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PREFACE.

Turs Publication, entitled ¢ Solutions of Examples in
Algebra,” is the first part of a work designed as a help
to Students of that science. The first part, complete in
itself, was nearly finished when the Author was, after
a painful illness, removed by death. The book will be
found to be a useful companion, more especially to those
Students who have not access to a living Instructor to
explain their difficulties.

The late James Wharton, B.A., M.C.P., was a School-
master, and the author of several Elementary Books. He
was educated at St. John’s College, Cambridge, and his
name appeared the fourteenth in the list of Senior
Optimes, in the year 1834. He was one of the origi-
nators of -the Royal College of Preceptors, and a most
active and zealous promoter of its success. He was also,

for sometime, one of its Mathematical Examiners, and
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vi PREFACE.

he continued to labour for the interests of the College as
long as his health enabled him to do so.

The Second Part of this work it is intended to com-
plete, if the First Part should be found to accomplish
the design of the Author.

CAMBRIDGE,
April, 1863.
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EXAMPLES IN ALGEBRA.

SUBSTITUTIONS.

x’ ax+a’
. ; whenz=}anda=

+az+ad
By substltutmg for 2 and a the values, £ and %, we have
Pimer by Rl L 4281 8

rar+d r+i+s 4+42+1 T°

:+Z+::+Zi,whenz—3 y=2
_%—% {:_g- 9 - 4+81—16 133(_)‘
212 .&+A 9+4 8l1+16 1261
%;whenz:%,y:}
B-d+d _(16-24+9)81x256) 144
& tTiz Taiw 144 (206 + 144 + 81) 481
V(@ - 82% + 3zy* — y°) x /(2 - 2zy +y*); whenz=13,y =4 )

=@-9'=GE-9' =3t
4g* - 11a° + 12¢* - 4; when a =4 3
=4x266-11x64 + 12 x 16 -4 =508, t

%) @ + b*
ZT;,*‘ (m); whena=%b=1
_J;—% ‘\/(113 + 215) 1 41 = 11
-t ViaTietVE) gt sven-

B
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(8). «*

). 2°-
[ 20 x 2y (-0 ={-1£4 (-5} x 21 /(- 5)}

(10).

(11).

(12).

(13).

SOLUTIONS IN ALGEBRA.

(#° - 82® + 22) x (¢* + 32° - 2x); when 2 =%

16(16 12 2) (16 12 2)__ 2496

TS Wb Sl T SRy R Y

- 16+ 4/(2* - 16) - 12; when z =4 /(2)
=32-16 4 /(32 - 16) - 12 =8,
2% + # — 2; when 2 = 2 + /(- 5),

=-922+7 /(- 8)]
—92+T/(-5)+2F8 (-5)+2% /(- 5)-2
- 20,

J(122° - 84) = 2* + 4/(2* - T); When z = 2 - 4/(3),
{@-v3)y=T-4/(3)}

=y/[12{-4 /@) - T+ 4 /(3) +v/{-4v/(3)}
=4/(-83y3)-T+44/3+2 /O

%—\/(H); whena=13%,b=%

SRV

2° 4 22y + 2
at - 2xy +y

(-G
VB VLS et
whenx—“y

£3)* \/{32 G=mt+a-3

116
V7 20 10 8v7

]

o Whenz=1,9y=%
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Ex.1-4,p.6.]  EQUALITIES AND INEQUALITIES. 3

EQUALITIES AND INEQUALITIES.

II. (1). Which is the greater, 9t or 3°9

2’} > or < (greater or less than) 3%;
raise both sides to the sixth power;
then 2° > or < 3%;
but 3* =9, and 2° = 8;

<. 8> 2% and consequently 35 ot

(2). Which is greater, g or -:TS)?
;—g> or < -;—g, ».-361 > or < 360;
but 361 > 360, .. 15?) e —i% ;
(3). Show thatg-,+%> ‘ll + %

Multiplying both sides by a%?,
a®+ b > or < ab® + a® > or < ab (a + b).
Dividing both sides by a + &,
a* - ab + b*> or < ab;
then a® - 2ab + ¥?, or (a - 3)%, >0,
since all rational quantities when squared are positive, and
therefore greater than nothing ;

il U oo I |
..z—,+(—z—,>;+z.
4 i 1 }19 20
(4). Show that 6 >12,—20<2—1,

and that 4/(19) + y/(3) > y/(10) + 4/(T),
6> <123, . 216 > < 144;
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4 SOLUTIONS IN ALGEBRA., s

but 216 > 144; ., 6% > 12%,

}2><@ but 399 > 400;

20~ a1’
L1920
o6 -2—0 o ﬁ )
,; 2/(19) +4/(3) > < 4/(10) +4/(7);
& 2242 /(57)>< 17 + 2 Y(170),
or 5 + 2 4/(57) > < 2 4/(70),
| ' 853 + 20 4/(57) > < 280,
i or 73 + 20 y/(37) > 0,
’ 5 4/(19) + /3 > /(10) + /(7).

e U s

(5). Show that a® + a't® + %" + 8° > (a° + V%)
@+ a'd® + a®b' + 0° > < a® + 2a%° 4 B,
or a’t® (a* + b*) > < 2a°b* x ab,
or (a -0)*>0;

(6). Show that (n° + 1) >n(1 + n),
n’+1><n(l+n)
orn’-n+1><n, butn*-2n+1>0;

St 1>t 4n.

(7). Show that 3(1 + a*+a*)> (1 + a + &°);
and that a” - 8" <ma™* (a - b) and > mbd™" (e -b), if a be >b

S(1+a*+a')><(1+a+a®,
S8(l-a+ta’)><l+a+dl

2 -4a+24*><0,

orl-2a+a®>0,

or(l1-a)*>0;

L83+ +a)>(1+a+a,
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Ex. 8—10,p.7.] EQUALITIES AND INEQUALITIES. 5

Let @ = bz where z > 1, then a™ - 8™ = 0" (2™ - 1),
and ma™* (a - b) = ma™ " (z - 1);
Soa™ - 1< ma™ (2 - 1)
and > m (m - 1) for any value of m * 2> 1.

(8). Show that zy > ac + bd, if 2* = @* + V*, and y* = ¢* + &7,
ifa=a’+ 0, y*=c*+d%
then 2* + y*[* = at + b* + ¢* + &°
+ 2a%0* + 2a°c* + 2a%d® + 2b°¢* + 20°%4® + 2c°%dY,
and 2* = a* + b* + 2¢°0* and y* = ¢* + d' + 2¢%d%;

s 2y =’ + a*dP + Bt + B
= (ac + bd)* + (be — ad)?,

and (be — ad)® is a positive quantity; %

ozy > ac + bd. ek

(9). Show that 1 + 2* + 2* > 3(1 + 2%,
2(1+2*+2Y)><8(1 +4%),
S2(1+z+2Y)><8(1 + ),

22 -2-1><0,
orz(z-1)+2'-1><0,
butz+2+1>0;
21+ 2° +2Y) > 3(1 +aY),

(10). Show that abe>(a+b-¢)(a+c-b)(b+c—a), unlessa=b=c,
wehavea’>a’—(b—c)'>(a—b+c).(a+b—c),
also 8° > b’—(a—c)’>(b—a+c).(b+a—c),
andc’>c’—(a—b)">(c+a—b).(c—a+b);
LaPE>(atb-cfx(ate-b)x (b+e-a),
and both sides are positive;
abc>(a+b—c)x(a+c-b)x(b+c—a),
leta=35, b=4, c=3;
then we have as an illustration
60>6x4x2>48,
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6 i SOLUTIONS IN ALGEBRA.

