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On a similarity solution of the Boussinesq problem 
for elastic dielectrics(*) 

K. L. CHOWDHURY and P. G. GLOCKNER (CALGARY) 

SIMILARITY transformations are constructed and used to obtain an exact solution of the axi
symmetric Boussinesq's boundary value problem for an elastic dielectric half space. A concen
trated force is applied normal to the plane boundary of the semi-space. Closed-form expRSsions for 
components of the displacement and polarization vectors, the potential field, the stress and 
electrical tensors are obtained. The expressions which are derived for the displacement and 
stresses, in the absence of polarization and electrical effects, and for the case of a concentrated 
normal f01ce applied to the surface of an isotropic elastic semi-space, are found to agree with 
known results. 

Zbudowano transformacje podobienstwa i zastosowano je do otrzymania 5cislego rozwhtzania 
osiowo-symetrycznego zagadnienia brzegowego Boussinesqa dla spr~zystej p6lprzestrzeni 
dielektrycznej. Do plaskiej powierzchni pOlprzestrzeni przyloiono sil~ skupion~. Otrzymano 
w postaci zamkni~tej wyraienia dla skladowych wektor6w przemieszczenia i polaryzacji dla 
potencjalu oraz tensora elektrycznego i tensora napr~ienia. Stwierdzono, ie wartoSci przemiesz
czenia i naprctienia przy zaniedbaniu efekt6w elektrycznych i polaryzacji, a takie w przypadku 
obciClienia powierzchni izotropowej p6lprzestrzeni sprc;iystej normaln'l sil'l skupionC4, SCl zgodne 
ze znanymi wynikami. 

TiocrpoeHLI npeo6pa30BaHHH no~o6HH u OHH upuMeHeHbi ,wm nonylleHHH tollHoro peweHHH 
ocecuMMetpHllHOH KpaeBoii 3a~a'IH ByccHHecKa AJUI ynpyroro ~H3JieKTpHllecKoro nonynpoc
tpaHCTBa. K nnocKoii noBepXHOCTH nonynpoctpaHCTBa npHJio>l<eHa cocpe~otolleHHaH cuna. 
TionyqeHLI, B 3aMJ<HyTOM BH~e, Bblpl)l(eHHll AJU1 COCTaBJlliiOI.llHX BeKTOpOB nepeMemeHHH 
u nonRpH3a!UfH ~Jlll noteHIU~ana, a T&K)I(e 3JieKTpHlleCKoro teil30pa u TeH30pa HanpR>I<elllrli. 
KoHetatupoaaHo, 'ITO 3HalleHHH nepeMemeHHii u HaupR>I<eHHA, nonyqeHHLie npu npeHe-
6pe>l<eHHH 3JleKTpHlleCKHMH 3<}><}>eKT&MH H 34>4>eKT&MH DOJIRpH381UfH, a T&K)I(e B cnyqae Hl
rpy>l<eHHH DOBepXHOCTH H30TpOnHOro yupyroro nonynpocrpaHCTBa HOpMaJII>HOH cocpe~o
TOlleHHOH CHJIOH, COBna~&JOT C H3BeCTHLIMH pe3yJILTIT8MH. 

1. Introduction 

RECENT years have witnessed the development of analytical methods for the integration 
of field equations of various linear and nonlinear theories of continuum mechanics. Some 
problems can be tackled by similarity methods which are based on nondimensionalization 
and invariance under Lie's continuous group of transformations of the governing system 
of differential equations and the associated boundary conditions. Methods of transforma
tion groups have been employed by BIRKHOFF [I] and AMEs [2] to linear and nonlinear 
ordinary and partial differential equations arising from physical phenomena, e.g. transport 
processes, fluid mechanics, diffusion, heat transfer and related areas. Solutions which are 
invariant under an appropriate group of transformations are obtained by means of sim-

(*) The results presented here were obtained in the course of research sponsored by the Natural Sciences 
and Engineering ~esearch Council of Canada. Grant No. A-2736. 
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ilarity transformations, and the number of dependent and independent variables is re. 
duced. 

