning. The experiments suggest that such a behaviour 
of the material results from the strain-rate history, and the suggestion is .confirmed by the 
experimentalists themselves. Theoretical investigations show~ however, that by introduc
ing the strain history into the constitutive relations a good description of the experimental 
results can be obtained. By using the intern~! par~eters (inelastic strain, viscosity and 
hardening parameters) and the corresponding equations of evolution, we arrive at th~ 
conclusion that the stress at the constant strain rate .Y depends both on . the strain and the 
strain history. Depending on the equations of evolution assumed, the effects of finite 
or fading memory may be described. 
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774 . P. PERZYNA AND K. WOLOSZYNSKA 

Comparison with the experimental results makes it possible to select the proper evolu
tion equations, and also to determine the strain rates at which the history effect is most 
pronounced, what is connected with the mechanisms of plastic flow. 

2. Discussion of experimental results 

Let us present in this section a brief review of experimental results which show the 
considerable influence of the history of deformation upon the behaviour of viscoplastic 
materials. 

T. E. TIETz and J. E. DoRN [7] were the first_to observe a very interesting phenomenon: 
in the process of loading of a specimen (under isothermal conditions) occurring first at 
a constant strain rate ·h and then changing the strain rate to y2 (y2 > y1) \ the stress
strain relationship (dynamic curve) obtained differs from that corresponding to the process 
of loading at the constant strain rate y2 (1 ). In order to investigate the effect of temper:ature, 
similar experiments were performed but with the temperature changing abruptly from 
IJ1 to {}2 (61 > f 2 or D1 < IJ2 ), and under the constant strain rate y. The dynamic curve 
obtained in this manner and corresponding to the changed temperature IJ2 does not 
coincide with the dynamic. curves resulting from the experiment in which the temperature 
was kept constant at {}2 • 

Most of the experiments of this type were performed on the fee type materials, e.g. 
copper or aluminum (R. A. F'RANTZ, J. DUFFY [2], J. KLEPACZKO, R. A. FRAN'Tz, J. DUFFY 

(3]), few were concerned with the hcp or bee materials. The differences in the behaviour 
of various types of materials were considerable. A comparison of experimental results 
obtained for the fee (aluminum, copper) and hcp (magnesium, zinc) materials is presented 
in the paper by P. E. SEN'SENY, G. DUFFY and R. H. HAWLEY [6]. These results are shown 
for the strain rate changes from the statical value y1 = 2 · 10-4 to y2 = 3 · 102 at tempera
tures 77, 148, 298, 523K (aluminum, copper, Figs. 1 and 2) and to y2 = 8 · 102 at tempera-
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' FIG. 1. Stress-strain curves from incremental and constant strain rate tests for 1100-0 aluminium. After 
P. E. SENSENY, J. DUFFY, R. H. HAWLBY (6]. 

(1) The same result is obtained when the strain rate decreases, i.e. h < h. 
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FIG. 2. Stress-strain curves from incremental and constant strain rate tests for OFHC copper. After P. E. SBN
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FIG. 3. Stress-strain curves from incremental and constant strain rate tests for Az31 B magnesium. After 
P. E. SBNSBNY, J. DUFFY, R. H. HAWLEY [6]. 
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FIG. 4. Stress-strain curves from incremental and constant strain rate tests for commercially pure zinc. 
After P. E. SENSENY, J. DUFFY, R. H. HAWLEY [6]. 
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tures 148, 198, 298, 346 K (magnesium, zinc, Figs. 3 and 4). The range of applied tempe
ratures implies the viscoplastic deformation to be a result of thermally-activated processes. 
Lower curves shown in Figs. 1-4 correspond to the strain rates y 1 , the upper ones to 
y2 > y1 , and the ones lying between them to the dynamic curves resulting from varia
tions of the strain rates from ·h to y2 • This means that the stress does not solely depend 
on the actual value of the strain y, strain rate y and temperature {}. The authors mention
ed above suggest that the additional variable determining the actual, uniquely determined 
value of stress is th~ strain rate history; in the case of the constants y and y, and tempera
tures varying from {}1 to {}2 , the history of temperature is the additional variable. 

In this paper an attempt has been made to c~nstruct a theoretical description of the 
viscoplastic material taking into account that effect by using the theory with internal 
parameters proposed by P. PERzYNA [4, 5]. Introduction of the internal parameters is 
shown to account for the influence of the strain history (and not the strain rate) upon 
the stresses(l). 

