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On a similarity solution of the Boussinesq problem
for elastic dielectrics(*)

K.L. CHOWDHURY and P. G. GLOCKNER (CALGARY)

SiMILARITY transformations are constructed and used to obtain an exact solution of the axi-
symmetric Boussinesq's boundary value problem for an elastic dielectric half space. A concen-
trated force is applied normal to the plane boundary of the semi-space. Closed-form expsessions for
components of the displacement and polarization vectors, the potential field, the stress and
electrical tensors are obtained. The expressions which are derived for the displacement and
stresses, in the absence of polarization and electrical effects, and for the case of a concentrated
normal foice applied to the surface of an isotropic elastic semi-space, are found to agree with
known results.

Zbudowano transformacje podobiefistwa i zastosowano je do otrzymania $cistego rozwiazania
osiowo-symetrycznego zagadnienia brzegowego Boussinesqa dla sprezystej polprzestrzeni
dielektrycznej. Do plaskiej powierzchni pélprzestrzeni przylozono sile skupiona. Otrzymano
w postaci zamknigtej wyrazenia dla skladowych wektoréw przemieszczenia i polaryzacji dla
potencjalu oraz tensora elektrycznego i tensora naprezenia. Stwierdzono, ze warto$ci przemiesz-
czenia i napre¢zenia przy zaniedbaniu efektow elektrycznych i polaryzacji, a takze w przypadku
obcigzenia powierzchni izotropowej polprzestrzeni sprezystej normalng silg skupiona, sa zgodne
ze znanymi wynikami. E

IMTocTpoens! npeobpasoBanus NogobHA ¥ OHM MPHMEHEHbI [UIA MOJYYEHHA TOYHOTO PelLUeHHs
OCECHMMETPHYHOM KpaeBoi 3afiaun ByccHHeCKa U1 ynmpyroro QuajieKTPHYECKOTO MOJYIPOC-
TpaHcTBa. K MIoCKol MOBEPXHOCTH MONYNMPOCTPAHCTBA NPHIIOXKEHA COCPEJOTOUEHHAA CHIIA.
IMonyuyeHs!, B 3aMKHYTOM BH/e, BBID@KEHHS JULA COCTABIAIOLIMX BEKTOPOB TiEpeMEIIeHHA
M TIONAPH3ALMH JINA NMOTEHLNAA, & TAKoKe INIEKTPHYECKOrO TeH30pa M TEH30Pa HANPAMEHHI.
KoxcTaTHpoBaHO, YTO 3HAYEHHS MEPEMENCHHH M HANpAMKEHMi, NONYYeHHBIE IPH NpeHe-
GpexkeHnn anexTpudeckumu abdextamu u adupexTamn MoNAPHIALMH, 8 TAKKE B CiTydae Ha-
TPY>XEHHA NOBEPXHOCTH H30TPOMHOIO YOPYroro MONYNPOCTPAHCTBA HOPMAaJIBHOM cocpeno-
TOYEHHON CHJION, COBMAJAKT C M3BECTHBLIMH PE3yJILTATAMM,

L. Introduction

RECENT years have witnessed the development of analytical methods for the integration
of field equations of various linear and nonlinear theories of continuum mechanics. Some
problems can be tackled by similarity methods which are based on nondimensionalization
and invariance under Lie’s continuous group of transformations of the governing system
of differential equations and the associated boundary conditions. Methods of transforma-
tion groups have been employed by BIRKHOFF [1] and AMEs [2] to linear and nonlinear
ordinary and partial differential equations arising from physical phenomena, e.g. transport
processes, fluid mechanics, diffusion, heat transfer and related areas. Solutions which are
invariant under an appropriate group of transformations are obtained by means of sim-

(*) The results presented here were obtained in the course of research sponsored by the Natural Sciences
and Engineering Research Council of Canada. Grant No. A-2736.



430 K.L. menuunv AnND P. G. Gwcxnea
ilarity transformations, and the number of dependent and independent variables is re.
duced.

Na and HANSEN [3] have developed systematic methods for the transformation of the
differential equations and boundary conditions into forms more suitable for analysis and
solutions, using infinitesimal contact transformations. Similarity methods and their appli-
cations to boundary value problems in engineering and other physical fields are further
enhanced by the works of AMES [4], BLUMAN and CoLE [5], OvsiaNNIKOV [6] and HANSEN [7].