NA and HANSEN [3] have developed systematic methods for the transformation of the 
differential equations and boundary conditions into forms more suitable for analysis and 
solutions, using infinitesimal contact transformations. Similarity methods and their appli
cations to boundary value problems in engineering and other physical fields are further 
enhanced by the works of AMES [4], BLUMAN and COLE (5], 0VSJANNIKOV (6] and HANSE~ (7]. 

In this paper, similarity analysis is applied to the axisymmetric boundary value· problem 
of an elastic dielectric half space subjected to a concentrated force applied normal to its 
plane surface. Similarity transformations are constructed by nondimensionalization of the 
variables and by applying invariance to the basic equations and physical and boundary 
conditions. The transformations are used to reduce the basic partial differential equations 
to five coupled ordinary differential equations with variable coefficients in the components 
of the displacement vector, the polarization vector, and the potential field , to which closed 
form solutions are obtained. 

For the particular case, when the polarization and the electrical effects are absent, the 
problem reduces to an isotropic elastic semi-space subjected to a nor~al force on its plane 
boundary. The expressions for the displacement and stresses are derived from the general 
solutions and are found to agree with known results [8). 

2. Basic equations 

For a homogeneous isotropic elastic dielectric, with axi~l symmery and referred to 
a cylindrical polar coordinate system (r, 0, z), the displacement vector u, the polarization 
vector P and the potential field 4> assume the form (u, 0, uz), (P,., 0, Pz) and lj>(r, z), res
pectively. 

The equations of equilibrium are given by (9]: -

(2.1) [ 
iJlu,. I ou,. u,.] o2u,. ( ) o2uz 

c orl + r ---ar -rr- +c44 (]z2 + c-c44 -oroz 

(2.2) ) [ o
2u,. I ou,. ] [ o2u: 1 OUz ] o2u:: (c-c44 - - + - -- +c44 --+--· - +c--oroz r oz or2 r or oz2 

(d d )[ iJ2P,. 1 aP,.] d [ iJlp% I aP%] d o2P% o 
+ - 44 --+--- + 44 --+ - -- + -- = ' oroz r oz or2. r or oz2 

(2.3) 
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(2.4) (d -d ) [ 0
2U, _!_ ou, 1 d [ o2uz .:!.__ OUz ] d o2uz 44 ~ ~ + ~ + 44 ~ 2 + ~ + ~ 2 ur uz r uz ur r ur · uz 

+(b-b*)[iJ2P, +_!_ oP,]+b*[o2Pz +_!_ oP"]+b iJ2pz -~=0, 
oroz r oz or2 r or oz2 oz 

(2.5) 
02ljJ I. ol/J o2

ljJ _1 [oP, 1p oP"]-o -8 2 +----:l+Tl-eo - ,- +- ,+-~- - • r r ur uz yr r uz 
where 

(2.6) grad V' = aP + grad ljJ 

while V' is an arbitrary function, the quantities (a, e01) = (a*, e6- 1) (r 2 +z2
)- 1 , 

b12 , b44, c12 , C44, d12 , d44, a*, £*0 are dielectric constants with 

(2.7) 

Equation (2.6) leads to the consisten~y relation 

(2.8) 

Components of the stress tensor and the electric tensor are given by 

(2.9)' 

(2.10) 

(2.11) 

(2.12) 

(2.13) 

(2.14) 

(2.15) 

(2.16) 

(2.17) 

where 

(2.18) 

-d d. - 2d oP' d. - 2 ou, r, = 12 tvP+ 44 --~ +c12 tvu+ c44 -.:::~-~ ur ur · 

d . d · P- 2d p' d · - 2 U' 
'f(J8 = 12 IV + 44- +c12 IVU+ C44 -, 

r r 

d (oP, oP") (ou, ou") 
'f zr = 'f rz = 44 ---a% +a;:- + c44 az + ---a;:- ' 

