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Direct continuum model of an elastically-deformable polarizable and
magnetizable body
II. Field equations

Z. BANACH (WARSZAWA)

WE CONSTRUCT by means of the Lagrangian function introduced in the paper [1] and the prin-
ciple of stationary action stated in this article the equations of motion and fields and also the
equations of conservation of energy, momentum and moment of momentum. Finally, we make
a study of the relations of our theory with the local approaches.

Konstruuje si¢ za pomoca wprowadzonej w pracy [1] funkcji Lagrange’a oraz zasady stacjonar-
nego dzialania ustalonej w tej pracy rownania ruchu i pél oraz réwnania zachowania energii,
pedu, momentu pedu. Rozpatruje si¢ powigzania naszego modelu z lokalnymi metodami opisu.

Tpennoywennan B paote [1] dyuxums Jlarpamka u NPUHLKN CTALMOHAPHOTO [IEHCTBHA HC-
MOMB3YIOTCA JUIA TOCTPOEHMA YPaBHEHHH COXDaHEHHMA SHEPrHH, HMIIY/ILCA ¥ MOMEHTA HM-
nynbca. PaccmarpuBaeTca CBA3b NPEAVIOMKEHHOH MOMENHM C JOKANBHBIMH METOJaMM OIH-
CaHMA.

1. Introduction

THE PURPOSE of this paper is to continue the investigations in our previous article [1].
The starting point of our discussion is the Lagrangian function and the principle of
stationary action. In the equations of motion and fields and also in the equations of con-
servation of energy, momentum and moment of momentum some of the quantities (the
first-order Cauchy stress tensor, the first order spin interaction stress tensor and so on)
are expressed entirely in terms of the generalized densities, the potential functions of
different types, the magnetic moment per unit mass and the electric moment per unit
mass, respectively. It must be remarked that these mechanical quantities can be intro-
duced to continuum mechanics in spite of the lack of special knowledge about the range
of interactions between two particles. For the sake of simplicity we confine ourselves to
the second-order theory. It is very interesting to look for the conditions which allow to
make a transformation of the exact form of the equations of conservation into the form
corresponding to the so-called second-order theory (for instance). The discussion of this
problem as well as the discussion of the relations of our theory with a nonlocal continuum
of EDELEN and ERINGEN [2, 3, 4] will be the subject of another paper.

The results of TiersTEN [5] and CoLLET [6] concerning ferromagnetic bodies under
the quasi-stationary magnetic field are compared with those of ours.
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2. An inhomogeneous principle of stationary action

The aim of this section is to establish an inhomogeneous principle of stationary action.
We confine ourselves to the case of the magnetically saturated body which is of a particular
interest. The saturation condition [5, 7] has the form

@) A, O paaX 1) = b, 1) (3, 1) = (e)* = const,

where « = a, b, and ;, = |w,| denotes the saturation value of w,. This assumption, al-
though not valid when the critical phenomena are under consideration, is consistent with
our reversible approach and can be used without doubt at temperatures much below the
corresponding critical temperature. There exists a connection between angular momentum
per unit mass in the a-subcontinuum s, on the one hand and the magnetic moment per
unit mass in the a-subcontinuum ., on the other hand

2.2) P = VaSas

where y, = fi:—”- denotes the so-called gyromagnetic ratio, g, is the magnetomechanical

coefficient, u; is called the Bohr magneton, and # is the Planck constant [8, 9, 10]. Gener-
ally, the magnetomechanical coefficient g, depends on the «-species (x = a, b). If we
assume that magnetic moments arise only from spin [10], then we have to write

(2.3) =8 =248

It results directly from Eq. (2.1) that in processes which occur in nature, the variation of
the magnetic moment per unit mass in the a-subcontinuum ., denoted here by Eop,,,
during the time interval At has the form

(24 Aopa)(X, 15 41) = —Etpmptaa (X, 0am(X , 1) At

where w,(X, t) is the angular velocity of the magnetization vector p(X, t) at X at time
t; this means that for a virtual motion we can write, instead of Eq. (2.4),

2.9 (;s-ﬂf"ai)(x‘ 1) = —€umpa(X, 1)(300am)(X , 1),
where 8,0,/dt denotes the axial vector which is not the time derivative of an actual vector

function in the case of natural processes occurring in the a-subcontinuum. Furthermore,
we must introduce obvious conditions following from Eq. (2.1):

(2.6) Paiﬁ.‘m; 0, lMaiflai.x =0, faittax = 0.

T | Q
Let us assume that d, W denotes &, W after a replacement of o, by doitx (x =a, b).

(ty, 1) (14, 12)
An inhomogeneous principle of stationary action [2] has the form

@7 b W + j 8o Padt =0,

(ty, t2) (@) 1,

where

(2'8) 60P¢ = _(yrx)-l f dxea(x! r)ﬁ-‘al(x: ‘)(60931)(x; f).
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The main difference between our inhomogeneous principle of stationary action and the
so-called principle of stationary action is caused by the existence of the additional term

12 )
D' [ 80P, dt in the equality (2.7). The 8, P, is postulated by means of the formula (2.8).

@) fy
SI‘l:e principle (2.7) (in contrast to the principle of stationary action) allows one to obtain
Eq. (3.4) governing the behaviour of the magnetic moment per unit mass.