In this paper, similarity analysis is applied to the axisymmetric boundary value problem
of an elastic dielectric half space subjected to a concentrated force applied normal to its
plane surface. Similarity transformations are constructed by nondimensionalization of the
variables and by applying invariance to the basic equations and physical and boundary
conditions. The transformations are used to reduce the basic partial differential equations
to five coupled ordinary differential equations with variable coefficients in the components
of the displacement vector, the polarization vector, and the potential field, to which closed
form solutions are obtained.

For the particular case, when the polarization and the electrical effects are absent, the
problem reduces to an isotropic elastic semi-space subjected to a normal force on its plane
boundary. The expressions for the displacement and stresses are derived from the general
solutions and are found to agree with known results [8].

2. Basic equations

For a homogeneous isotropic elastic dielectric, with axial symmery and referred to
a cylindrical polar coordinate system (r, 8, z), the displacement vector u, the polarization
vector P and the potential field ¢ assume the form (,, 0, u,), (P,,0, P,) and $(r, 2), res-

pectively.
The equations of equilibrium are given by [9]:

0*u, 1 du, U %u, 0%u,
@21 ¢ [a—rz_ + R P ] +C4a "b"-i- +(c—c4q) Fry

ap, 1 op, P . o, 2P,
+d[W+r o r=] a7 +d-du) 55 =0,

a=u, 1], 6’u,+1 ou, | 0%,
3raz r 0z Cas ar ' r or 5 0z?

l oP, d*P, 1 4P, 9*P,
+(d- d«-)[ ar 32 ]+d44[ + ]+ =0,

(22)  (c- Cu)l

r o0z or? r or T9z%
u, | du, u, d%u, 2%u,
(2.3) d[‘g;{ R ]'l‘du 322 +(d du)—"
P, 1 0P, P, 3P, 3P,y
+b[‘aa~T+TF_T]+b 2t 50 o ="
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2 2 2
04 (- d“}[au, ngu_,] j [au, 16u,]+d6u,

r oz = T o dz2
l P o*p, 1 aP 9*P,
* ¥ * z
b=t )[ aré‘z T 0z ]+b [ o s or +b 72
?¢ 1 op 3¢ _,|oP, 1 0P,
@) gty et o TPt =0
where
(2.6) grady = aP +grad ¢

é‘tp_o

o e

while u is an arbitrary function, the quantities (a,e5*) = (a*, 5 t) (r*+2%)7t,

by2, baa, 12, Cas, dya, dag, a*, e*, are dielectric constants with

)

(2.?) X = x|2+2x44 (x = b, c, d), b* = b4,4+b77.
Equation (2.6) leads to the consistency relation
; d i)
(2.8) 35 (aP,) = -3';(01’:]-
Components of the stress tensor and the electric tensor are given by
] : o oP, L du,
(279) Tii = dudlvP+2d“—a;— + ¢y divu+2c,, r
(2.10)
— aP, g .
(.11 Tae = dypGiVP+ 20 E +ppdivi+ 2es ;‘z :
oP, 0P, du du
2.12 = = ' T £
( ) Tzr Tez d‘-‘( az + 6r )+ “( az + ar )v
2.13) B iyl op,
. rr =045 IVP+2b4¢ ar +d|3dl\"u+2d44 +b0,
(2.14) Eup = buadiv P+ 2byg 22+, divi + 2. % +bo,
— oP," . du,
(2.15) E,. = b,,divP+2b,, %2 +d, divii+2d,4 o
oP, 0P, oP, 0P, du ou
N = ree N et f T T
(2 6) E:r bﬂd( az + 6!‘ )+b1’1( aZ al' ) d“( az F ar )
oP, dP, oP, 0P, ou du
2.1 = AL r z
(2.17) E,. bu( 7z + ) b‘??( ar ﬂz) d“( 7z + e
where
opP 1 oP. = ou 1 du
2.18 e ST = Vil = —— 4+ — —L
Z19 Foa r Frt dz ’ bl ar ® r e 0z

and where we assumed that b, = b§(r?+2z%)~!, with b a constant.
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The Boussinesq problem consists in solving of the field system of partial differential
equations (2.1)-(2.5) for the elastic dielectric half space occupying the region r > 0,z >
> 0 of acylindrical polar coordinate system (with the positive direction of axis of symmetry
r = 0 pointing towards the interior) and the plane surface z = 0 being subjected to the
physical and boundary conditions.