Let a be the least of the three quantities, and b=a+z, c=a+y,
then abe = a (a + 2) (a + y) = @ + a*(x + Y) + ary (4),
also (a+b-c)(a+c-b)(b+ec—a)
=@+z-y)(at+ty-2) (a+z+y)
={@-(z-y)}(ec+z+y)
=@+ a(z+y)-(a+a+y) (-9 (B);
S (A)-(B)=(a+z+y)z-yP+azy,
and since (z - y)? is positive;
S (4)>(B)unlessa=b=c.

(11). Show that (@ + b+ ¢)*<3(a*+ ¥* + ¢*), unlessa=b =,
we have a® + 8° + ¢* + 2ab + 2b¢ + 2ac > < 3(a® + b + ¢¥),
or @®+ b + ¢* > < ab + be + ac,
and the sum of the squares of 3 unequal quantities is greater
than the sum of their products;
3@+ ) >(atb-e).

(12). Show that ¥/(a) > V(a + 1), if @ be not less than 3,

i we have a* > (a + 1)*;

i Soat-(a+1)1>0,

i ora*-a*-38a*-38a-1>0;
Sa(@-3)+24°(@-3)+3a(a-3)+6(a-3)+17>0,

which is always true if # be not less than 8;

i 1
let a = 4, then 4° > < (5)*,
or 4* > < 5% but 256 > 125;

3G 1
S 4>5% and ad > (a + 1)%

2a /(1 + 2%) . a b
| (13). Show that zrydsa othife=g \/(Z) 2l \/(5)’
i 8,5 1 a®+8°-2ab

e i L e R
4b 44 9 4ab Y
2 2
and 14402 @ * 200 +8°
b 4ab 4

. 20y +2) 2a (a + b)

"x+V(1+z‘)=(a—b+a+b)=“+b‘

I www.rcin.org.pl



Ex.14—16, p. 7.] EQUALITIES AND INEQUALITIES. 7

(14). Show that @ (b + ¢)* + b (a + ¢)* +¢ (a + b
~@+b)(a-0) (b-0)-(a-) @=0) (b +0)
+(a-13) (b-c) (a+ c)=12abe,

(b + ¢) (2ab + 2ac - be - a®) + (a + ¢) (2ad + 2be - ac - b?)

+ (a + b) (2ac + 2bc - ab — ¢*)

=b (2ab + 2ac - be - a* + 2ac + 2be - ab - ¢¥)
+ ¢ (2ab + 2ac - be - a* - 2ab + 2be - ac - b*)
+ a (2ab + 2be - ac - B + 2ac + 2bc — ab - ¢*)

= 4dabe + a*b + a’c - ab® - ac’
+ 4abe + ac® + be* — ca® — cb?
+ 4abe + ab® + b% — a®b - ¢*b = 12abe.

(15). Show that
(a’—b’)c+(b’—c’)a+(c’—as)b‘-‘-(“‘b)(b‘c)(c\a)
(@-b)fac+be-(B-c) (c-a} + (-a)b+ (B 7

=@-b)(E+ab)+(@-a)b+ (P -c)a
=a(c'+ab+b’—cz)+b(ci-a'—c'—ab)
=a% + ab® — a®b - ab* = 0.

(16). Show that (a: + %})’ ~ (.7/ i 51/). b (zy i# :?l_t}) ¢ (-;_ %) )

and prove it when z =2 and y =

¥ ¢4 iR __1_)’5_2)
lf“;T'y*;T'(x"’ zy (y z)’

‘ 1 s S
e egy dprtowilia
or0=0, 4
andifx=%andy=}; -ﬂ\f

thenT+ 21 -2 +4F=(G-8)(2-1) a\‘
25 289 63 3_ 189 WU QW
S0 R s A Y

.25 100 _25 !

= —_—=

eod 16 4 ‘4‘./"' (g

-
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an.

(18).

(19).

SOLUTIONS IN ALGEBRA,

If (a® + be)* (B* + ac)* (¢* + ab)* = (a° - be)* (B° - ac)? (¢* - ab)’,
show that either 1 Rl 3t
@+ b+ ¢ +abe=0, or 5t 5 -§+a_bc=o,

(a* + be (B° + ac)* (¢ + ab)* - (a - Bo)* (B° - ac)® (¢* - ab)t
= {(a® + be) (B° + ac) (¢* + ab) + (a® - be) (B° - ac) (c* - ab)}
x {(a® + be) (B* + ac) (¢ + ab) - (&* - be) (B* - ac) (¢ - ab)}
= (2a°%* + 2abe* + 2bea* + 2ach')
x (26°%° + 2b°¢° + 2a°D° + 2a°b% ’) 0;
Labct+a®+ PP+t =0, and bla :3+¢%c=0'
Show that a* (8° - ¢*) + b* (¢* - @°) + ¢* (a® - 1%) (4)
={@*(b-c)+ 8 (c-a) +c*(a-b)} x (a+d) (b+c)(ate)(B),
here a* (8* - ¢*) + b* (¢* - a®) + ¢ (a* - b?)
=a*(B*-c*) (a+b)(a+c)-b(a*-¢*)(a+d)(D+0)
+ (@ -0 (b+c)(a+ec),
or a* (B~ ¢*) {a* — (@ + B) (a + &)} + b* (a* - &) {(@ + B) (b + ¢) - b}
+@-0){-(+ec) (a+e)}
=-a* (b® - ¢*) (ab + be + ac) + b* (a* - ¢*) (ad + ac + be)
- ¢ (a® - b*) (ab + ac + be)
= (ab + be + ac) (a%* - b°¢® - a’B* + a*¢® — a’¢* + B°¢?) = 0,
or (4) - (B)=0.
Prove that
(@+btc+d)(a+b-c-d)(a-b-c+d)(a-b+c-d)
+(-atct+d)(a-b+c+d)(atb-c+d)(a+b+c-d)=16abed,
here {(a + b)* - (¢ + d}} {(a - )* - (c - d)}
~{(a =) - (c+d)}{(a+0)° - (c-d)}
= (a: o bz)z i (cz ] dz)z e (a’ L be)z & (62 = d2)8
—(a+b)(c-dy-(a-0)(c+d) +(a-b)(c-adf+(a+b)(c+d)
=(c 4 d)y*x 4ab - (c - d)* x 4ab
=4ab x {(c + d)* - (¢ - d)*} = 16abcd.
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Ex.1-6,p.8.] GREATEST COMMON MEASURE. 9

G.C. M. & L. C. M.

III. Find the Greatest Common Measure of—

(1). 6a®+ Taz - 32® and 6a® + 11az + 327,
6c° + Tax — 32° _ (3a - @) (2a + 32) _ 3a—z.
6a* + 1laz + 32* (2a + 3z) (Ba+2) 3a+a’
* G.C.M. =2a + 3z.