On the other hand, the experiments performed up to now do not provide a definite 
answer to the problem whether the actual value of stress is influenced by the strain history 
or the strain rate. 

Let us confine our considerations to the one-dimensional case; Fig. 5 presents the 
idealization of experimental results for three various dynamic curves (T, E), T- stress, 

T 

E 

F'Io. 5. Schematic stress-strain diagram showing changing of strain rate from Et to Et 

E- strain. The specimen is deformed with the strain rate E and at a certain value of 
strain (E* in Fig. 5) the strain rate is changed instantaneously (without' reducing the load) 
from E1 to E2 • Behind point B the specimen is already deformed at the velocity E2 • The 
stress jump L1T, is measured at the same value of E* but for different rates E1 and E2 • 

The question arises, what is the origin of the difference L1 T11 between the stresses at points 
Band B' since the strains and strain rates are equal. With a certain simplification we might 
say that L1 T11 is referred to two various microstructures due to different ways of access 
to the points Band B', and thus it is responsible for the influence of the history on the 
dynamic curve. In contrast, L1 T, measures the real sensitivity of the material to the strain 
rate E produced by thermally-activated processes. 

(2) A slightly different approach which makes use of the idea of material description by internal pa
raineters was applied by R. ·S. BonNER and A. MERZER [1]; however, despite the authors' statement, the 
equations applied by them do not account for the strain rate history but for the strain history. 
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Properties of the BC curve, slope and the magnitudes L1 T:s and L1 Th depend not only 
on the initial strain E* and temperature, but- first of all- on the material itself. For 
the fee type materials (Figs. 1 and 2) the value of L1 T:s increases with increasing strains 
independently of the temperature, and in both cases a definite yield point occurs 
(R. A. FRA.Nz and J. DUFFY [2] demonstrated the existence of the upper and lower points 
for aluminum). From the instant of yielding, behind B, the hardening is stronger than 
that occurring along the curve B'C' (cf. P. E. SEN'SENY, J. DUFFY, R. H. HAWLEY [6], 
J. KLEPACZKO, R. A. FRA.Nz, J. DUFFY [3]). The essential question is whether the material 
remembers, at each instant of time, the processes it was subjected to in the past. Experiment
al evidence suggests that only the fee materials have the property of fading memory (curve 
BC tends to the curve B'C', Fig. 5). From Fig. 1 it follows that in the case of aluminum 
the fading memory was. observed at higher temperatures, while in the case of copper -
at all temperatures applied in the experiments (Fig. 2). The situation is different in the 
cases of magnesium and zinc: the intermediate dynamic ·curve suggests rather the finite • . memory property. The problem has not been sufficiently clarified until now since we still 
miss the experimental points which would enable us to draw the curve behind a cer
tain point C. 

A completely different result obtained for mild steel (cf. M. L. WILSON', R. H. HAWLEY, 

J. DUFFY [8]) suggests that in certain materials (of the bee type in our case) the effect 
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FIG. 6. Results of constant strain rate and incremental strain rate tests on 1020 hot rolled steel at room 
temperature. After M. L. WILSON, R. H. HAWLEY, J, DUFFY. [8] 
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of history is negligible (Fig. 6); the effect of ranges of the strain rates E1 and E2 upon 
the character of the memory remains open to further considerations. 

In the following sections it will be shown that applicatioJ.I of the necessary evolution 
equations for the internal parameters makes it possible to account for the various types 
of memory presented above. 

3. Internal parameters 

Let us consider the one-dimensional problem. The following internal parameters are 
used for describing the viscoplastic material: inelastic deformation ex, hardening para
meter " and viscosity parameter y. Within the strain rate range in which the thermally
activated processes occurs, the evolution equations for the parameters ex, "' y are assumed 
to be (P. PER.zYN'A [4]): 

(3.1) 

(3.2) 

(3.3) 

x = K(E, ex)ti, 

y = F(E, ~)ti, 

together with the initial conditions ex0 = ex(O), "o = "(0), y 0 = y(O). 
In Eqs. (3.2) and (3.3) use can be made of Eq. (3.1), 

(3.4) ie = K(E, <X)y~ ( ~ -1), 
(3.5) y = F(E, <X)y~ ( ~ -1) . 
Proper selection of the functions fP, K, r depends on the kind of material to be considered. 