@19 O jﬂ[ﬂ(eo,z),w(eo,z)s Py(go5 2), Px(o, 2), $(20, 2)] = (0,0, 0,0,0)

.. 5(’) - -
(220) (i) T,u(r,0) = —F—= or x-.of f r1,,(r, z)drd 2aF,
2.21) (i) 7,(F,0=0
(222) (iv) E,(r,00=0
(223) (v) Eu(,0=0

N fap 98] _
(2.249) (vi) [so P, 3z )™ 0,

where &(r) is the Dirac-delta function.

3. The similarity transformations

Let the nondimensional variables for the problem stated in Sect. 2 be defined by

3.1 u = m, u¥ = M2"U0 "
Uy Uz,
Pr_PrO Pz_on
; =— Pz‘ ==
(3 2) P: Prl P:l
®—do ¥Y—¥%o
33 * 3 * _ i
(3.3) ¢ 4 v o
(3.4) =", o
To Zo

where r, and z, are arbitrary reference variables and w,;, uy;, P,i, Py and i(r, z),
wi(i = 0, 1) depend on the nature of the auxiliary conditions.

Transforming Egs. (2.1)-(2.5) and Egs. (2.20)-(2.24) by means of Eqs. (3.1)-(3.4), we
obtain the equations of equlibrium, the physical and boundary. condltlons in the form shown
in Appendix A.

Absolute invariance demands that each of the factors enclosed in the rectangular
enclosures appearing in Eqs. (A.1)~(A.3) should be equal to unity, which leads to

To _ Uz _ P,y s
(3.5) Doy, e Pl
(36) _.g':.l._-_—], Pr] -—"I-, ﬂ.ﬂ:l, u”r0=|.

Upy 7o Upy
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Equations (3.5) and (3.6) suggest the form of the similarity transformations as

37 wlr,2) = UG, ulr,2) =+ W,
(8) P(r,2) = PG, Pir,2) =000,
(39) br.2) = B), 9D = P,
where

(3.10) 7= _]'t:_

One can see that

u, 1 dU] o, 1 dU
a [U+ dn |’ 0z 7 dy
o%u, du . ,dw
(3.11) Ly [2U+4 N ]
Pu, 1 [ dv | d’U]
aroz . P |“dg TapE |
u, 1 d*U
dz2 r3 dn
a¢ _ do % 1 do
312 = [2¢+ dq], Y i

aqu 1 d0 ¢ 1 0p _ 1 2 5y 90 ]
AR B a A g gy 1

4. Method of solution

Substituting Egs. (3.7)~(3.10) into Egs. (2.1-(2.5), one obtains a set of coupled ordinary
differential equations with variable coefficients, in U, W, P,Q, @, ¥ as
4.1)  e[3U' +9*U" ]+ c4a U —(c—Cca) QW'+ W")
+d[39P' +1?*P"]+dey P’ —(d —des)(2Q'+1Q") =
(42) —(c—ce)U'+qU")+ces @ W' +3n W'+ W)+cW" _
—(d=de)(P'+0P")+dea(n*Q" +37Q'+Q)+dQ" = 0,
43) dGqU' +n2U")+de U ~(d—de) W +q W)
+b(3nP' +7*P")+b*P" —(b—-b*)(2Q' +7Q")+ Q¥ +7¥") = 0,
44) —(d—du)(U +nU") +des(W+ 3qW' +*W") +dW"
- —b*)(P’+qP")+b*(Q+ 30’ +72Q"")+bQ" ~¥" =0,

(4.5) (1+9")P"+5mP +40 = [Q"~nP]

e‘(l +77)
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and the consistency relation (2.8) becomes
2y 3+9?
_P— i
1+7? L+9?

(4.6) P'+9Q" =

where the prime above the function denotes its derivative with respect to 7.

Egs. (4.2) and (4.4) can be integrated directly and Egs. (4.1) and (4.3) become integrable
when each is multiplied by #. In this manner, the first integration of Eqgs. (4.1)-(4.4) leads
to
@47)  (en*+caan)U —coaU—(c—caa)* W (dn® +dagn) P' —d s P

—(d—d“)anf = A,,
48)  —(c—ca)U'+Cosl> Wty W)+ W' —(d ~dyg)nP’
+d4.4(7?2Q'+ ??Q)+dQ’ = A,,
4.9) dn*U'+du(qU’' =U)—(d —dy)n* W+ bn*P' +b*(nP' —P)
—(b=b*)n*Q' +n*¥ = 4,
(4.10)  —(d—=dy)nU’' +das(n* Wn W)+d W' —(b-b*)nP'+b*(n’Q"+7Q)
+bQ' ¥ = A,,
where A;(i = 1 —4) are arbitrary constants.