(2). 2*+ a*® + a* and 2* + a2’ - o’z - at,
a* + a’2® + o i ' + a2’ + ot _2*-azrta®
(@ ~a)taz (2*-a®) (-a°)(P*+d+azx) a'-a° °
S G.C.M. = 2* + ax + a’.
(3), 62* - 25a%* — 9a* and 82° - 15az® + a’r - 5a°,
62 - 25a%° - 9a'  (32%+4%) 2" - 9a*(32"+a”) _ 22°-9a*
3% (z-ba)ta*(x-oda)  (32'+a')(x-ba) = xz-da’
S G.0M, =82 + aX

(4). 2° =192 4 119z — 245 and 32° - 38z + 119,
2°-192"+ 1192 - 245 _ (2-T)2° - 122 (z-T)+35(z-17)

3a® - 38z + 119 Sz (x-T)-1T(x-17)
2*-122+35
s Mok L e GOM. =2~ T,

(5). 32° - 222 - 15 and 5z* - 172° + 18z,

82" -222-15 32'(z-8)+92(2x-8)+5(z-3)
62 —172° + 18x 52 (x - 3) - 2% (w - 3) - b6z (z - 3)
34 +92+5 | '
= b o gad o HOM=2 3.

(6). 2* -3z + Tz — 21 and 22* + 192° + 35,
P-32+T2-21 &(@+T-3("+7) 2-3
2 +192° + 835 2% (2®+T)+6(2®+7) 22°+5’

s GioM =at + T,

B
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10 SOLUTIONS IN ALGEBRA.

(7). 202* + 2* -1 and 252* + 62° -z - 1,
20z + 2* - 1 42* (522 - 1) + (522 - 1)

42+ 1

22468 -z-1_ 5P -1)rz(o@-1)roa-1 ba+a+l’

s G.C.M. = 52° - 1.

(8). a*-2*and ¢ + o’z - a2’ - &,
at - 2 e lahbieli
& -2tar(@-2") d+ax+a’’

s G.CM. =a® -2t

(9). 2°+ 2% - a'y® - y° and 2* - 2%y - 2%° + ¢,
2 (- vy -y) 2 +y,
FE-y)-y@-y) -y’

Liciom = 2t =,

(10). 6a's® - 10a%z'y — 9a’z%y* + 15az®y*
and 10a'zy® - 150" + 8a’2*y® — 12azy’,

(2az - 3y*) 3a’z® — (2ax - 3y*) Saz’y _ ?g’f;@aﬁ’y ;
Qaz - 3yF) 5@y + (2ax — 3y°) daxy’  ba%y* + day®’

s G.C.M. = a (2az - 3y°).

(11). 2*-a*-z+1and 52' - 42’ - 1,
2xz-1-(z-1) _ at-1 J
6 z-1)+a-1 @+ +x+l’

GO = = 1L

(12). 2* -8z + 3 and 2° + 32° + z + 3,

2*-82+3 2(2+3)-3r(z+3)+x+3 2*-32+1

L+ +x+3 (c+3)tz+3
s G.CM. =2+ 8.

(18). 2° + ay® + 2’y + y° and 2* - ¢/,
2+ 2% + 2y’ + P 1
(z-y) (& + 2% + zy® + ¥°) v x_——y;
S GCM. = 2% + 2% + 2yt +

www.rcin.org.pl
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Ex.14—21,p.8.]  LEAST COMMON MULTIPLE. 10

(14).

(15).

(16).

an.

(18).

(19).

(20).

(@1).

o' + a2’ - 9a%* + 114’ - 4a* and 2* - a2’ - 3¢%2* + ba’z - 2a',
2* (z - a) + 2a2® (2 - a) - T’z (z - a) +4° (2 - a)
2 (z -a) - 3d°z (x - a) + 24" (¢ - a)
and by reduction

_Z(z-a)+3az(z-a)-4a’(x-a)_z(z-a)+da(z-a)

P @-a)taz(z-a) -2 -a) @-d)ia(z-a)
_T+da
T @42’

Js G.C.M. = (2 - )%

Find the Least Common Multiple of—
@ +2° and a® - 2%,
@’ +a° = (a® - az + 2°) (a + z);

_(@+2) (@ - 2%

< L.C.M. g =(a’+ 2°) (a - 7).

2z -1, 42* - 1, and 42® + 1,

L.CM. = (42° - 1) (42* + 1) = 1624 - 1,
z2-1,2-2,4°-4,andz +1,

L.C.M.=(z’—l)(z’—4)=z4_5zs+4.
4(1-2)? 8(1-2), 8(1+=2), and 4(1 429,
LeM.=8(1-2)" (1+29) x (14+2)=8(1-2% (1-2).
@ - 2% a* - 2*% and a@® + 2%,

L.C.M. = (a® - 2°) (@ + 2%) = g8 = g5,

z-a, x+a, ' -d, and 2* 4 g2,

L.C.M. = (2% - @) (2* 4 %) = gt at.

24 aty + 2y + &y ayt+ P and Pty 12yt -a rayt-y°
herex‘(x+y)+$2.‘/’(”+y)+y'(¢+y)=(z‘+z
also a* (z - y) + 2%* (-"y)*y‘(2~y)=(a;‘

S GLO.M. s (2t + Y 4 g,
and L.C.M. = (& + 2% 1 y) (42

’y' + yo) (z +y),
+a%yt+yt) (- y);

T
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12 SOLUTIONS IN ALGEBRA.

(22). a®* -0 a® + 1% (a-10)% (a+d), a®-b° and a® + 7,

L.C.M. of (a - b)* and (a + ) = (a® - B,

L.C.M. of (¢® - ?°) and (a® + 0°) = a® - 05,

also a® - % is a factor of the latter;
2_ pe 2 6__70
CEED o @-)@-1y
.. L.c.M. of all the quantities = (a* + 8°) (a® - b°) (a° - %)
= (a* - 8) (a® - B°).

oL LOM. (@~ b%)2 and (a*-3°) =

(23). 2*-821+8z-1,2°~2*-2+1, 20 -22°4 221,
zt - 20+ 22* - 22 + 1,
here 2’ -2~z +1=2(x-1)-(z-1)=(z+1) (- 1)%
s Lo of (z-1Pand (-2 -2+1) = (-1 (2 +1) (4),
also (2 -22°+2z -1)=2*-1- 2z (2*-1) = (¢* - 22 +1) (2*~ 1)
=(z-1°(z+1),
and z*-22°+ 22° -2z + 1= (2 - 2)° + (2 - 1)’ = («* + 1) (2 - 1)%;
S, L.C.M. of these two = (z - 1) (z + 1) (2* + 1) (B);
o L.o.M. of (4) and (B) = (2 - 1) (z + 1) («* + 1).

In the preceding examples the method of inspection has
been used throughout, but if a factor cannot thus be easily
found, it is requisite to divide one quantity by the other,
and the first divisor by the remainder, till a divisor be found
which leaves no remainder, and this last divisor will be the
G.C.M.; thus, to find the G.c.M. of 92°+ 532® - 9z — 18 and
2*® + 11z + 30,

2* + 11z + 30) 92° + 532° — 92 - 18 (92 - 46
©92° + 992 + 2702

- 462 - 279z - 18
— 462* - 506z - 1380

- 227z + 1362 = 227 (x + 6)
227 not being a common divisor of the two proposed quan-
tities may be neglected.
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Ex. 1,p.9.] INVOLUTION AND EVOLUTION, 13

Then, dividing the 2* + 112 + 30 by z + 6, we have
246)a*+ 112430 (2 + 5
2+ 6z
bz + 30
bz + 30
and 2 + 6 is the G.c.M. required.
Or, to find the G.c.M. of 7a*~23ab+68° and 5a°-18a%+11ab’- 65
Making the first term the divisor, the first term of the
sa.
7 )
multiply the second by 7; thus
5a° - 184°b + 11ab® - 6b°
7

quotient would be to avoid, therefore, this fractions

Ta® - 23ab + 60%) 35a® — 126a%b + T7ab* - 426° (5a
35a® - 115a°b + 30ab®
—- 11a*b + 47ab® - 42b*
7