E, = b12divP+2b44 oP, +d12 divii+2d44 ou, +b0 , or or 

EeB = b12div P+2b44 ~ +d12 divu+2d44 ~ +bo, 
r r 

Eu = h12divi>+2b44 °~% .. +dl2divu+2d44 ~:" +bo , 

( oP, oPz) ( oP, oP.) d ( ou, ouz) 
Ez, = b44 az-+a;:- +b11 --az--ar+ 44 az-+a;:- • 

b (
aP, oP%) (aP% oP,) d (au, duz) 

E,z= 44 --az+a, +b11 ~-az + 44 --az+a,, 

d
. - oP, 1 oPz 
IVP = --+--P + --or r r oz ' 

. _ OU, 1 OUz 
dJVU = --+-u,+--or r oz 

and where we assumed that b0 = ~(r2 + z2)- 1, with b! a constant. 
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The Boussinesq problem consists in solving. of the · field system of partial differential 
equations (2.1)-(2.5) for the elastic dielectric half space occupying the region r ~ 0, z ~ 
~ 0 of a cylindrical polar coordinate system (with the positive direction of axis of symmetry 
r = ~pointing towards the interior) and the plane surface z = 0 being subjected to the 
physical and boundary conditions. 

(2.19) (i) Iim [u(e0 , z), w(e0 , z), Pr((>o, z), Pz(l?o, z), l/J(e0 , z)] = (0, 0, 0, 0, 0) 
Z-+00 

00 2n 

(2.20) (ii) 
~(r) 

lim J J rTu(r, z)drdO = -2"F, Tu(r, 0) = -F-- or 
r Z-+0 0 0 

(2.21) (iii) T21r(r, 0) = 0, 

(2.22) (iv) Ezr(r, 0) = 0, 

(2.23) (v) E:u(r, 0) = 0, 

(2.24) (vi) [ •o'P,- a~) = o, 
OZ z=O 

where ~(r) is the Dirac-delta function. 

3. The similarity transformations 

Let the nondimensional variables for the problem stated in Sect. 2 be defined by 

(3.1) u* = 
Ur-Uro u: = 

Uz-Uz:o 
r Urt u~. 

(3.2) P* = 
Pr-Pro 

P• = · 
Pz-Pzo 

r 
Pr1 

% · fzt ' 

(3.3) 4>* = l/J -t/>o 
q,. ' 

'P* = '1'-'Po ' 
1J'i . 

(3.4) r* = _!_ • z 
Z · =-, 

ro Zo 

where r0 and z0 are arbitrary reference variables and Urh Uz;, Pr;, Pzi and q,,(r, z}, 
'Pi ( i = 0, 1) depend Qn the nature of: the auxiliary conditions. 

Transforming Eqs. (2.1 )-(2.5) and Eqs. (2.20)-(2.24) by means· of Eqs. (3.1 )-(3.4), we 
obtain the equations of equlibrium, the physical and boundary:conditions in the form shown 
in Appendix A. . 

Absolute invariance demands that ~c~ of the factors enclC?sed in the rectangul~r 
enclosures appearing in Eqs·. (A.1)-(A.3) should be equal to unity, which leads to 

(3.5) 
ro . Uzl = 1 Pzl = 1 -= 1, ' Prl ' Zo Url 

·(3.6) Prl - 1 Prl - 1 Zo'Pu. - I Urtro = I. - ' l/Jtro' - ' - ' Ur1 Url 
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Equations (3.5) and (3.6) suggest the form of the similarity transformations as 

(3.7) 

(3.8) 

(3.9) 

where 

(3.10) 

One can see that 

4. Method of solation 

1 
u,(r, z) = - U(rJ), 

r 

1 
P,(r, z) = - P(rJ), 

r 

1 
l/J(r, z) = 2 <P(rJ), 

r . 

1 
uz:(r, z) =-W(rJ), 

r 
1 . 