Multiplying Eqgs. (4.8) and (4.10) each by %? and adding the results to Egs. (4.7) and
(4.9) respectively, one finds that .

@4.11) 9+ DU =U+n*(n*+1) W+n* W = a[dss(Aen*+ A3)-b*(427* + 4,)),
(4.12) N2+ )P —=P+n*(* +1D)Q' +7°Q = —afces(Aan®+ A3) —daa(A2n*+ A))),
where

(4.13) a~! = d,—cyb*.

Dividing Egs. (4.11) and (4.12) each by 72 1/1 +n? makes the resulting equations in-
tegrable and one can show that

- — i R _ n
(4.14) U+1}W—a[(d‘.A4 b*A4s) i sinh~'9 —(dee A b*Al)]+ e As;
(4.!5} P+7?Q = ‘”‘a[(C4‘A4—d4‘Az) V—lj:‘—TSiﬂh-ln_(C44A3_d“Ai)]
n
CI -
Vni+l

Substituting the expression for U, P from Egs. (4.14) and (4.15) into Eq. (4.7), after lengthy
algebra and integration, one finds

sinh~'9
Vn?+1

1+2n% sinh-1y 7 1
[,Mz s n2+I] - e—can) s+ (d—ded)

o
(4.16) cW+dQ = A4, + E’[kl Az +(cy2daa—d;1Caq) Adl

1
d T
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where
kl = —a-1+dd44—b*c.

The physical condition on [cW+dQ] = r[cu.+ dP,] for finite po and z — oo leads to
the conditions

4.17) Ay = As=0,

From Egs. (4.15) and the consistency relation (4.6), we determine P, Q. The resulting
expression for Q when used in Eq. (4.16) enables one to determine W. The expression for
U is given by Eq. (4.14). The detailed evaluations for @ are outlined in Appendix B. The
expressions for U, W, P, Q and @ are thus found and are given by

@18) U =[a,+ %e=4 4 (=) As—Qd+di)As  m
’ > ¢ V’?ZT zc (p?+1)*?
d A*
S
dAe—Aq 1 (C"‘Cu)As (M'qu)/‘o 1
419y W < S08T0R it e N O T
(4.19) ¢ Y+l 2¢ (P +1)*2
d *
At e
A* 3 n
(4.20) e iy +5 m2+1)-3}2 Ag,
421) Q= Ao ] A
' 7 +1 M Tl 2 P12 |7®
R AT a4 1 As
(4.22) = W B, +¢} [ T T3 (2+1)’“ log(n*+1)|.
where
(4.23) A* _— d(C44A3—d44A1).
(4.24) K= —‘} A*—o(dy A5 —b*A,).

The expressions for the essential stresses and electrical stresses when Egs. (4.18)-(4.22)
are substituted into Eqs. (2.9)-(2.17) are given by

(425 rir, = —dy,nP'+dQ —c, qU'+c W'

_ 2(cdyy —dcy,) " n? Caq
= ¢ iy T |~

+ 3((-' "'C,.“,)

e i e
( 2+I)3;2 (nz_l_])s;z 5

+‘_![( =2d,,+dyg)+ — Gz (2d+d44)] W [3d12 12 (3d, 5+ Td4s)

Ui Ciz2 _ n
" (n’+l)""}A‘+ (T 1) ey
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4n

’ ’ r i d
(426)  rPr;, = dgy[P'—Q-nQ'1+cas[U' — W—n W] = (—du+ 7044)4‘ (s

2 1 3 1
+c“[(-—l+ c“) EE +—(c—css) '(—i"_ﬁ)"s?z“'] As
1
+ i[(—?d44 +=— Can (6d+ d44)] ( 2 1)3;; [9d4-4 (2d+d44)]
3 1 } 2 1
I+ 76 e T P47
(427) rE., = (bsa+bq7)P —(beya—b17)(Q+9Q")+dse(U' = W=y W') -

MISREAE S e
._.( 4b,s + C)A P +1)? +das 1+ W+3 1- T

1 d 2 1
x -——-—-H--(q3 T ] As+ [( —Tbgy+byy+6d,, % ""‘_‘) -(1]3 +1)2

3d,, 1

|
(9544 ——— (M‘i‘du)) ___z+1—)s;f] du A, [CeVEE

_b
n%+1

3cqa

(428) 1rE,, = —by,nP' +bQ' —d, U’ +d W'+

d d
by2—2bey— 73 (dy2—2d44) bya—dys e ]

= S +4 TS

_ dy2C4s n 3 3(c—cCaq)daa n
P (> +1)°7 P (P +1)°72

3dd,, +d1 2d4s—d?