A different approach to the same problem (the structure of the equation of balance
of the electronic spin) is presented in the paper of S. KaLisk1, Z. PLocHock1, D. RoGULA
[23] and also in the article of M. Lax [24].

At first sight the principle of stationary action (2.7) leaves much to be desired on account

o
of the variation 4, W ofthe action functional defined for the infinite spatial region co.
(11, £2)

o
On the other hand it must be noticed that 6, W exists because of a continuous tran-
(fy, 12)
sition of the body from the material state to the vacuum one. The above statement is

sufficient (in the case of short range forces and in the case of the small radius of correla-
tion between particles) to obtain the equations of motion and fields in the local form at
each point x belonging to £2 where the homogeneity assumption is accepted from the

2
principle (2.7) using only the well-known expression d, W for the finite region £.
(11, 12)

3. Equations of motion and fields

In this section we study the structure of the equations of motion and fields. Let E and
B be the electric field vector and the magnetic induction, respectively. There exists the
relation between (@, A) and (E, B)

(31) EIE —q).l__::_‘arAI!
B, = €1,4,.
The independent equations of motion and fields are:

(i) balance of momentum, (ii) intramolecular force balance law, (iii) balance of the
electronic spin, (iv) electromagnetic equations. In addition to the equations (i), (ii), (iii)
and (iv), we must also require (v) continuity equations. It can be proved, using only the
principle of stationary action (2.7), the defining relations (3.1) and results of the previous
paper [1], that the equations (i), (ii), (iii), (iv) and (v) have the form

(i) Balance of momentum

i 1 .. &
(3.2) 0%, )% = P,Ey,+ — [kx (P,B, )i+ - (A xB) + 4, B, +1,.
(ii) Intramolecular force balance law
(Y ol )t M = ofx, 1) [E+ < (ixB)] +o(x, 1°E,+(x, 1Y Er-
a i

3 Arch. Mech. Stos. nr 2/81
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(iii) Balance of the electronic spin

(3.4) (V) 7' 0a(X, Dt = Qa(X, D[Pa X (B+B);  (x =a,b).
(iv) Electromagnetic equations

1 1
(35) VxE=-—3B, VxH=-—_0D,

divD = 0, divB = 0.

(v) Continuity equations
(6 st o (Mgt (%, D)+ 2 (nege?(, D) =0, (4, B = a,b),
0xp Y,

where we introduced the following useful notations and abbreviations:

. 1 W i !
(3.7 °Ei(x,t) = - 20(x. 1) Z J dyap(x, ¥, ) Rag(x —y),
J (x,B) o

1 19
(3.8) LE(x,t) = - 'EGC‘,I—) 2 J‘dy (Quﬁ(x, Vs Dleg(x =) (y, t)

(2,8)
iq
+ Quﬂ(x » Vs ‘) Raﬂ(x ”_y)Hq(x ’ t))’

1 ia
(3.9 “Bu(x,1) = — m g J‘dy (0as(x, ¥> )ag(x=y) ttpg(y, 1)
i
+ Qﬂﬁ(x » Vs t) Cquﬂ(x _J’),‘-‘aq(xs ‘)),

aR
+aplTp)a(x, y, 1) —5 -

(G.10) fi(x,1) = —Zf {naﬁ(x y,:)

(x,8)
ol oR
+(Q¢Hﬂ§)(x’ ¥, r) T;‘E +(Qﬂﬂﬂﬂﬂ)3(x7 Vs ‘) —a?::i
al. ac
Saf GLap
+ (0ap tap Hpa) (X, V5 ) 3, + (Oup Maptag)s(X, Y, 1) 7, ]
D = E+4aP, H = B—4aM,

(3.11) ME.#—I?vxP, JEZ&MEQF—
(=)

In accordance with our previous remarks [1], we use either the usual Cartesian tensor
notation or the direct dyadic notation. We have no possibility to discuss these equations
in all details. Nevertheless, it must be remarked that the term P,E; ,+ (1/c)[vx (P,B_)]; +
+ (¢/c)(IT x B);+ 4, B, ; in the right hand side of Eq. (3.2), and the term [E+(1/c)(vxB)];
in the right hand side of Eq. (3.3) denote the body force caused by electromagnetic pro-
cesses, and the effective electric field vector of electromagnetic nature (the local electro-
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motive intensity), respectively. Our electromagnetic body force is identical to that of
TiersTEN and Tsai [11] but deduced from another point of view. At the same time, an
equation very similar to our intramolecular force balance law (ii) has recently been obtained
by MAuGIN [12-14], NeLson and LAx [15] but under significantly different assumptions.
The equation (iii) has the accepted form but a detailed discussion of the structure of the
effective magnetic induction B, must be postponed to another place. We believe that
the similarities to the purely phenomenological theories will become then obvious. We
take only note of the fact that the effective magnetic induction B, is, in accordance
with the now well accepted results of the purely phenomenological theories [5, 6, 10, 11,
16, 17], to be decomposed into two parts, the isotropic exchange part and the anisotropic
local part (see the last section of this paper). The equation M= .# — (1/c)(v x P) is not postu-
lated but follows directly from our Lagrangian approach. The magnetizations 4 and M must
be understood as magnetizations in the instantaneous local rest system of inertia and in
our rest system of inertia, respectively [11, 18]. f;, °E;, LE,, “B,; are associated with the
strictly internal mechanical interactions and are expressed entirely in terms of the gener-
alized densities, the intermolecular potentials of different types, the ionic polarization
per unit mass and the magnetic moment per unit mass, respectively. Generally, Egs.
(3.2) - (3.4) tell us that the material fields x(X, #), II(X, t), p.(X, t) are subjected to the
actions of external agencies (electromagnetic fields) and internal agencies of different
types. There is no problem to show that the internal volume force is the divergence of the
so-called nonsymmetric Cauchy stress tensor but we prefer another way of investigating
this problem (see the next section). We refer the reader to Zorskr’s papers [19-20],
in particular to his definition of the nonsymmetric Cauchy stress tensor.