Multiply by

~T7a% + 829ab* - 2940 (- 11b
- T7a% + 253ab® - 660°

76ab* — 2885°
or 760* (a - 3b)
and since neither 76 nor 4*are divisors of the proposed quan-
tities, take a - 30, as a divisor; then "
a ~ 3b) Ta* - 23ab + 6b* (Ta - 2b
Ta* - 21ab

— 2ab + 6b°
- 2ab + 6b*

* *

and a - 3b is the G.c. M.,

INVOLUTION AND EVOLUTION.
IV, Find the square of—
b
(1). 2a + 3b, i;i 3+ and a - 85,

(2a + 8b)* = da* + 12ab + 9V,
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14 SOLUTIONS IN ALGEBRA.
(a O\ i abi DY
il BB o 4
2 3) (- S SR
(@ — 3b)* = a* - 6ab + 90"
2. u.¥
2
(2) 1+2+a% 1 as +4,and 3+4,
(l+zt+a)=(1+2P+2° (1 +2)+2
=1+ 22 + 32% +'22° + 24,

o xT z* r\ 2t
1 - . 4 ) ey
(+2+4) Ligd s (1+ )+16

M

4 17!
2 oy PV _(2 ) 2 y
(4+3+4) (4*3)*2(4+~)+T6

20 i 72 667

2.9
P Sk -

(x_1+£)'=(x+£)*_2(z+l)“

' —a:'+z-1—,—2(x+ )+3

S R

=x’+-—,+2(x—-—1)—1,
Z,

(E xy .7/) ~< 2+y:s—2zy

@ ab B b’ ab ’b’
2t 2% 8% f 2z1/ y
@ ah A e e

Find the cube of—

a b
4). a+b,a+20 and§+ 30

(a + b)’ = a® + 3a’ + 3al® + b°,

Lot 3 2y 172%° zy oy

2
®) o -Tek il and Z -
Zz z a
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Ex, 5—8,p.9.] INVOLUTION AND EVOLUTION. 15

@+ 261 = a® + 6a% + 12ab° + 8P,

(‘1+b’_aﬂ+a’b+ab’+_b:

2 3)“8 § " g Nage
z

(5). &+ az +a’, and1-§+.4.,

(@ +az+a) = (2° + @) + 3az (2 + a*)* + 3a°° (2 + @) + 0%
=a® + 3az® + 6a%c* + 1a°2° + 6a'2® + 8’ + o,
a:z" 8z 82 T2* 82* 82* 2
s i e e R T B
(6). 1+ 2z + 32% z’}—y%, and ﬁ—?y%,
(1+22+32% =1+ 62 + 212* + 442° + 632" + 542° + 2Ta',
S S 3, 0.4 %
(@ -9’y =2 -3zy’ + 3%y’ -y,

@ -2 =z - 6l 1 121 - gy
) 2=z, z-1+27 andx%+1 z‘%
» e |
(e-3) = -3(-2)-=
3
(z+l—1)s=z+li-3(:c+1)’+3(x+1)-1
z & @ z
L 1 1
=z’+;,+6(z+;)—3(z’+;,)—7,
(a,l_l+ )—(xi x'%)’+3(x%—z'%)’+3(:5!‘—1';)+1

23
=z-%—3(:c§— -%)—5.
&
Find the square root of—
(8). 9a't*c*, 64a%'", and 576a’"0""c"",
V(9a't*c?) = 3a%be, +/(64a%'c") = 8a%c?,
Y (876a*"6*"c*") = 24a™b"c™.
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16 SOLUTIONS IN ALGEBRA,

(9). 16a* — 40ab + 250%, and 16a* - 484® + 1004® - 96a + 64,

V/(16a* - 40ab + 25b°) = 4a - 5
8a ~ 5b | ~ 40ab + 258*

/(16a* - 484° + 1004 — 96a + 64) = 44* - 6a + 8
8a® - 6a | - 484° + 364°
8a* - 12a + 8 | 644® — 96a + 64
64a® - 96a + 64

(10). @* - 2ab + ¢* + b* + 2ac - 2bc,
(a’—2ab—2bc+2ac+b’+c’)}=a—b+c.

(11). 2° - 62% + 152%y® - 202%° + 152%* - 6ay° + o,
(2° - 62% + 162" - 202%° + 162°y* - 6ay® + ¥
= 2* - 32% + 3ay® -
@ 8at il

= — = 22°,

‘—
(13). @'~3 hep-4 55

2x‘—2x+z +

4 4 4?!
(13). —+?‘;,)—" x’+ “31

(a‘+2ax+4az‘+a‘t+ a2+aa:+z2
198 & 4)"3 2
2a?

e +aa?
s g 3
2a? a*z? z*
A L) ) —— N
3 + az+z 3 +az’+4
) azs 5 l
——j + ax +'I
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Ex, 14—16,p.9.] INVOLUTION AND EVOLUTION,

1 1
(14). z’+;,+2(z—;)—1, :

D 1 1
\/(xs+2x—5-1+;3)—x+1—&

22+1 | 2z+1
s O
2+2- (-2 -S4
1
-9 _.g.;._'.
x x
20c 9y 15y  4a°
15); OISR i Ui, 3 g e
i - 2z * 19
42 202 178 15y 9 3y
i alog Sl g gl
\/(49;,* Ty T . 16.2:”) v
4z 20z
P Gl G
w0
4z - 8y 3 15_1/ 9
%o R e e T
i 3_151/ 9y
7 162:
2
(16). 42~ 82% + 62~ 22 + 3, and & +2“+2—b+3 o
= b al

1/(4z—st+6x—2x+1-) 22° -2z + %
42® - 22 | - 82° + 427

42 4z 41 | 22°- 2% + %
!A2x’—2x+“}_

g D N b
\/(ﬁ“T*z*“;i)-z“*;
2a 2a
-b—+1 —b—-+1
2 T RreeRiRE 2
ba+2+b + 2+ 2b+-b-,-,

G @
26 b
}+2+ =
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18 SOLUTIONS IN ALGEBRA.

2 br ab ar B ad*
an. -7 1te 6%

\/(’5'_9?+E_“_”+E+i’)=£-’i+2
4 4 81216 ©86/1.2 4 6
x_’zi_b_x+éi
4 4 16
e elae o g
2816 12" 86
ax_ab a?
s 12136

1051z’ i 6z 14x
T T,

142 10512 6z e
‘ eyt sy i - S
\/<49 LA 5+9) T - %43

z 142* =*
Ao ) T

(1B +9 + 4924

2z [ 62
14::’——5—1-3 42x’—_5_+9

62
42z’——g+9

9. S+ Ly 5+ )+ 3,

Gr-nf g -5 5

(20). a’+

z*
1/(0 +$) a+2a w-*-&c.
22
2a+2— z+a;;
g
4a*

www.rcin.org.pl



Ex. 21—24,p.10.] INVOLUTION AND EVOLUTION. 19

al

(21)' ad-z’

aﬂ al
-z2|-a*-az-2*

o
ta'z+ 2+ —
a

z*
@+ z +;+&c.

5 a‘ 5 o x* VG x 3z
"J(a’— )_\/(a, +z+u—2+&c.)-a+§;+ 8_74—’+

z

%2 | 44

z 32| 32

atge| 1@

8 82 st
4a*  8a* 64a°

2a +

2a +

z
z!