Pz:(r, z) = -Q(rJ), 
r 

1 
'f'(r, z) = - 2 P(rJ), 

r 

z 
fJ = -. 

r 

433 

Substituting Eqs. (3. 7)-(3.1 0) into Eqs. (2.1-(2.5), one obtains a set of coupled ordinary 
differential equations with variable coefficients, in U, W, P, Q, tP, P as 

(4.1) c[31JU' +rJ2U")+ c44 U" -(c -c44)(2 W' +rJ W") 

(4.2) 

(4.3) 

(4.4) 

(4.5) 

+d[31JP' +rJ2P"]+d44P" -(d -d44)(2Q' +rJQ") = 0, 

-(c -c44)(U' +rJU"-)+c.u(rJ2 W" +3rJ W' + W)+c W" 

-(d -d44)(P' +rJP")+d44(rJ 2Q" +37JQ' +Q)+dQ" =· 0, 

d(3rJU' +rJ2U")+d44 U" -(d -d44)(2 W' +rJ W") 

+b.(3rJP' +7]2P")+b*P" -(b -b*)(2Q' +rJQ")+ (2P +rJP') = 0, 

- (d- d44)(U' + rJU") + d44(W + 37]W' + 7J2W") + dW" 

-(b-b*)(P' +7]P")-tb*(Q+3rJQ' +rJ2Q")+bQ" -P' = 0, 

(l+rJ2)tP"+57]tP'+44> = --
1

- [Q'-rJP'] 
E~(l +7]2) 
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434 . K. L. CHOWDHURY AND P. G. GLOCKNER 

and the consistency relation (2.8) becomes 

P I Q' 2'Y] p 3+rJ2 Q 
(4.6) +'Y] = 1+2 -1+2 ' 

'YJ ,'Y] 

where the prime above the function denotes its derivative with respect to 'Yl· 
Eqs. ( 4.2) and ( 4.4) can be integrated directly and Eqs. ( 4.1) and ( 4.3) become integrable 

when each is multiplied by 'YJ · In this manner, the first integration of Eqs. (4.1)-(4.4)leads 

to 

(4.7) (crJ3+c44 rJ)U'-c44U -(c-c44)'Y] 2 W'+(drJ3+d44'YJ)P' -d44P 

-(d-d44)'Y/ 2Q~ = A1, 

(4.8) -(c -c44)rJU' +c44(rJ 2 W'+rJ W)+c W' -(d -d44)rJP' 

+d44(rJ2Q'+rJQ)+dQ' = A2, 

(4.9) drJ 3 U' +d44(rJ.U' -U)-(d -d44)rJ 2 W' +brJ3 P' +b*(rJP' -P) 

-(b -h*)rJ2Q' +rJ2gf = AJ, 

(4.10) -(d -d44)rJU' +d44(rJ 2 W'+rJ W)+d W' -(b -b*)rJP' +b*(rJ'Q' +rJQ) 

+bQ' _tp = A4, 

where A;(i = 1-4) are arbitrary constants. 
Multiplying Eqs. (4.8) and (4.10) each by rJ 2 and adding the results to Eqs. (4.7) and 

(4.9) respectively, one finds that 

(4.11) rJ(rJ2+1)U'-U+rJ2(rJ2+1) W'+rJ 3 W= tt[d44(A4rJ 2+A3)-b*(A2rJ2+A 1)], 

(4.12) rJ(rJ2+l)P'-P+rJ2(rJ2+l)Q'+rJ3Q = -cx[c44(A4rJ2+A3)-d44(A2rJ2+A1)], 

where 

(4.13) 

Dividing Eqs. ( 4.ll) and ( 4.12) each by rJ 2 y 1 + rJ 2 makes the resulting equations in-· 
tegrable and one can show that 

(4.14) U+rJW = cx[(d44 A4-b*A2) y 'YJ sinh- 1rJ-(d44 A3 -b*A1)] + y 'YJ As. 
I +rJ2 'Y/2+ I 

(4.15) P+rJQ = -cx[(c44A4-d44A2) 'YJ sinh-1rJ-(c44A3-d44A1)] 
y' I +rJ2 

+ y 'YJ A6. 
'YJ2+I 

Substituting the expression for U, P from Eqs. ( 4.14) and ( 4.15) into Eq. ( 4. 7), after lengthy 
algebra and integration, one finds 

sinh - 1?] ex · 
(4.16) c W+dQ = A2 y + -

2 
[kt A2 + (cl2d44 -d12 C44)A4] 

'72 +I . 