](n D

2d,, n bs
c @+ T el

- n 3
(4.29) r’[ﬁo”’s“ ] [n 241 (q=+1)=] o +1)‘*" CE *rl)""]B

+£3_,[___ 13 12 1
(1;2+1)‘” 6 (1}2-1-1)"’2 3 (nz-i-l)’-‘"

2/3 1 ) s ]
+{rie g e+ 1))
The boundary conditions (2.19)-(2.24) lead to the following system of algebraic equations
in the constants As, Ag, A7, B, and A*:

+ [[2(511 +bys)—

[9b_.,‘ 3dis (2d+d“)] e 2+l)5ﬂ’3 l Ag—

(430) R eV}
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2c—cus bey+b* d“) 2 .
(4.31) > A,+( - —* As—— 45 =0,
3 * Cb*
(432 S
(4.33) 2e3B,+ 44 =0,
(4.34) Y 2-d-‘-"-f-c_ Aoy 4 B 4. "d“cd'?’—-‘- A* = —F.

The detailed evaluation of the integral boundary condition (2.20) which leads to Eq.
(4.34) is given in Appendix C. The solution of the system of Egs. (4.30)-(4.34) leads to

(4.35) Ag =0, B, =0,
e e R
e aym Bt [ re Sl ]
(4.38) A* = dfb"bc

5. The classical solution

When the homogeneous, isotropic elastic semi-space is subjected to a concentrated
force normal to its surface and the electric polarization effects are neglected, the problem re-
duces to the classical Boussinesq problem.

Allowing the dielectric constants d, ,, dgy, d, b* to vanish, the constants given by Egs.
(4.35)-(4.38) assume the form
(5.1) A* = A¢ =B, =0,

¢ c(2c—ceq)
4 A CaalC—Cad) F. 4= 2ci4(c—cqq)

Substituting the expressions (5.1) and (5.2) into Eqgs. (4.18)-(4.24) and Egs. (4.25)-(4.29),
we find that the expressions for displacements and stresses are given by

69 D= g\ ~ e~ e
G4 MR- 25“ (r2+zz:)’” * cu:c“ (r’+lz’)”z }’

(59 tw= —F (,,Tg,)—,,,;

(5.6) = F

which, with minor change in notation, agree with those arrived at by SNEDDON [8] by means
of HANKEL transforms.

8 Arch. Mech. Stos. nr 3/81
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Appendix A

The transformed system of the equilibrium equations, the physical and boundary
conditions in the nondimensional variables are given by

1 _—--I
O%u; 1 rouy,

%} 1 ou}  uf o*u; E
(A-I) c[ or*? +'r_t or* - r#:_l +c44a *2 | .2 +(c C“) or*oz* 123—1?,1_
azP’* I BP: P‘ azPlk | ro 1 a.‘!P#
+ d[ et “',._:E‘] +as G | 7 [T G
xl r zl l rl )= 0
! Z9 rl . Upy i
0%u;} 1 ou; o} 1 dup || usy Za,
(A2) (c- “‘)[ar*az* = az*]+ “[ ot T |y o |

o 2 [mte] - [ 2+ B2
o [aea ] (LR

*2 d[%*”%%“;“] it r’?ﬂd ~de) aifa}* ;_i:
o G+ e G ] 0 B | |+ 080 ps

xlfoPn (Pu)_IToV’Ll(a‘P*):O

| ZoPrs Upy ‘ ury | ar* ’
%} I ouy ur 1 ur)| ue zo|
A4 r r s B z 21 “0
(Ad) o= d“)[a o T 6z*]+d“l e T 6r"‘] Ui To

o*u? u,, ro
8z*%

1 oP; 1t Zo
+r‘ a"]' P, o +

+d—=

1 ap*) [ P!
|(b b)[a*a Co Bz*]+b [é‘l"‘"2

""""" | (£2)-

ZoY1 |
L

62*2

P,, To.
P, zo

be—rosr
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| g 2*2 et 1
Fom (L e b