(22). Z’:

“+z=1+-2f+2—f,+&c.;
a-x a a

2
.'.\/(a+z)=1+'3+3—,+&c‘
a-z a 2da

Find the cube root of—
(23). 2° - 8a'at + 3a%*® - a®,
If from the cube of (a + b) we take a%, we have
(@ + ) - a® = b (3a® + 3ab) + b’
by using this formula, therefore

3
: V(2 - 3a'z* + 3a°2® - a®) = 2* - a*
- a'(3z* - 3a'e® + a® | ~8atst 4 St - a'*

(24). 2* - 62° + 152" - 202* + 152" - 62 + 1, r*‘!f’\"

A8 ¥
Wia® - 62° + 152* - 202° + 152* - 6z + 1) = {'g‘z} r SN
f"'\“ \ T 7 Y-\




20 SOLUTIONS IN ALGEBRA.

as 8 U |
(0], £} 27a,6+ +§’

s a,’+1 2+_§_ _a+3
<§ PRy 27a°)‘§ 3

2(3a’+1 LaAE T IR
3\ 4 9u> 5274
26.———3—-_ 9_
(26) 2 gt
REGE S
a:) z _y z"
<), o - 124° + 54z - 112+E’§_‘£§ ;83,
108 48 8
@ - 122 + 54z - 112+ — - —
\/( +542-112 + z’+:::”)
=z-4+;2c
-4 (32° - 122 + 16) | - 122° + 482 - 64
2 3 22
;:x{3(x—4) £3(e-4)xz+ )| 6x- 48
2 2 4 108 48 8
0r5><<3x= 24z+54—;+;,> 6o-d8+-——- 5+ >

a’c¢®  8a’e 3ab v®
St B bz e 2

\s/(a_“g_.’ia_c_l_wb_ P\ ac b
b P c“:c’) B o
0t e 8a At

(29). €% -e™ -3 (¢"~¢”) and S iggieg o =

\/(e”’ 3¢” + 3¢7% ~ e‘“) & -¢*
-e™(3e* - 3+e"”)|—3e +8c%— %

s<£°_3x+3a’ a\ 2 a
\/a‘ 75 F_?)—P—;“

(30). zs-%ﬁs(x-%) anda:“‘-;ls—3x’_%+5.
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Ex, 31—34, p.10.] INVOLUTION AND EVOLUTION. 21

(31).

(32).

(33).

(34).

V(@ - 8z + 327 —z’) z-a*
-2'(32*-3+2%) | -3z + 3z - 2

1 ,
{.1:’-; 3(z’+:c*)+5f =z-1 L
Find the 4th root of

162t — 962°%y + 2162%° - 2162y° + 813",
by taking the square root of the square root,

<. (162 - 962% + 216a%* — 2162y° + 81y")s

=(42* - 122y + 9y')’ 2z - 3y.
Find the 4th root of
3a*z" % 27a*2®  27a"® i 81a®z*
b 84* 166° = 2560’
(a:’ _3a’x’ 4 27a'2®  2Ta°2° ¥ Sla"z‘)% _ S :
b 8y 166° ~ 256b* 4b
Find the square root of
(@ -0)*{(a—b) -2 (a®+0%)} +2(a* + 1),
a-bIF{(a-b)-2(a®+ 5%} + 2 (a* + B (4)
=(a-b){a® - 2ab + b* - 2 (a* + b%)} + 2 (a* + %)
=(a-b)'(-a*-2ab-b*)+2(a' + b*) == (a+b)*(a-b) +2(a'+b')
=a* + 2a°%° + b*;
A} = (at + 20 + B = a? 4 B
Find the square root of m*n® + m** + n%?,

a® -

h )} i 2 1 3 2
bt i el et S 4 S e e e 1
by substituting :rb,b for m, - ,b,b for n, and 3aa:b’2 = for r,

we have )
m*n® + (m* + n?)
_(@rd)? (aiby (e + B} (2a+BP) (Ba+ 2B

alb‘ a‘bl aib‘ IbQ a‘b‘
_ 4a*+124% +13a%*+ 6ab’+ b*+ 450"+ 114a% +110a°6*+ 48ab* + 8b*
o a'b®
49a* + 12646 + 123a%b® + 54ab® + 9p*
¥ b° H
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22 SOLUTIONS IN ALGEBRA.

Ta* +9ab + 80* 7 9 3

. the square root = g ot ot

(85). Find the 6th root of
:c‘+l,-6<x‘+l4)+ 15(::’—%,)—20,
15 18- % ) 3

6"+15‘+——— e
z iz +a.‘ 20

22° - 3z ] - 62 + 92°

Sk el | gow
z 9
6:5’—18""—,
el v C7
6 1] 6
22’—61-{‘;—? o 2+;’
R S
gl

(36). Find the 5th root of
322° — 80z + 802° - 402* + 102 - 1,

the expansion of
(6 + bf° = @ + 5a*b + 10a%* + 10a%* + 5ab* + B°,

1
x’—3z+5-?

therefore, after taking away the 5th power of the first root,

we have remaining
b (5a* + 100 + 10a%0* + 5ab® + b‘)
and by applying this formula, we obtain

Vi(2x)® - 5(22)* + 10 (22)° - 10 (22)* + 5 (22) - 1} =2z - 1.
FRACTIONS.
V. Find the sum of—
) b .8, 5b_13b _4b+36)+ 300395 31
*12¢ " 4a 8a 16a 484 ~48a"
o 8,06, 6 11 _90475+24-33 156 26 13
()"22’“?12*%2- 20z 60z =60z 10z bz
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Ex. 3-13,p. 11.] FRACTIONS. 23

3). 4z - 30 3z - 15 10z - 11

50 5a 30a
. 82-60-182 + 90L10m—11__13
5 30a " 30a”

dz-3y x+3y 2y X 3z - 6y + 6y — 3z 0

4). i + S i gl T L S
S e e R e s P
) 3m—4n_2m—n—1+'lirq;‘1__85m—20n
i 7 3 12 84 :
=36m—48n—56m+28n+28+105m—28—85m+20n_0
: 84 iy

(6). z‘-a‘x g-a . 4 2t - a®
"@-af z@ta) Ft+@ (@-a)(xta)
0] a_ (ad-b)z a bz
‘e cf(ct+dr) ¢+dx c+dr
ac + adx — adzx + bex - ac - bex

x ¢ (c + dx) g
®). 1 3z +2 1 3z — 2y 122y
"3 8-2y 2%8z72%y -4y’

@, 2t (e~ y)’xz‘+y'=(i+_¢y’)_(;;?/)=1.

1 r 1 z 1+2° 1-2°
10. e PEEEEN (e BeleRemiiey T = [
( )(1+z+1 ) (1 z 1+a:) i 1+a s

(11) a-b 2b a+8 a —2ab+ ¥+ 2ab- ah

'a+b+a"-b’ -0 at - b i
b a a b a+b a-b
(12), — ¢ o e e ),
a-b a+bd a-—b+a+b a+b a-0 2
(13). 1 1 z+3 z+3

z-1 2@+1) 2(F+1) -1
242-241 (243)(*-1:2) 243 _ (243)(a"41)

T2@-1) T 2@-1) 2@-1)  2(@'-1)
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(14).
(15).
(16).

.

(18).

/&19).

(20).