FIG. 7. Deformation. as the linear function of time t for two different processes. 

From the form of the evolution equations it follows that ex, "' y representing the solu
tion of the initial problem depend on the history of deformation E. The course of all the 
three experiments performed at constant strain rates E1 , E2 and abrupt variation from 
E1 to E2 may be expressed in terms of the time variation of the strain (as in Fig. 7). Time t• 
corresponds . to the strain E* in Fig. 5. The straight line E = E2 t corresponds to the curve 
B' C', the broken line 0 BC - to the line AB C. · 
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The stress T is calculated from Eq. (3.1), 

(3.6) 

AtE= const the stress T depends on the strain and strain history. It is assumed in this 
paper that for E = const also & = const. 

Let us solve the evolution equation for u and y at E = const and a = const, and 
substitute it into Eq. (3.6). Three cases must be considered (Fig. 7). 

1) E = E1 = const, & = &1 = const, whence E = E1 t 

(3.7) 

(3.8) 

t 

u1(t) = u0+ J K(E1 t, a1 t)&1 dt, 
0 

t 

·h(t) = Yo+ f F(E1t, att)&1dt, 
0 

t t 

(3.9) T1(t) = [ ~-l (adro+ f rei~ t, &1 t)&ldtr
1
) + 1] [ "o+ f K(E1 t, &1 t)&1dt]. 

0 0 

2) E = E2 = const, & = &2 = const, whence E = E2 t, tX = &2 t 

(3.10) 

(3.11) 

t 

uit) = "o+ f K(E2t,a2t)a2dt, 
0 

t 

Y2( t) = Yo + J F(E2 t, &2 t)a2dt, 
0 

t t 

(3.12) T2(t) = [ ~-~ (a2 (ro+ f rci2t, &2t)a2dtr
1)+ 1] [ "o+ f K(E2t, &2t)&2dt]. 

0 0 . 

3) 

(3.13) 
. {E,, t < t*, 

. {"'' t < t*, 
E= • 

t ~ t*, 
tX = . 

E2, tX2, t ~ t*, 

whence 

~3.14) 
{k,t, t < t*, {<i,t, t < t*, 

E = E2t+b, a-
t ~ t*, - a2t+a, t ~ t*, 

b = t*(E1 -E2), a = t*(ti1 -ti2). 

Solutions for u and y and for the stress T under variable rates (3.13) are denoted by the 
index r: 

(3.15) 

-lf"o+ j K(E1 t, ix1t)ix1 dt, 

Ur( t) -:- t• t 

luo+ J K(E1t, &1t)&1dt+ J K(E2t+b, &2t+a)a2dt, 
0 t• 

t < t*, 

t ~ t*; 
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(3.16) 

fro+ j F(.E1t, Cx.1t)a1dt, 

y,(t) = j 0,. t 

Yo+ J F(El t, al t)aldt+ J F(E2 t+b, a2 t+a)a2dtl t ~ t*; 
0 ,. 

t < t*, 

I t 

[q>-~(a.~(ro+ f r<.E~r,alt)alatr 1)+t]["o+ f K(Elt,alt)alat], 
0 0 

t < t*, 

(3.17) 
t• I 

T,(t) = [q>-l(a2 (~o+ f r(ilr., a1t)a1dt+ f F(E2t+b, a2t+a)a2dtr
1
)+1] 

0 ,. 

,. t 

x [ "o+ J KCEt t, a.t t)Cx.t dt+ J K(E2 t+b, ci2 t+a)ci2dt], t ~ t*. 
0 ,. 

The magnit1;1des of" and y are seen to remain continuous at t = t* what means that 
the hardening and viscosity do not change due to the velocity jump from the point A 
to B. 

In order to investigate the mutual behaviour of curves ·· T2 and T, (Fig. 5), let us ex
press the stress in Eqs. (3.12) and (3.17) in terms of the strain. The difference (T2 -T,)(E) 
true for E ~ E* is written as 

E 

(3.18) T2(E)- T,(E) = [ q>-t (ci2 (ro+ j F(E, A2E)A2dEr
1
)+ I] 

. 0 . . 