[ 
I + 2?]2 sinh - 1?] l 1 . I . 

x -I--2 / __ ?]_ --:--
2 

[(c-c44)As+(d-d44)A6] (I 2)312 . 
+?] ~ t72+I t72+I +'Y] . 

A1 
+ I ' l' 1 +t]l . 
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where 

k1 = -rx- 1 +dd44 -b*c. 

The physical condition on [cW+dQ] = r[cuz+dPz] for finite (!o and z ~ oo leads to 
the conditions 

(4.17) 

From Eqs. (4.15) and the consistency relation (4.6), we determine P, Q. The resulting 
expression for Q when used in Eq. (4.16) enables one to determine W. The expression for 
U is given by Eq. (4.14}. The detailed evaluations for tP are outlined in Appendix B. The 
expressions for U, W, P, Q and tP are thus found and are given by 

(4.18) 

(4.19) 

(4.20) 

(4.2I) 

(4.22) 

where 

(4.23) 

(4.24) 

W= 

(c -c44}As -(2d+d44)A6 r; 
+ --·- - - --·- -- -

zc (r;2+1)3f2 

(c -c44)As -(2d +d44)A6 

d A* 
----- +K 

c r; 2+I , 

-~-

2c (r;2 +I )3/2 

A* = rx(c44A3 -d44At) , 

K = !!__ A*-rx(d44A3-b*A1). 
c 

-!!__A* __ r;_ 
c r; 2 +I ' 

The expressions for the essential stresses and electrical stresses when Eqs. (4.18)-(4.22) 
are substituted into Eqs. (2.9)~(2.17) are given by 

(4.25) r 2 Tu = -d12 r;P' +dQ' -c12 r;U' +c W' 

2(cd12 -dc12) * r; 2 
C44 [ r; ( ) rJ ] A 

c A -(r;2 + 1)2 + -c- - c12 -(r;2 + 1)3/2 + 3 c -c44 (r;2 + l)s12 s 

-i- ; I[ ( -2d12 +d44)+ c~2 (2d+d44)] (7)2:I)'I2 + [Jd1 2- c~2 (3d,2+ 7d .. ) 

x ( '12 +'11)312 } A, + ( c~2 -I) (7]2 +'11 )312 A, ' 
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(4.28) 

The boundary conditions (2.19)-(2.24) lead to the following system of algebraic equations 
in the constants As, A6 , A 1 , B1 and A*: 

(4.30) 2c- C44 As+ (2 d44 _ d44) A,_ .3_ A, = O, 
C C.u C C 
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ON A SIMIL.Un'Y SOLUTION 011 'DIE BoUSSINIISQ PROBLEM POR ELASTIC DIELECTIUCS 

(4.31) 

(4:32) 

(4.33) 

(4.34) 

2c-c44 As+ ( b44+b* ~ d44) A
6

- ~A,= o. 
c ~4 c c 

A·=~ d2 -bc' 

2e~B1 +A6 = 0, 

A 
2dc44 -cd44 A 2c44 A cd12 -dc12 C44 s + 6- - - , + - A* = -F. 

c c c 

437 

The detailed evaluation of the integral boundary condition (2.20) which leads to Eq. 
(4.34) is given in Appendix C. The solution of the system of Eqs. (4.30)-(4.34) leads to 

(4.35) 

(4.36) 

(4.37) 

(4.38) 

A6 = 0, B1 = 0, 

c (cdu -dc12)cb~ 
A 5 = c.4~(c-c;4)F+ .c44(c-c44)(d2 -bc)' 

A _ 2c-c44 [ c F (cd12 -dc12)cb~] 
7 

- 2c44 (e -c44) + -- (e -e44)(d2 -be) ' 

A·=~ d2 -be· 

5. The classical solation 

When the homogeneous, isotropic elastic semi-space is subjeeted to a concentrated 
force normal to its surface and the electric polarization effects are neglected, the problem re
duces to the classical Boussinesq problem. 