SOLUTIONS IN ALGEBRA.
W S| 1 1
2(x=1) 2(@+1) & «*(z*-1)
S v b SNOE T B
B TR U R e M
z+y 22 +a§—m’y

y =z+y y-ay
_(x+y)’—2zy_ac’(x—y)_z"+y’—x’__y_
Yty 9@ -y yery) =iy’
& a’ 4
Tz {-w -2 °

_z2-224+2 -1+ -2(1-82+8-2")

(1-=zp S (@-ay’
1 i 1 ; Il | S Tkt
4(1+z) 4(1-2) 2(1+2) 2(1-2°) 2(1+2°) 1-2*°
3 3 1 1-%

-2 80-2) " 80+2) 10+
=3+3:z:-)-(41:4-2)(1—:»:)_ 1-2
4(1-2(1-2) 4(1 + 2%
_5422+42°+22°-2'— (1 -2z + 22° - 2")
Y 4(1-2")(1-2)
=__lix+z’
-a90-9°

a+e _ b+e i z+e
@ D@E-a @-HE-b F-a@=-b)
_az—ab+cx—be - (br-ab+cx-ac) z+e
@0 @E-a) @-0) @-a) (-0
_@-Dztc(a-b) z4e <0
@ DeE-a@E-t) @E-aE-0
1 1 1

@) (z+2) @+)(z+2)(z+3) (@+1)(z+3)
z2+3-1-2-2

=(z+1)(z+2)(z+3)=o'
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Ex. 21—27,p. 12.] FRACTIONS, ; 25

21 1 & 3 {5 z
(Bh) @+1)(+2) (@+1)(z+2)(¢+3) (x+1)(z+2)(z+3)
1 ! 1
=(a:+1)(z+2)-(:c+1)(x+2)=0'

Naor 135 lmue
N 7 S R

6a’z + 22° (a + z)°
R (e a-z _(a—z
=a’-3a’x+3ax’—x’+6a’x+2z’_(a+z)’=o.
a-z a-z
a4+ b -¢® (a+c-b)(b+e-a)
= -4 2ab
=c:(a-ﬂ_(a+c—b)(b+c—a)
2ab 2ab
=(c—a+b)(c+a—b)—(a+c—b)(b+c-—a)=
2ab

0.

25). 2_(b’+c’-a’)’__2—bc1'—(b*J,c’_a!)!_
g 4c* o 4¢* ()
_(2be - 1* - ¢ + a®) (2bc + b* + * - a*)

X 4c =L 1)

={a’—(b—c)’} {(® + c)’—-a’}_( )
4c*

=(a—b+c)(a+b—clc(,a+b+c)(b+c—a)_t S

ad+b-ct-d
o e )
2ab + 2¢d - a* - b2+ 2+ d®
o 2ab + cd =]
___(c+d\'—(a—b)’_(cJ«d)’-(a-b)’_
2(ab + cd) 2(ab+cd)
(21). (Lﬂ;-'/)ﬂ"‘ﬂ?,, taspiieg) 10
lty "y y(+y) yQ+y) " 2'-1 2°-1
C
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26 ; SOLUTIONS IN ALGEBRA, |

(28). a+2x (a-a) a-z a-z a-% _
(@+22) (6+22)"a+2 Tat2

.

a+az+z’ a—ax+a:' a* + a'® + 2
(29)' g rarnpse g Ry Sl el g o
__a'+a'2’+ 2! (a* - 2°) (& + 2°)
@ -2-az(a- x)‘xme
(a - z) (a* + 2%) Y

(a +az +2* - az) (@ - z)
(30). pr+(pg +qr) z + ¢'a® ps+(pt gs) z - gta*

D 5 9% Ptgx
_(ptgn)rige(p+ge) s(p-gz)+tx(p-9g2)
P+qx P-q%
= (r + q2) (s + t2) = rs + rtx + gsz + fga’
a + (2ac - 8*) 2* + ¢t a* + (ac - b*) a* - bez’

3

(31). a’+2abz+(2ac+b")z‘+2bc.rs+o‘z‘xa’+(ac—b")x’+ bex
(a+bz+ca®)(a-bz +ca®) (a-bz)(a+be+ca’)
(a+bz+ca:’)(a+b:c+cz"‘)x(a+bx)(a—bz+cx")

e hal
Na+be’
(32). 1 1 ' +1
2(1- z+z’) 2A+z+2°) 1+2°1 2

.. e SRl
1+2+a* 1142
1-z (1 z) (1- x’) 2(1-2)
1+z (1+z)(l+z’) (1+2)(1+2%
1+a:' z2-2+l-2-2"+2"-2(1-2)
(l+z)(L+a)
z z*-9 . _z+3
z-3 a(x+3) z+3 =
=z’+3z+z’-3z a:-3+¢+3

0.

(33).

=0.

(34).

z*-9
24 9 2x-2z’+18 18
wa - Qa1 ID .
-9 z-9 -9
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Ex. 35—40, p. 13.] FRACTIONS, 27

1 9 4
®) - Tk -3
5z -6 g _5z‘—16x+12—4(x’—4z+3)
“E-D(@-8) z-2 @-1) (z-2)(z-3)
s a*
(z-1)(z-2)(z-3)°
bic—a.b=ciil died =1 11
38). Sw it g SR R S B 22 S,
i ab+ac+bc ba+a c+cbo
2a+b a-2b o -3ab+ ¥
3
(5 a-b a+d &+
_ 2a® + 3ab + b* - (a® — 3ab + 28%) @' - 3ab + ¥*
< at - b R
_a +6ab b’__a’—3ab+€l
X b' ¥ —a’;-bf
5 —b’—(a‘—b‘)+3ab(2a’+‘2b’+a’-b’)
T at - bt
_ 3ab (3a® + b*)
kot
(38). s e 0

(@+8p (a+b) a+bd
@’ ~ab—ab® + b(a®* + 2ab + b) a® + ab’ + b
(a +b)* T e+ bp
(39). 2@ =)  y(2z-y)
(z+y)p (= +y)*
- 62% + 122" — Say? + 82y — 122%" + 6y - ¢*
(= +y)
2 2% -2y -yt (2P -y (24 2oy 4y
@+y) i @+y) %
(40), (1+z)'+1 -2 1+2
T2 B-aF @-ar
_2+42-1-4"_ 1+2-4
G-8" P-af T

c2
www.rcin.org.pl
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28 SOLUTIONS IN ALGEBRA.

z - a z+a 4az
oLy :c+a zZ-a 2-a
2x’+2a-4az 2(2*-2ax+a®) 2(z- a)
2-a 7 2@ zie

1-22 1+2 1
D) sz T i@ oD
[ 2-22-42"+ 2" - a:+1+ z+1
6@ +1) T@+ D)
1-2-2° z+1
2@+l 2@+ D)

_1~z‘—z’—x+x‘+x’+z+l= 1
2(«*+1)(z*+1) @ +1)(*+1)
12 1 4

(48)- 5(z+3) 16(z-2) 3(z+1)

. 8Bz-72-2-38 4
T 15(x+3) (z-2) 3(z+1)

_12'-82-15-4(2"+2-6) _ ' -4z +3
Se+r)(@-2)(&+3) (@+1)(-2)(z+3)
3 3 i 1-2
M) Tt su-a e+ 40+4)
Bt 2+ 1-2

Tia-a)tia-a) 21+
_b+bf+z+at-(1-2-2"+2") 2+2+32
a5 4(1-2') T2@-aYy

e i e e 3
2@+1) z+2 2(z+3)
_ z4+3+9r+9 4
TZE+)(@+8) z+2
5246 4 52'4162412-4(a" 44z +3)
“(@+l)(z+3) z+2 @+1) (@+2)(z+3)
xl

@t (@+2)(@=+3)°

[}
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Ex, 46—49, p. 13.] FRACTIONS. ? 29

1 2 2
(46), 1+:c 1-z 1 2z 142

il 4

il = s v
2-82+4-42 6(1-22")
"= (-4 (1-2)(1-42Y"

(7). 1 1 22z
(1+z)’ T+z 1-z (1 z) (1 + 2)?
_3-8z42+2° 2
C@-z)(l+2y 1-4
3-2+2° - 2(1+2:t+x’) 1-56z
i (l-z)(1+2a) -z +a)

s il 1
T R v Tl TR
_16z+64-z+1 4+3z
80(z+4)(z-1) 162°
Yy 3z + 13 _3x+4
T 16(z+4)(z-1) 162
82 + 182° - (32" + 132" - 16)
% 162* (2 + 4) (z - 1)
it Sl ic
T2 (z-1)(z+4)

1 3 5 6
S B e = R 7
_ 4482 1412
1+zp Q+22)°
_4+192 4 982 4 122° - (1 + 14 + 252" + 12°)
A+ 2y (1 +22)
. 3+45z+32
(42422
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30 SOLUTIONS IN ALGEBRA.