It follows directly from Eq. (3.3) that if the external agencies (electromagnetic fields)
vanish, the ionic polarization field still exists because of the term °E,. On the other hand,
the microscopic characteristics of particles belonging to the a-subcontinuum and the
b-subcontinuum as well as the macroscopic states of two continua described by the set of
generalized densities are different. The main conclusion is that even if the electromagnetic
field does not exist, the internal agencies influence on the behaviour of the a-subcontinuum
and the b-subcontinuum in a different way. We are now in a position to look for the
arbitrary mathematical assumption associated with the macroscopic states of two continua
corresponding to the arbitrary (from the theoretical point of view) but useful (from the
practical point of view) hypothesis that the term °E; has no importance. Our assumption
has the form

(3.12) Qap(x,y, ) = ~;— Mas(x, ¥, ) +7pa(x, y, 1)), (2, f =a,b),
where

Nap(X, ¥, 1) = npa(y, X, 1).

The above arbitrary statement removes partly the differences between particles and can
be understood as a specific kind of counting the average over types of particles. The physical
sense have only the integrals over macroscopic volumes. For instance, we are interested
in the following expression:

3=



i
@13 [ dxelx, 0°Ex, 1) = -3 3 [ [dxdvest.y. ORax -5

(x,8) 2

1
=3 5[] dxdygeg(x, y» 1) Rog(x —3)
(«.8) 2 0

1 v S ¢
= =4 D [ [ dxdveat®, . DRe(x =1+ Ry =) = 0.
(e, )2 Q
At the same time, we have

fe(x, 1) E,(x, t)dx # 0.
o

4. Principles of conservation

Although there are in principle no difficulties to obtain the local statements of balance
of total momentum, total moment of momentum and total energy in the most general
form, it is definitely convenient if we take only into account the generalized forces being
the first and the second-order volume integrals with respect to z (see Eqgs. (4.5), (4.6),
(4.14), (4.15), (4.16) and (4.17)). It is entirely consistent with COLLET’S approach [6]
requiring only the first and the second spatial derivatives of generalized velocity fields v,
I1, {1, to be important (the second-order theory). In spite of the lack of special knowledge
about the range of interactions under consideration desired in classical approaches, we
introduce concepts of the first-order Cauchy stress tensor, the second-order Cauchy stress
tensor, the first-order ionic polarization stress tensor, the second-order ionic polarization
stress tensor, the first-order spin interaction stress tensor, and the second-order spin
interaction stress tensor, respectively. We are looking now for the conservation laws which
are not new physical laws but result directly from the equations of motions and fields.
On the other hand, it is interesting to see that these conservation laws can also be obtained
by means of the Lagrangian approach. This problem has been extensively considered
by RocguLa [21] for the abstract case of a system composed of a continuous local body
with some internal degrees of freedom of material points of the body and certain external
fields. It is now well known that the action functional has invariance properties with
respect to certain transformations of space-time [21-22). In the case of an inhomogeneous
variational principle we must then write

o

Q Q

(t1, 12) (11, 72) (t1, 12)
if these transformations of space-time are taken into account. It is to be noted that no
particular assumptions about the time interval (¢, t,), the spatial region £, the range of
intermolecular potentials are necessary.
1. Translation of space coordinates. We obtain

6t =0, 6Xg=0, &x, = &, o1, =0, Oy =0,

4.2) dp=0, 84*=0, dx;=8, O6,=0, bophi=0,
b9 = —0p,8, 0,4"= —AYs,

where « = a, b and ¢; denotes the infinitesimal transformation parameter.
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I. The principle of conservation of total momentum

43) 006, ¥+ o 0 (EXB)+ 2 [~(t,+ T)] = 0,
4nc Ot ox,

where

4.4 ty = Ot 4+, .,

(4.5) Wy (x, 1) = %Z fdzz';lﬁ(x, x—z,t),
(2, f)

(4.6) @, (x, 1) = % 2 f dz2 2hey(x, X 2, 1),
(@, F) o

i oR
@) e, 1) = nag(x, 9, ) 52+ ualT)al,y, )2

Pq Pq
al, OR
HeaplTIT)(x, 3, 1) 52+ (el IT)s(x, y, 1) 52

al, ac.
af ap
7 + (0ap Bap Bag)s(%, ¥, 1) %,

a4 (Qua#u#‘pq)(x V1)

EM
@8 T.= Tzli {4::P,.Q‘+E,E,+B,B, —4::3,.1,—% (E*+B?—87.4 - B) a,,},

(4.9) o L(_ (vxB),.