Allowing the dielectric constants d12 , c/_44 , d, b* to vanish, the constants given by Eqs. 
( 4.35)-( 4.38) assume the form 

(5.1) A* = · A6 = B1 = 0, 

c c(2e-c44) 
(5.2) A5 = - --- F, A,=----

c44(c -c44) 2e44(c -e44) . 

Substituting the expressions (5.1) and (5.2) into Eqs. (4.18)-(4.24) and Eqs. (4.25)-(4.29), 
we find that the expressions for displacements and stresses are given by 

(5.3) 

(5.4) 

(5.5) 

(5.6) 

which, with minor change in notation, agree with those arrived at by SNEDOON [8] by means 
of HANKEL transforms. 

8 Arch . Mecb. Stos. nr 3181 
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Appendix A 

The tr~ns.formed system . of. the equilibri~m _eq~tions, the physical and bo\lnpary 
conditions in the nondimensional variables are given by 

(A.l) [ 
o2u: 1 au: u: ·]· o2u: I r~ I o2u: r roUzt--,

1 

c or*2 + r* or* - r*2 .- + c"" oz*2 - z~ +(c-c"") or*oz* I z;;u,.-; 

1 
.. [ alp* 1 BP* P* ] iJ2P* I, '21 alp* 

+ d a.; +-. ~; - : 2 +d44 a .~ -+ +(d-d44) a ·a·%* r · r . ur r z ~ r z 

(A.2) 

(A.3) d ~+-~-~ +d ~. !.!!__ + d-d -~ roZzt [ 
02 * 1 a * · * ] 82 * ~~2~ 82 * ~--~ 
or*2 r* or* r*2 44 iJz* 2 . Z~ ( 44) or*oz* ZoUr~, 

I [ iJ2p* I oP* . p* .] iJ2p* · l r2 r lJl~ 
+. b Or*; +·-,:-.-a,.; 7 r:2 ; +b* at•~ · zi + (b-:-b~)- or*o~* 

xi~ 11: (~) ·- -~ ro'Ptl ( 
0'1':-) = o, 

ZoPrl u,.l u,.l l or ---

(A.4) (d- d44) [ o
2
u: . +-.'I ou: ] +d [ o

2u: + _1 a.u:] I u%1 z~--1 
or*oz* r* oz* 44 or*2 r* or* Urt ro 

+d o2u: I Uzt !.!!._l+l(b-b*)[ o2P: +-l ap:]+b*[o2P: 
OZ* 2 U,.1 Zo or*oz*· r* oz* or*2 

----

+J. oP!]j Psi Zo I +b 82:~11 -Pu--ro . ·l. l (~)- ··l·zo1Pl l · ·(~t) = 0, 
r or P,1 ro oz P,.. Zo u,.l ·, Ud . :, a z 

---
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(A.5) 

·-- --. 1 

ocJ>* 1 ocJ>* 1 r
2 

I iJc/>* 2 
( z*

2
1 z

2 1)- ( iJP* 1 ---+---+ ~ !---e*-2 1+-- ~ __ r +- P* 
i3r* 2 r* or* I z5 I i)z* 2 0 

. r* 2 r~ or* ' r* r 

(i) * * P* P* ,~,* *)I ( u,loo -u,o 
( U r ' llz • r ' z ' 'I" ' "P oo = . ' . u,t 

(A.6) 
1J'Ioo -tpo --- = (0, 0, 0, 0, 0). 

1J'J 
As 

(A.7) 

it implies that 

(A.8) (u,o, Uzo, _Pro' ~zO• c/>o, 1J'o) = (0, 0, 0, 0, 0), 

(ii) * * - Ur u, Zo Uz Uzl r ( 
0 * * ) -,1 I 0 * -i -1 I ( oP* 

T:zz(r ,0)- c12 - 0 * t-. -I +c-0 * 1--~ ' .. + d12 - 0 .* . r r r0 1 
z , u, 1 • 1 

- ·- - --

+ P~) -~ z~l +d oP; I Pzt-1'1 (~) = 
r ~ oz 1_ P':_l_ Urt 

F 
l5(r*) ,. z0 l I 

- .~ , r~ Urt!.!!_ _ ' 