(50). l+-1—+g+ - + et s
PPz 2(-ay 4(l-2) 4(1+2)
_l+z+2z’+2+2z‘+7—7z‘—1+21—x'
GEREE 4(1-2)(1-2Y)
1+z+2x’+ 2 +z-22°
z -z d-29)

_l—2x‘—a:‘+2a:‘+2a:‘+x‘—2x5_ 1
£(l-z)(l-a) TP (Q-2)(1-2Y)°
2z +1 1 4

(51).

.»c=+1 T@r T @rerly Frarl
_4(z'+rz+1-2*-1) 2422 +1-(22°+ 524+ 82 L Ta* + 42 +1)
T (@ +1) (@ +x+1) @+ 1) (@ +a+1)
4x(z‘+:¢ +22% + 2+ 1) - 22° - 42* - 82° - 52° - 4z
(@ +1)* (@ +z+ 1)

B, 22° - 2*
T @1+ +1)}

P e e z-1 2z -1
6 Zta 2 @rirt avt
1+2-2° 2z-1+22°-2"+22-1

T e @1y
_-2x’+x‘—3z‘+2z’ix¢1+2z‘—z‘+3z‘-2x’
_ 2 (2 + 1)

z+1

=zT(F+—1-)—'-

z+y z _a'(=-y) _(z-9f

(53). z+y y@-y) 2ay
=x+xy+y’_ z* +(z_—_y)_'.
y+y) y(z+y) 2ay

A (z-92 y)" 122 +4 1 y
22y 2wy 2(y+_)'
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Ex, 54—58, p. 14.] FRACTIONS, 31
(54). 13 5 23
5(y 2) " 80(y+3) 4(y-1¢ 16(y-1)
_ 128y + 884 - 13y + 26 20 + 23y - 23
80 (y - 2) (y +3) 16 (y - 1)°
23y + 82 23y-3
T16(y-2) (y+3) 16(y-1)
_ 23° + 36" - 141y + 82 - (235 + 20y* - 141y + 18)
16(y-2)(y+3) (-1
ik y'+4
REPIEDIEDE
(55). x"' 1-§+—:_x”'+z"+1—z"+1=z’"+2.
1+2 42 82: 1-2 142 42 1-2"
9 (1 z+1+x’ i 1+:c) (1 z+1-—x‘_1+:¢’)
(4:: 4:c(1+z’)+8x);4z’+4z’

17 1-4* 1-2*
29 16 xl—z‘_g
Tl Py

1 1 z-1 Tz~ 1

5
(7). 3@-1) z+1 2(@-z+1) 6@@+z+1)
_22°+ 22+ 2+ 72" - 8.1:+1_2z—2:c+2+a:’—1
6(z -1 2(2"+1)

_82-22+1 32°-2z2+1
TEE-n  a@sn
8 -22+1
Tt
(38). 82+9  8x+1
(z+1} 2+z+1
=ﬁ)§—’z§ix—m{z’+x+1-z’-2x-1}
Ea s sstl)
(@+1)} (2 +a+1)
=4 Tz +8
CESVICE S N
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Bé 32 SOLUTIONS IN ALGEBRA.

v""i

i 1 1 1 z+a

b i £

" i 2a (z - a)? v (x-a) * 194 (x +a) 3a*(2*-az+a')
f z+a +z'—ax+a’-4(x’+2az+a‘)

i 4a* (z - a)’ 12a* (&* + a°)

=Cea

_2+ad’z+ar’+a'- (24 3az + a®) (z - a)*
u 4a* (z - a) (2° + @°)
_ @’ + az® — (a2’ - 4d’2* + ') &

4a* (z - a)® (¢* + a°) T@-a)@+ad)’

e e T
Sees=msmestis =

a-0b-cf b'—(c—a)’_l_c’”—v(q_—_-g)"
(@+ef-0 Gibl-¢ (b+ey-d
_(a-b+c)(atb-c) (h-ct+a)(b+c-a) , (c—a+d)(c+a-b)
T (atc-b)(atb+c) (a+b-c)(atbic) (bic-a)(atb+c)

(60).

S —

a+b-c+bt+c-a+c+a->

i 7 at+bic ke
i
F be(a + d) ac (b + d) ab (¢ + d)
. D eHea @ve-a @-90-9
% o ab’c+bed-abc®-bc*d— (a*be+a’ed - ac*b—acd) ab (c+4d)
. i (a-b)(@a-c)(b-¢) (a-¢)(b-0)
i _-abe(a-b)-cd(@-B)+d(a-b) ab(c+d)
i @-8) (-0 (-0 @-e) -0
; _ ¢d — acd - bed - abe + abe + abd _bd(a - ¢) - ¢d (a - ¢)
g @-c)6-9)  @-9-9
d-c)_
= m '—d-

(62). (;+ %)(a’+b’—c’)+(%+ %)(b'+c’—-a’)+(‘l;+_i.) (a*+c*-BY)

l@rv-crare-n

+%(¢+v-a+V+a-aq+%(w+e-v+v+a-e)

=2(@+b+e)
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Ex.63—67,p.14.] FRACTIONS.

a_ (@-¥)z ar’(@-b) atbz
RPN P e i
_ab+a’z-b(a+bx) (a°-0) (ax®- bz - az’)
® b (b + az) y b (b + az)
(@z - b2) b~ (a* - b%) bar
T b* (b + ax)

S0

©4) @B+1) 4B +4b+1
‘At (B =b+ 1) 4(2+1)
S B S R
T O T SR T TS

(65). a+ba +b-a (a + ab + b b

Tha ab+ax ¥ aab+ ¥t a)
_bsa) o
l1+a? b

I.—‘
1]

(66).

o

=T

© |
s
s
-
-

1 00 i S
¢ abcta+tc
be +1

a+

4-z

here s— =

’
1% :

4-z
1 4 _:1__
i-z 4z- 4+4-2z 3z’

;TR s
Wl

(87). 4’z+c b+e z+e
@-8)(-a) (@a-b)(x-5) (z-a)(z-0)

_az+cx-ab-be- (bz + cx - ab - ac) z4c

33

(a-8)(z-a)(z-0) " T z-a)(@-b)

_(@a-dz+ec(a- b) z+e
T (a-b)(z- a)(@-b) (z-a)(z- b)

cd
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34 SOLUTIONS IN ALGEBRA.
1 1 1
i (a-b)(a-c)(z+a) T (@a-0)(b-¢c)(z+D) 2 (a-c)(b-c)(z+c)
2b + b* - cx — be - (ax + a* - cx - ac) (

" W@-Da-0l-0@ra) @b  @-0)6-0)@+c)
cla-b)-(a*-)-=z(a-b
=(“‘(b) (“10)((5"0))(“1”(“)(‘”lb)+&c.
c-z-(a+b)
(a—c)(b—c)(a:+u)(x+b)
—2* - ax - ac - bz - be + 2° + ax + bx + ab
(@-c)(b-c)(x+a)(@+d)(x+c)
b(a-c)-c(a-c) 1
C@-l-9EraEthE) @O @E0)’

+ &e.

ab-c)(z-b)-b(a-c)(z-a) ¢
@-H@-9@E-ab-0 -0 @-0@®-0@&-0’
whence by dividing out (@ - &), we have
(ab - cz) (x - ¢) + c(z - a) (x - b)
@-0G-0@-a @-b) (-0

(69).