Dy, is the first order Cauchy stress tensor, ®)1,, is the second-order Cauchy stress tensor,

t;» should be interpreted as the nonsymmetric Cauchy stress tensor, and z-:?{; denotes the
so-called Maxwell stress tensor. For the first time the same Maxwell stress tensor was
introduced to continuum mechanics by TIERSTEN and Tsar [11]. Our uniform variational
approach is a very strong confirmation of their results. Nevertheless, the Cauchy stress
tensor by no means can be understood as a sum of the Cauchy stress tensors defined for
the a-subcontinuum and the b-subcontinuum, respectively. It is strictly connected with
the interactions between two continua. It should be obvious, after using Eq. (3.6), that the
Cauchy stress tensor depends nonlocally on the displacement vector, the ionic polarization
per unit mass, and the magnetic moment per unit mass through a single volume integral
(see also Zorsk1 [19-20] and ERINGEN [4]).
2. Rotatlon of space coordinates. We have directly

0t=0, 0Xg=0, O0x;= —€nx;&, Ol = —€yull;e,,
Optay = —€1jmMajEms Gox; = 0x,, OoIT; = OIT;,, Odopai = 6.»“!!?
(4.10) 0p =0, O0A;= —€nAsen, 0,9 = Ejm®, & X;Em
8, A; = EymAs k X) Em—EijmA; Ems
where « = a, b.
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After very tedious calculations, we obtain:
II. The principle of conservation of total moment of momentum

Caxze
E:JkHJHt 5 (ya) ! —ezd ,“ui}

4.11)  o(x,t)— ar ‘Eukx.fﬂk‘*' (a) (1+C(¢=¢))

I”I

1 ) EM
o 3 {enx,(ExB)}+ 5 {"mej(fu'f‘ Ti,)
kr krs
—eukHJDh—EmZ#«JFuﬁ_Em(xJ.s‘z’fm-!' I, »D,,,+ Z#«J.smﬂp)} =0,
(@5 (x,8)
where
(4.12) Dy, = VD, +P Dy, o,
kr krs
(4.13) Foy = (IJFM_F(Z)Faﬁ .
(4.14) Ap.(x,t) = ——Z J dzz"dmg(x x—z,1),
(x, ) o
(4.15) @D, (x, 1) = —Z fdzz’z dog(x, x—2,1),
(2, 8) =
kr l k
(4.16) MF o(x,t) = 5 fdzz’fag(x, x—z,1),
krs
4.17) DFp(x, 1) = — fdzz "2fup(x, x =2, 1),

k 1 & kp
(4°18) dﬂﬂ(x’ Vs t) - T Rﬂ#(x —J’)Qu.s(xa Y, l)+ "uﬂ(x_y)ﬂp(y! f)Qa‘g(x, Vs l)

k
+Rig(x—y)H,(x, 1)0as(x, y, 1),

k k K
(@19)  fup(x, 7 1) = Jua(i=D)pgolys 0up(x, ¥, 1)+ Caplx =) X, 1), ¥, 1)
wp.  @p p m;":'r (z)f.:" and F
krs krsy &krs af» af af

may be referred to, respectively, as the first-order ionic polarization stress tensor, the
second-order ionic polarization stress tensor, the ionic polarization stress tensor, the
first-order spin interaction stress tensor, the second-order spin interaction stress tensor,
the spin interaction stress tensor. It follows directly from Eq. (4.11) that the electric moment
per unit mass IT and the magnetic moment per unit mass ., in the a-subcontinuum ex-
perience couples caused respectively by an ionic polarization traction vector D and a spin
traction vector F, acting across surfaces of the ionic continuum. The spin traction vector
F, is associated with interaction between the a-magnetic subcontinuum and the ionic
subcontinua (see the second term on the right hand side of Eq. (4.19)) and also with interac-
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ion between the a-magnetic subcontinuum and the spins belonging to the same «-magnetic
subcontinuum or to the different magnetic subcontinuum (see the first term on the right
hand side of Eq. (4.19)). The latter interaction is either isotropic (see Eq. (4.6) in our
previous paper [1]) and then the spatial nonuniformities in the magnetic fields are impor-
tant (see also [10]) or anisotropic and then the spatial distribution of magnetization can
be neglected. From the formal point of view exactly the same remarks can be adopted
for the ionic polarization traction vector D. On account of no saturation condition it is
difficult, however, to consider phenomena arising from the spatial nonuniformities in the
ionic polarization field. To complete the above discussion we give the expressions for the
ionic polarization traction vector D and the spin traction vector F,, respectively,

DI. - nern

4.20 k kr
e Fo= Y'nFy (x=a,b),

®)
where n, denotes the unit vector normal to the infinitesimal element of surface under
consideration.
3. Time translation. The infinitesimal time transformation has the following form:

ot=—¢e, O0Xg=0, éx,=0, O8I, =0, Ou,=0,
4.21) dp=0, 04, =0, 8ox,=uw;e, O0olI, =1Ile,
Oo ftay = [:'-ulsa b9 = (0, p)e, 0,4 = (6, 4)) &,
where o = a, b and & denotes the infinitesimal transformation parameter.
I11. The principle of conservation of total energy

_a_ — . _l_ 2 2 }
(4.22) 3 {QK+9¢ on B+ = (E2+B?)