E V 

x [ "o+ [ K(E, A,E)A,dE]- { lP~ ' (a, (Yo+ [ T(E, A 1E)A1dE 

E E• 

+ j F(E, (E-b)A2+a)A2dEr
1

)+ 1] ["o+ f K(E, AtE)A1dE 
· . E• . 0 

E 

+ j K(E, (E-b)A 2+a)A2dE], 
E* . 

ext ex2 At=-.-, A2 =-.-. 
Et E2 

The limiting value of (T2 - T,)(E) at E-+ oo allows for the evaluation of the influence 
of the past history on the behaviour of the 'material and, namely, if lim (T2 - T,)(E) = 0, 

E-+oo 

the memory is fading, while-for lim (T2 - T,)(E) = const ·the memory is finite. Func-
E ..... oo 

tions r, K, (I} are such that (T2 - T,) > 0. 
In the-expression (3.18) three material functions(~}, K and ..rappear. How do the func

tions influ~nce the difference (T2 - T,)(E)? Two extreme possibilities are considered to 
answer the question posed: a) either ex and" are the internal parameters (y = const), and 
K = K(E); or b) ex andy are the internal parameters("= const), and F = F(E). Equation 
(3.12) in the case a) has the form 
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E E• E 

T2(E)- T,(E) = [ <ll-{i:•) +I ](A2 f K(E)dE-A, f K(E)dE- f K(E)A2 dE) 
')' 0 0 E• · 

(3.19) 

E• 

= [ <ll-•(; )+I] (A.-A,) f K(E)dE = const. 

Independently of f/J, the difference T 2 - Tr is constant for arbitrary E > E*. 
Equation (3.18) in the case b) is reduced to 

(3.20) T2(E)- Tr(E) . 
E E• E 

= ~[q>- 1 (a2(Yo+ f F(E)A2dEr
1)-fP-1(a2(Yo+ f F(E)A1dE+ f F(E)A2dEr

1

)]. 

0 0 E• 

Assume the function rp- 1 to satisfy the Lipschitz condition with the constant-*"; then 

(3.21) T2(E)- Tr(E) 

~ "<i2.Jri[(A1-A2)(H(E*)-H(O))] [(ro-A2H(O)+A2H(E))(Yo+(A1-A2)H(E*) 

-A1H(O)+A2H(E) )]- 11, 
where H(E) = f F(E)dE. The right-hand side expression of the inequality (3.21) tends 
to zero at E-+ oo provided li.m H(E) = oo. 

E-+oo 

From the examples a) and b) it follows that the finite memory effect is infl.uenced by 
hardening, and the fading memory- by viscosity. This propertY may serve as a hint 
for a proper selection of internal parameters for ·viscoelastic materials; it might be useful· 
in constructing simple mathematical models. 
I It should be stressed that the above conclusion has been drawn with respect . to the 
functions K and r which depend solely on the total strain E. 
1 Let us now consider, f~r instance, a function of evolution depending also on the visco .. 
plastic strain tX and leave the parameter y constant: Then the difference (3.18) is simplified 
to (cf. Eq. (3.19)): 

E• . 

(3.22) r.(E)- T.(E) = [ .i-• {;) + 1 )[j (K(E, A2 E)A 2 -K(E, A,E)A,)dE 

E 

+A2 f (K(E, A2E)-_K(E, A2E+h))dEJ, 
~· · · ' " . . . . 

h = bA2 +a = const. 
Observe that the limit of.Eq; (3.22) atE~ oo depends on the improper integral 

00 

(3.23) f (K(E, A2E)-K(E, A2E+h))dE. 
I E• 

The limit will be finite and different from zero; this indicates the finite memory provided 
the improper integtal (3.23) converges to the value different from the constant 

E• 

- f (K(E, A2E)A2-K(E, A 1E)A1)dE. 
0 .. . . . . 
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4. Particular forms of function 

The functions q, which are most frequently used in practice are the power and ex
ponential functions; they yield the inverse functions 

(4.1) q,- 1 (ci2
) = B a2 

, B = constant, 
. , , 

and 

(4.2) 

Let us write the difference (3.18) for the function (4.1) and take into account both para
meters ~ and y under the assumption that K = K(E) and r = F(E), 

(4.3) T2(E)- Tr(E) 
E E ~ E 

= Bti2 [("o+ f K(E)A2dE) (ro+ f F(E)A2dEr
1 
-("o+ f K(E)A1dE+ f K(E)A2dE) 

0 0 0 ~ 

~ E ~ 

x (ro+ f F(E)A1dE+ f F(E)A2dEr
1
1+(A2-A1) f K(E)dE. 