.<5(r*) 
where we have used the result <5(r0 r*) = - 

ro 

(A.lO) (iii) * ( * O) = 0 = (~) Id (· oP:_ aP_: -~, Pz1 zo l)l 
T zr r , 44 0 * + 0 * ·p u,l z r rl ro 

----

( au: au: Uzt i_ zo ~- ) 
+ C44 a * + :l * I ' z ur u, 1 ; ro 

(A. I I) (iv) 

b·- ( oP: oP: Pz 1 ) ~~~~ d ( au: ou: ~~-~:-~\) + 77 ----- - - -- + 44 -- + --~-- ' 
or* or* p r'l ~- oz* or* ~~~ 

(A .I2) (v) E* ( * O) = o = ~ lb ( aP: P:) I zo I b aP: -~ P%~ ~~ -
zz r , 12 :l * + * : + :l * p u,l ur r ~- uz _r..!.__ 

d ( ou: u:) ,, z0 1

1 d ou: I~ I 
+ 12 . :l * + * + :l * ' ur r r0 uz Urt -- ---

8* 
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Appendix· B 

Evahlatioa for the potential fuact:ion lP: 

Substituting the expressions for P(f]) and Q(fJ) from Eqs. (4.20) and (4.21) into -Eq. 
(4.5), the equation for fP assumes the form 

) 2) d
2
fP dfP m * _1 [ 1 * 2t] ] 

(B.1 (l + 1] tb]2 +51] df] + 4-v = eo (1 + '12)2- A + (1 ~ 1]2)5/i A6 . 

For the homogeneous part of the Eq. (B.I), one solution, by inspection, i·s found to be 

(B.2) 

The second solution is generated by the method of variation of parameters and is 
found as 

(B.3)-

Substituting Eq. (A.3) into the homogeneous part ofEq. (A.l), one finds that 

1J d 2 V 2+711 dV 
-~---+-.----=0 
l/ 712 + I dfJ2 (1 + 712)312 dfJ . (B.4) 

Elementary integration leads to 

(B.5) 

The particular inteJral is found to be 

(B.6) ~.('1) = ·~- 1 
[ 2('1~:1) + ~· ('1'11)312 log('1

1
+1)]. 

The complete solution of Eq. {A.1) is given by 

(B.5) . ~( 71) = (~']1)',1 [B 1 +Ji, ( sinh - 171- )"~) + •t-1 ~· log( '1
1 + I)] · 

Since 

1 . 
4>(r, z) = -2 fP(fJ)-+ 0 for r =eo, z-+ oo, 

r 

the constant B2 in Eq. (A.7) equals zero. 
Thus, the form for the function fP(fJ) is given by 

1J · [ . e*-1 
] e*- 1A* 

fP(fJ) = (712+1)312 Bt+·+ .A.61og(7Jl+ I) + 2(~2+ 1) . 

. e~- -lA.* 

+ 2(712 + 1) . 
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ON A SIMILARITY SOLUTION OF THE BoUSSINESQ PROBLEM FOR ELASTIC DIELECTRICS 

Appendix C 

The integral boundary condition: 

(C.l) 
2."J 00 

J J rTzz(r, z)drdO = -C&F. 
0 0 

Substituting the expression for Tz: from Eq. (4.25}, one finds 

(C.2) 

441 

+ ~ H ( -2dl2 +d •• )+ c~2 (2d+d •• ) 1 J, + u3d.2 _ c~ 2 (3dl2 + 7d .. )n /2] 

xA6 + ( c~ 2 -I) /2A, 

where / 1 , 12 , / 3 are elementary integrals which are easily evaluated and are given by 

(C.3) 

(C.4) 

(C.5) 

The integral boundary condition (C. I) becomes 

A 2dc44 -cd44 A 
2 

c44 ... d12 -dc12 .... _ F 
c"" s+ 6- -.n7+c n - - , 

c c c 
(C.6) 

which is Eq. (4.34). 
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