bl - kr 2 .
+ -éx—{—fgr Ug"‘Dgﬂg— Fmﬁ‘u_u,!knvk.:_u)pkrsnk.x
r (o, B)
krs
= N Oy, (ExH),+(eK+0e)o, (oIl E+op B)v-} =0,
(,8)
where
1 mom, =
4.23 K=—v24+_22""% 112
(423) 2" * 2.9,

@2 e =5 ) [ dyautcy.n
, (@.f) ©

k k
+ (dopT)s (%, ¥, )+ (fapprar)s (%, ¥, 1)},
(425) au,ﬂ(.x: ) ‘) = na_ﬂ(x!y! l) Vaﬂ(lx_yl)!

k
(426) (dntﬁnk)s (x!y’ t) - -;_ {gap(xt Y ‘)Hk(x9 r)"‘;aﬂ(y’ X, f)Ht(}’- ‘)}s

k k k
(427) (ftlﬁ!uﬂk)s (x’ }’, t) - % {faﬁ(xv J”s ‘)jua.k(xs t)'i'fuﬂ(y! x! t) Mu()’, r)}s
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where K is the kinetic energy per unit mass and e is the internal energy per unit mass.
The internal energy of the material subbody occupying the spatial region £, in accordance
with the usual physical interpretation of the internal energy per unit mass, has the form

(4.28) E3 = fg(x, t)e(x, t)dx = —;—-2 f fdxdy {aup(x,y, 1)
I

(@,f) 2 «© -

k k .
+(d¢ﬁHl)S (X,J’:_ f)"‘(fqﬁﬂmk)s (x! }’, t)}

The above statement may be understood as stating that the energy of the material subbody
occupying the spatial region £ depends on the environment co of the material subbody
as well. This fact follows directly from our Lagrangian approach and is a very strong
confirmation of Edelen’s suggestion on the same subject [2, 3]. Equation (4.22) states that
the increase in the total energy of an infinitesimal fixed volume region of space associated
with the material body and electromagnetic fields is due partly to the flux of energies
of different types across the boundary, and partly to the works done by the generalized
forces. Our equation of balance of energy is in many respects parallel to that of TIERSTEN
and Tsai [11]. There is, however, one serious difference caused by the additional term g - B.
We believe that our result is correct on account of the uniform Lagrangian approach. From
the physical point of view the term g - B states that coupling exists between the material
body and the electromagnetic fields. It must be remarked that if the theory is treated in
the frame of quasi-magnetostatics and the ferro-magnetic body is under consideration,
the equation of balance of total energy (4.22) can be easily reduced, in contrast to that
of Tiersten and Tsai, to the following well accepted form [5]:

d L J’
({.29) E‘wnf dx{9K+ge+ & H } &= 2 dS{(l,, n,) v

1
+ (Fienty) fx — % (ExH),n,+ = H%vn,+M- Hw,n,} .

where
K- %v", e— e=27n(0)"'M?, ti, > ty,+2aM?4,,.

krs
It is assumed here that the tensors ¥, ‘®F are unimportant.

5. Localization

It is proposed now to study relations of our theory with the local approaches. The
starting point of this discussion are the results of TIERSTEN [5] and COLLET [6] concerning
ferromagnetic bodies under the quasi-stationary magnetic field.
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5.1. General considerations

The main results of TiErsTEN [5] and CoLLET [6], which will be the subject of our
present study, have the form

(5.1 .+ M;H:; = o9,

(5.2) EUM“JH:“ = (),

(5.3) ‘Tuéu'P#me—QLHi ﬁ':“f“‘xuvéu = e,
where

(5.4 iy = Oy—pw,k+ 0 Hyupy =" # iy v
(5.5) H{" = Hi+“H,;+(¢) ~'*#,,,;,

(5.6) -5:.: =own Lu=vun Kk = v,
(5.7) m; = =8, M= (I:‘t)..r“-QakPk.j-

oy; = 0y; is a first-order intrinsic stress tensor, u;; = My, is a second-order intrinsic stress
tensor, “H; is the magnetic anisotropy field, “5; is the magnetic exchange tensor (we
adopt here the original terminology of CoLLET [6] and TIErSTEN [5]). The above equations
are valid without studying any particular constitutive equations. Nevertheless, if the
constitutive equations are introduced, we must write

(5.8) €ty " H iy = 0.
In Tiersten’s theory this condition is a consequence of the invariance of the exchange
energy in a rigid rotation of the entire spin continuum with respect to the lattice contiuum
(we adopt here the original TIERSTEN’S terminology [5]).

We are now in a position to start our discussion. Equation (5.1) is the direct conse-
quence of Eq. (3.2). Indeed, in the ferromagnetic case we obtain very easily

1 .
(59)  PEi+- [V (BB )L+ % (AIxB)+M,B, +f; = M,B,, +f,

= MrHr.l_4”Mer.l+ft e MrHl.r"'4nMer.l+fl
= MrHLr'{"(‘lr_Z“Mzair},n

where
(5.10) Ly = (”ttr"'(z}‘lms‘
i
(5.11) M (x, 1) = ; fdzz’h(x, x—z,t),
1 i
(5.12) ¢, (x, 1) = T f zz'2h(x, x—z, ),
a d

: oV of ac

(5.13)  h(x,y,t) = ny(x,y, f)g; + (02 ppg) (X, ¥, f)axt + (021505 (%, ¥, f)é';;

The study of Eq. (5.2) is much more complicated. Equation (3.4) can be easily simplified
to the following form:

(5.14) €y (He+"By) = (v) i,
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where
(5.15) “By(x,t) = — YO fdy(ez(x ¥V, t)J(x =My, 1)

+02(%, y, t)C(x — V) e(X, 1)) -

In view of Egs. (4.6) and (4.7) in the previous paper [1], Eq. (5.15) can be written in a more
useful form:

(516) B (x,1) = - fdyé’z(x ¥, DT x =Dy, 1

(x 1)
—mwfdyg’(x’y’”Cﬂx_yi)ﬁ‘k(x,t)+"Hk(x,r),

where

(5.17)  Hy(x,t) = - fdyez(x ¥, ) (P =x*) (0 =x8) [J(Ix =y (7 1)

+C(Ix =y pg (x, 1)] -

It must be remarked that the second term on the right of Eq. (5.16) is parallel to the mag-
netic moment per unit mass j; this means that we are interested only in the first term
on the right hand side of Eq. (5.16). Using the simple rules of differentiation, we obtain

(x t)

18 —— e f dye:(x, v, DI (x =YD, D, 1)
e(x o1 ™ f dyJ(Ix*yl)—lez(y,x Dy, ) py(x, 1) —oa(x, y, ) (x, Dpy(y, 1))
TP —‘——fdzz'}(lzn (x, x—2z, ) px(x, t) py(x -2 r)}
= o(x, 1) ) B 2.,0 021X, » U) pl X, ) iy )

el TR
oex, ) M ox,

It is convenient to introduce the following abbreviation:

w(x, 1) [:l!— fdzz’f([zl)gz(x, x—z,t) (u(x—2z, t) —ux, t))“.

(519) L-’?Jr(x: ‘) = _%fdy(y' —x')j(b’ _x])QZ(xs ¥, f) (#_;0’, l)

~x, 1) & =2 [ dyor =307 =)y =xDeatx, ¥, Dt

It follows directly from Egs. (5.14), (5.16)-(5.17), (5.18) and (5.19) that we can write
(520) e (Hi+"By) = € ppy (Hy+ Hy+ (0) "t Hr,,) = €y HY = ()i,

where
B, # H —H,.
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The condition (5.8) is satisfied automatically as a consequence of the definition (5.19)
of the magnetic exchange tensor. To continue our discussion it must be noticed that in
the local phenomenological approaches the magnetic moment per unit mass p. measured
at the point x defines the magnetic anisotropy field evaluated at the same point x. The
expression (5.17) can be easily simplified with the help of the above remark; hence - H, re-
duces to

(21)  Hx,1) = - f dyox(x, , D0* =208 ¥ [(1x )

(X 1)

+Clx =YD pg(x, 1) .
We assume, in accordance with the local phenomenological theories, that if the anisotropic
interactions are under consideration, the spatial distribution of magnetization is, in con-

trast to the isotropic exchange interactions, to be unimportant. In consistence with the
above statement, we must write (see Eq. (5.13))

8 ra 8 —
(@2 40) (x, y, ”a—x,J = (2 pplp) (X, ¥, !)—a;ct—l(iy—xl)

+020%, 7, Dt )15, 1) [ 37 0F =20y =),
(5.22) '

(025 119)s (%, y,f)—---- “"(,u)zﬂz(x Yst)- -—C(ly x])

+ OZ(x Y, 'r))up(x I);uq(x t) l’(yp _xp) (.V'_xq) C”J’ _xl)]

If the relations (5.22) are accepted, the decomposition (5.4) follows immediately. The
first-order intrinsic stress tensor ¢;; and the second-order intrinsic stress tensor u;j; can be
expressed entirely in terms of the generalized density, intermolecular potentials and the
magnetic moment per unit mass. We obtain without special conceptual difficulties the
following formulae:

(5.23) UU(x’ t) = “}G!J{x’ ‘}+(2}gij(x! I),

520 Waye1) = 3 [[d S+ O, Dt )

- ';_j’(lzl)[i”p(x -z, r)—,u,,(x, t)] [ﬂ‘p(x -z, r)—lup(x! 1)1}92(3" X-=z, ‘) »

(5.25) @aoy(x, 1) = —o"Hyuy,
(5.26) B, 1) = Opp(x, )+ Pppu(x, t),
(527)  Dpu(x,t) = - f dz z'z”"‘ {50 (1) + D' (I12])2"2"pp(x, 1) pg(x, 1)

T2, Dy, Dl 2, ) =g, D) €36, %2,



(5.28)
(5.29)

where

(5.30)
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Ppp(x, t) = —e"Hyupy,

1 ‘
"Hp(x, 1) = 20(x, 1) fdzz’zk‘p”znz'ﬂq(x, 1)0,(x, x~z,1),

P(lzl) = V=D + () (=D +T(zD).