ap* 1 a*  |r 2
A3)  Gwrtw e | 17

2
To
2
%o

\ Pu 10| P | P, P",." 0
Pu zmaz* :*’oﬁf’ '
. * * * * _ urlm_“rg Eim"“so Prlm_Pro
(l) ‘ r!":?Pr’P ¢ 1‘P }ia}"( url 2 “:] £ P” )
P |m zu ¢Im_¢0 wluo'_'PO
A.6 3 5 = (0,0,0,0,0).
( ) le ¢I 'P! ( )
As
(A7) {74 a7 8 ey Pilss leam ¢m: Wiw) o (0’ 0,0,0, 0)’
it implies that
(A.8) (4ro, “zm‘Pro» Po, $0, yo) = (0,0,0,0,0),
s oul  u¥ zo ou¥ | uy oP}
(i1) T:,(P‘*, 0) = f-'lz( or* +'r_£) [ 7o li+ 9z :: _“‘-+Id12( ar;
P*\lz | , 0P} i'?,, | P,l) 8 [zo 1|
a5 4 B A5
" ‘"')ll o | a0 Py J(“rl I P
*
where we have used the result 6(ror*) = @
o
A10) (i) t5(*.0) (P,1 ) i aP:'_+ oP* | P,y 7, |
’ L BT P_ﬂ__\

dut 4 ou? Uz | zo 1
e\ G T o Upy | To |

® * '_'__'_‘_'
(A1) (V) E:,{r*,0)=0=(‘:")‘b“(fp—’+‘”’ )| 2 Zo |

rl oz* ar* rl o !

__(oPr _op? P, 6u, Lo 7
+bﬂ(__3_17_.ar* Pr'] 'I s ot | | Uy To ’
P Pt P*\lzo| ., P* [P, |
* % _ _ r1 st L _0_ = L
(A.12)  (v) EL(*0)=0= s Ib”(ar* ¥ ) iTo | o P,
au: | Zo 6u: ux; ]
+d|z( ar* +'—) H +d az* | u,, |’
-1 s e T
. og* z*\* zo)’ Puy Zo|
Al =—ar—g' ) G Hrn
(A.13) (vi) O oz* %o (l+(r*) ('?o F: ‘3(’1 Pu[
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Appendix- B
Evaluation for the potential fanction @:

Substituting the expressions for P(n) and Q(n) from Eqs. (4.20) and (4.21) into Eq.
(4.5), the equation for @ assumes the form

N . B B U
@) e G e G a0 = 57 4 ]

For the homogeneous part of the Eq. (B.1), one solution, by inspection, is found to be
n
(B.2) ) = G

The second solution is generated by the method of variation of parameters and is
found as

: - i A
(B.3) D,(n) = (1+927 V(n).

Substituting Eq. (A.3) into the homogeneous part of Eq. (A.1), one finds that
n d*v 2+9* dV

e Ve A (EeT
Elementary integration leads to

TinZ
(B.5) V(n) = sinh-'yg— '“:" :
The particular integral is found to be

A* A 1
— p¥-1 5 2

(B.6) D,(n) = €3 [2(’?,_}4) +3 TN log(n +l)].

The complete solution of Eq. (A.1) is given by

: R o
n . it ¥Vni+l A .
(B.5) o(n) = IW [81+Bz(smh lﬂ"T) + &3 ‘T‘log(nz+l)]
4 S0 A
2(p%*+1) °
Since

b= P =0 for r=g, z-0,

the constant B, in Eq. (A.7) equals zero.
Thus, the form for the function @(7) is given by

— 7} : eg_l 3 83_1‘4‘
D(n) = s [Bl+. 3 Aglog(n +l)]+—-—————2(n2+n.
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Appendix C
The integral boundary condition:
2a w
(C.1) f j r,(r, 2)drd0 = —2xF.
0 0

Substituting the expression for 7, from Eq. (4.25), one finds

2(Cd1 2 _'dct 1)
¢

(C2) fﬂ,,{r’,Z)dr AL +— c“ [=ci2l+3(c—caq) ]3] As
0

G “( 2, +d)+ 22 (2d+d...)] I;+“3a‘,,-—-—(3d.,+7d“)” r,]

c
xAg+ (L’ )J,A,

where I, , I, I, are elementary integrals which are easily evaluated and are given by

(C3) of z;_,_,.z)z ";"’
(C4) = J @ +r,)m dr =1,
(C.5) I;,=f~—-———r-—-£.
5 (z2+r2)%2 3
The integral boundary condition (C.1) becomes
(C.6) CocAs+ —zﬁ“ci‘-'—‘—‘—,is 2544 4o 4e i"—’# A% = —F,

which is Eq. (4.34).
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