0 E* . 0 

E* 

The appearence of the constant D = (A2 -A 1) f K(E)dE indicates that the parameter 
0 

of hardening by the functions K yields the result that the curve Tr(E) does not tend to 
the curve T2 (E) (Fig. 5)(3). It is clearly visible for 

(4.4) 

(4.5) 

since 

K(E) = 2KE, 

F(E) = lF(E) K, r- constants 

(4.6) T2(E)- Tr(E) 

and 

= Bil2[~oF(E*)2(A1-A2)+yoK(E*)2(A2 -A~)] ((ro+A2FE2)(ro+Al.t{E*)2 

~ 

+ A2F(E2- (E*)2 
)))-

1 + (A2- A1) f K(E) dE 
0 

E* 

(4.7) lim [T2(E)--.Tr(E)] = (A2-A1) f K(E)dE = (A2-A1)KE* 
~~ 0 

( 1) Provided the expression in brackets (4.3) is different from {-D) at E-+ oo. 
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the difference (3.6) increasing with increasing initial strain E*, what agrees with the e~ 
perimental results of KLEPACZKO (3], SENSENY, DUFFY, HAWLEY (6]. The graph of T,(E) 
is shown in Fig. 8. 

T 

FIG. 8. Stress-strain curves for linear function 4), 

For comparison let us calculate (T,-T1)(E): 

(4.8) T,(E)- Tt(E) 

E• E E• E 

= B{~2(Ho+ j K(E)AtdE+ j K(E)A2dE) (ro+ j F(E)A 1dE+ j F(E)A2dE)-t 
0 • 0 • 

E E E 

-cit (Ho+ j K(E)AtdE) (ro+ j F(E)AtdEr
1
}+ (A2 -At) j K(E)dE. 

0 0 E• 

Evideu.tly, for linear K(E) and F(E), Eqs. (4.4), (4.5) and the curve T,(E) will move 
away from T1 (E). 

For a power law tP ( 4.2) we obtain 

E E 

(4.9) T2(E)- T,(E) = B~ {(Ho+ j K(E)A2dE) (ro+ j F(E)A2dE)-
11

" 
0 0 

E• E E• E 

-(Ho+ j K(E)AtdE+ j K(E)A2dE)(yo+ j F(E)A1~E+ j F(E)A2dE)-
11

"} 
0 • 0 • 

E• 

+ (A2- A 1) f K(E)dE. 
0 

If (.A2-.A1) < 0 and the term in brackets is positive, then, independently ofn, 

E• 

lim(T2(E)- T,(E)) = (A2-A1) j K(E)dE. 
E-+ctJ 0 

The behaviour of the expression (4.9) at infinity is governed mainly by the first term; 
in order to describe properly the properties of the material, the functions K and F must 
be suitably selected, and the following expression should by analyzed: 

(4.10) (c1 +fctJ)(d2 +gctJ)- 1'"-(c2 +/ctJ) (d2 +gctJ).- 11" 
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Here 
E• 

c1 = "o+A2 f K(E)dE, 
0 

E• 

d1 = Yo+A2 f F(E)dE, 
0 

00 

loo = A2 f K(E)dE, 
E• 

P. PBRZYNA AND K. WOl.OSZ\'Nsn 

E• 

c2 = "o+A1 f K(E)dE, 
0 

E• 

d2 = Yo+A1 f F(E)dE, 
0 

00 

Koo = A2 f F(E)dE. 
E• 

For instance, the limit of the difference (4.9) is finite if the functions K(E) and T(E) are 
such that the integrals loo, g00 are divergent under the condition /oo/(goo)" = const ::/: 0, 
since then the expression (4.10) tends to zero at E--+ oo. 

5. Conclusions 

The results presented in the paper indicate that the description of viscoplastic materials 
by means of internal parameters yields results which are in good agreement with the 
experiments. Owing to the arbitrary choice of material functions in the constitutive rela
tions, the considerations presented are not confined to any particular material but they 
enable us to take into account the effect of strain history on dynamic curves of a broad 
class of materials. On the other hand, experi.n:lental results supply_ valuable information 
which is useful in identifying material functions and in selecting suitable internal parameter 
which determine the character of the memory. 
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