®(zl) = C(lzN)+J(1z)),

d¥ dd
W) =S oz =G
7 (e = S

LHj, can be understood as a second-order magnetic anisotropy field. The energy per unit
mass has the following form:

1
(5.31) e(x,t) = 0. 1) fdy {92(:@ ¥, )P (lx =y +02(x, y, 1) D(|x =y|)(x" —yF)

X (x4 =y pp(x, 1) pg(x,1) — ; 02(%,y, I (Ix =y [ (v, 1) — (%, D] [, (v, t)~ﬂp(x,r)]}-

If the range of interactions is small enough, we can write

32 0= [y ;;—-{[gz(x.y, D) P(1x —y])+02(x, y, )B(1x —y))(x* —yP)(xt %)

X (X, 1) pg(x, 1) — ; 02(x, y, )I(1x =yD (v, 1) —pp(x, D [pp(y, 1) — pp(x, f)]]«'r(y, f)}-

In view of Egs. (3.6) and (5.32), we obtain

(539 olx, e, 1) = 5 [olx, Delx, D]+ [olx, Delx, No,(x, 1] =

v @
7 [avente 0150+ T - = e, Dt 1 =200 =y~

X Juq(xs ‘)Fl(xv t)_% a_a'_';“ [ﬂp(y’ t)_ﬂp(xs f)][#p(.l’, !)_ﬂp(xs f)]} (tl.(y. !}‘_f;l(x! t))

1
+ fdygz(x,y,!)¢(Ix—yl}(x"—y")(x‘—y')p,,(x,t).is,(x,r)+—§- fdyez(x.y,r)

x T(1x =yD [itp(x 1) (v, 1) + (%, )ity (y, )] = (015(x, 1)+ @"Hey i) 00,5+ i Ko —“Hpay
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1 = . . i
+—2* fd}’&’z(-"» Yy DI (x=yDlpa(x, ) pp(ys )+ pp(x, )ity (v, )] = 043 Diy+ prijn Ko

_QLHI’;‘!"}' % fd}’?z(x, Y, f)jﬂx _yl)[i‘p(x’ f)ﬂp(}’, f)‘f‘,ﬂ,(x, f)f‘o(y’ ‘)]‘

Using the saturation condition (2.1), we obtain directly

(5.34) j‘n(x' t)Pp(y’ r)+,u,(x. t)f-‘p(y’ t) = “'[Pp(}', 1)—#,(-’5, t)]L':‘g(}’, ‘)_J{‘p(x: 1)].
It follows from Eq. (5.34) that

(539 5 [ dvestx, v, DIUx=yDig(x, D0, 0+ 15, Doy, 1)

=P,y = My
It must be remarked that
(5.36) L'#u-Qqu.J = Lx’m.n."u..fgm = 0.

5.2. Deformation measures

It will be convenient to summarize our previous formulae:
(5.37)  o(x, 1) = Vayy(x, 1)+Payy(x, 1),

(538) Doy(x,1) = j dz {W (I2D)+ (|2 229, (x, 1) g, 1)

—7}*(|z§)[,4,(x+z, 1) —p,(x, D] [up(x+2z, 1) —p,(x, t)]}ez(x, x+z,1),
(5.39) Poy(x,t) = —o"Hyp,,,

(5.40) LH,(x,t) = —Q(—;—‘Ta!dz@(lzl)z‘z’y,(x, Dos G, ¥4, 1),

(41 Eaty(x, 1) = — [ dz2TlzD) (ulv+2, D)=l D)ealx, x4, 1),

(5.42)  pup(x, ) = Ppyp(x, 1)+Ppp(x, 1),

(543 D) = mf da 2N e + 0 et Dt )

1
_"E'J’(Izl){ﬂ'p(x'i‘z, 1) —pp(x, D][p(x+2, 1) —pp(x, f)]} 02(x;x+2,1),
(5:44)  Ppp(x,t) = —"Hppy,

(5.45) IHu(x,t) = fdzz’z*@(lzl)z’y,(x t)or(x, x+z,1),

29(
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(5.46)  e(x,1) = f dz{?(|z|)+¢(|z|)z’z'n,(x ) g, 1)

2(,0

—%T(IZI)Lup(xH, 1) —pp(x, Ol[pp(x+2, !)—ﬂ,(x,r)]}ez(x. x+z,t).

Since the range of interactions is assumed to be small enough, the undeformed distance
|Z| = |Y—X| between two particles is of the same order as the deformed distance |z| =
= |x—y| between them. In this case we have with a sufficient approximation [7]

(5.47)  |z]* = (P =xP)(y,—x,) = (x'.’x Zx + % x.PxLZKZL) (xp.n Z" + —;13‘ Xp.NM ZNZH)

& |Z|2+2Eg  ZXZL + Fy nZRZEZY,

where

Ey, = % (%1, x*!L—0kr),
(5-48)
Fyin =X xX!y.
Egp, Fxiy denote the deformation measures introduced by CoLLET [6].
It follows from Eq. (5.47) that to the first order in Eg; and Fg,y we obtain
1

ZKzL ZKszN 2 ZKzL
5.49 z| = Z(]-{-ZE ————+F ~——) & [Z]| + Egp—eai—
( ) | l I l KL Ile KLN |Z|2 | I KL |z|
1 ZEZLZN
+'2-FKLNT = |Z]+4,
where
- ZrzZE 1 ZkztzN e A | ZEZEZY
(5.50) 4 =EILW+"2“‘FKLN izl = Ege izl +‘5"Fxm—|;|‘*-

Consider now the Taylor series of the potential function ¥ to the second order in Eg,
and Fgy, and the Taylor series of the potential functions @ and J to the first order in
Eycand Fypy

1 K7L
(5.51)  P(z) = W(|Z|)+'P‘(|Z|)A+_Z—W”(|Z|)AA =Y(Z)+ ZIZZI Y'(|1Z|) Exe
1 zZFzkzy 1 zXz-zFze .,
+”2‘" izl Y'(I1Z))Fron+ 5 2 ZP ¥"(|1Z|)Ex.Epq
1 zszszst " 1 ZKszNszQzS .
2 “le ¥''(|1Z]) EgLFpos+ T iZE P"(|1Z])FxinFraos»
(5:52) D(lz]) = D(1Z))+P'(1Z])4 = D(|Z))
ZKzL 1 ZKsz'\i'
+——D(|Z]) Exp+ = D'(|Z])Fxens

1Z| 2z



DIRECT CONTINUUM MODEL OF AN ELASTICALLY-DEFORMABLE .... PART II 211

(5.53)  J(z) = J(1ZD+J'(1Z)4

_ K7L K7LgN
=J'(|Z|)+ZZ 1 Z*Z*Z

J(1Z]) Ege + =
Since o,(x, y, dylo(x, t) = p2(X, Y)dY[po(X), the following relation can be accepted:

== J(1Z|)F -

(5.54) e(X,t) = -ZIE de{Yf(lz])+¢(|zi)2"Z“mxmL+ D(|z|) ZXZEZN mgm

* ';— D(|2|) ZXZFZNZM my myy — -;— J(zl) ZKZLGKL} 03X, X+2),
where
mg = mg(X, 1) = w(X, t)xg,
(5.55) Mg = me (X, 1) = p(X, )x gy,
G = Gro(X, 1) = py, x(X, )l (X, 1)
are consistent with the axiom of objectivity. For the sake of simplicity we confine ourselves
to homogeneous centrosymmetric materials

(5.56) n(X-Y)=n3(—-(X-Y)).
With the hypotheses (5.51)-(5.53) and (5.56), Eq (5.54) takes the form

1
(5.57) e(X,t) = eg+05'axL Ex+05" l— bxrrrExLEpr+ 5 cxrprseFrLpF RSG}
1 1 1
+@o E-dxnmxmx.'*‘ Twanmumrx +“2—QofoGm.+eo grrerExLmpmpg

. 1
+igrerse [FKLPmRmSQ+ 3 Ex:.mrxmso]} +0ohxprEx1 Gprs

where
0=, | D12,
=y [ 2@ 22w,
buurn = [ d268(@ = 222 vqan,
559 crarmse =+ [ 42030 ZELEZZ gy,

= 1 ( o K7L
dgr = (00)? J dZoN(Z)Z*Z o(|1Z)),

; 1 f
= ——0 | dZp%(2)Z*Z*Z°Z*9(|Z)),
JxLpr 4(00)? o 0%(2) (1Z1)
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5.58
o fou = =g | 28@22: 5020,
1 ZrZEZTZR
sm.a——z(eo)z f azeg(2) =25 (12,
zZxZrz" ZRZSZQ
ixerssa = g5 Jaze =5 oaa,

1 J' ZKZLZPZR _
h B UZ
KLPR 4(90)2 . ( )

cadlicelloc) B 31y
92D

If in the natural state the initial stress vanishes, then

(5.59) agp = 0.

The material coefficients (bkrrr, Ckrprse)s (dxr» Jxrrr)s (8kers ixLPrsa)s Jxkis Pxrer
are called, according to accepted physical terminology, the elastic constants, magnetic
anisotropy constants, magnetostrictive constants, exchange constant, exchangestrictive
constant, respectively. The material coefficients have the symmetries in all indices. That
property of our material coefficients is a consequence of the two-point interaction model
and can be partly modified by introducing the model based on the three-point interactions
[20]. Following the same line of arguments as given, we obtain immediately

(5.60) Day(X,t) = —eg:xr.xxj.z. {an"‘bnﬂEra + (00)*gxLrrMpMy
1 .
+ 2 (20)?ikLrr@sMprMs+ (00)* hxLer Gpn}

2 £
+ Q_i Xi, kM Xy, L{CKMLPRQFPRO ¥ (Qo)zixuz.rnemrmua} »

(5.61) "H(X,t) = —00X! k{dxrmy+2gxrprMLEpr+igLmproMivFrro}
—00X! ki {jxrrrMer+ixLmpro[Fuprma+ ExpMgol} s
(5.62) Lo, (X,1) = 000%;, kb1, L {fxr+2hxrpr Epr}

(5.63) Duu(X,t) = _eeo_xt.xxJ'.I.xk.M{CKLMPRQFPRQ"'(Qo)zixLMPRQumRQ}’

(5.64) LHJ&(X o) = — Qox‘.' xxfz. {jxum Mpg +ixLuprelFuprMo+ Eupqul} .
On the other hand, the following formulae must be accepted:

de
(5.65) Bop = (aE Xet, x+2 5 X, km| X, L
L

de
(5.66) Dp = @ B XumMXy, LX), K>
LM

de
(5.67) Lo, = 295"(:#:.1.".!.:,
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de de
(5.68) 'H = — (""—‘amx‘ X, xt o xl.n.)r
(5.69) “Hy = — o X1, kXk, L-

K

The relations (5.65)—(5.67) are identical to those of CoLLET [6]. Equation (5.68) is more

general on account of the additional term — x; kr- The last equation (5.69) is

Omgp,
a consequence of our approach and will not be discussed here because of no reference
to it.
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