(a e)(b-c)x _ z
() T@E-d@-b)@-9°
ab-c)(z-b)-¥ -b(a-c)(z- a) ¢

(0% (@a-b(@a-c)(b-c)(z-a)(z- b) (a-¢)o-¢)(x-¢)’
whence by dividing out (@ - b), we have
{ab(c +z) - cx (a+ )} (z -c) + ¢ (z-a) (z-0)
(@a-c)yb-c)(z—a)(x-b)(z-c)
2*b-c)(a-c)_ z
L ) C@-a@-Y(-o’

(71). The sum of the latter part of the fraction
1 1 1
(a-b)(a=c)(z-a) % (b-a)(b-c)(z-d) T (c-a)(c-b)(z-¢)
1 4
“@E-a)@-b) (-0’
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Ex. 72—76, p. 15.] FRACTIONS, 35

add therefore the sums bf 70 and 69, and we have the result
z % 2 i 1
@-a)@-b)(z-¢)  (z-a)(z-b)(z-¢c) (z-a)(z-b)(z-¢)
B 2+x+l
Tw-a)@-0)@=-0°

(72). This is the same as 71, except that the numerators of two
fractions to be added are multiplied respectively by m and
n, or thus, let

1 1
@G-hHe-o@-a P @G-nG-0@-d)
1
(@a-c)(b-¢c)(z-0)
then a%p + b%q + ¢'r + m(ap +bg +er) +n(p+q+7)
(from the preceding fractions)
'+ mx+n

“@-a)@-b@-¢°

=q,

=17,

Reduce to their lowest terms :—

E-2° a+a® a+r d-azr+ad

died-2 a-z drazia
a+a:t+x’ a+x’xa—az+z’ a+a
f P _wir d-2 Ftextd @-2

(73).

(14) 243242 245244  (z+1)(z+2)(z+4)(2+1) _z+2
" P12+l Filz+l2 (@+1)(z+4) (z+3) z+3’

= - - 2
5), zx (z-1) (z-2) 8% - 6z +
( )-":'—3I+2+z’—2z+z’—-zx z
2-3z+2 S2°-6zr+2
SR e T ey B2 2
3f_6z+2x 1 2 -3z
(z+3)(z-56)(z+T) 3z’+10z - 29 PN

76 ET T =
( ).1:' 2z - 36 + 2* +102 + 21 + 2* - 22-18 ($+7)(3+3)
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36 SOLUTIONS IN ALGEBRA,

a," 4z+3 2+1 2£-2+1

Sl e o Gl
=(x-3)(z—1)xx+lx Dby g i
@-8)(x+1) z-1 1

(78). z* + (a- b)z—-abx:c+b z(z-0)+a(z- b)xz+b
t+(at+db)x+ab 2-b z(x+b)+ta(x+d) z-b

2* + 112 + 30 92’ -2-3

(1) o763 -0:-18" z+5
4 (z +5) (z+6) x9a:’—z—3
92 -2z - 3) (¢ + 6) z+0

=1.

bec+d)+a(c+d) f+2 a—er-—l

a(f+2;;)+()(f+2:1:))< c+d a+b

¥ a(@+)-b(@+¥) 22~ _a-b_,
e W2 -0)-2a0 (24 -0)  @+8 a-b

(80).

2" (a-bx) b(a+bz)
@) o) e

(3). ks s S oo gk of
Yty 2y (@B tay+yt) D -ayt+ gt
SR o e
TP -ay+y+2ay
2t -yt - 22y (2" - y) 24y
(84)' Il+2z2yi+yi_2xy(xl+yl)xx’ y‘l
a: + y* — 22y
————0xal
T2y -2ay
85 3x‘(2z+5y)—21’z’(2x+5y)x z -3z
(0 92y (z — 82) — 6y=* (z - 32) ~ 2z + by
8zt 2% 2
TyEF-22) 3y”
(86). (a+b+c)’ a-(b+tc) a+bte

“(btef @aibtc a+dic

www.rcin.org.pl
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Ex. 8789, p.16.] -

87

ole IS8

+

quotient

FRACTIONS,

L L e
be d be d* de,
S
be d
Y@ %be
tamF
e, o
be de
4
3 d

37

‘Write down under like quantities the products of the divisor
and the quotient, with their signs changed, and then their
sum + the dividend = 0.

quotient

3a* 19a% _ 21a%'  9ab® b
2 100y ' b2y 10ay’ ¥
2 S ~SU Sy ‘
zt  ba’y zy°
3a%b a*’h* ab®
togy T by T Tay
_ Sl B
xsyi 5Iy! y‘
S @ T
@ bzy ¥

: 1 3
a‘+a‘+a’+2+;;,’+-'—z-;+—;

ed-gt—at-1
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38 SOLUTIONS IN ALGEBRA,

3,3 33
(@’ —cx)(a bs+cz)=ab-c.'c.
2). This is of the form (@ + b) (a - b) = a® - b*;
)
35 .08 23 .38 3,5 3.8
s (3a°6” - 5a”5") (34°0” + 5a°b") = 9a°b° - 254°b°.
Vbbb ok ol 3
(3. (@ +a%y’ +a’yt 4a’yt +3d)x (@ -y =a-y.
(4). This is of the form (a* - ab + 8*) (a +d) = a® + &*;
T
so(@ -a’d’ +b%) (@’ +8°)=a+b.
(5). This is of the form (a* + ab + 8*) (a® - ab + 8*) = a* + a®* + b%;
St doeh s Rl Tad 3
st -2 2t (et 12 t2t)=2" 22
PRGN e e T L Y R T R
(6). (@’ +a’d® +a’s* +08°)(a® -b°) =a” - 0",
(7). (See Ex. 5)
ook ey i )
(82" +42” + 52°) (3" — 42" + 62°) = 9z + 142° + 25z°.
(8). (See Ex. 5)

2 2

P Yo i G Y i <
3(x‘+zsy5+yﬂ) (a:%-z‘y6+y6)=3(z“+zsy +ys).

I X S N
9). (a* +a’d* +a*d" +b*) x (a* -0*)=a-b.
3 R 3
(10). («* ""‘l"" tmpz "’"}’)(-’b‘ +pm =z - mp,
a‘—3a%b%+3a%b%—b% (a*__b*)s X 3o
(11). — R el R EPLE P Y
: £ % 4
e -b at -0
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Ex. 12—18, p. 17.] SURDS, 39

3
(12). 1| 1-y*
i SR e B9 10 ST R o
W Jl Rt ke Nl N ine Dt ot Bk
S B O T S TN
+y 4y +y +y 1ty Tty Yy +y +y

o
;:«
N)-
I~
oo

L
1 2

the quotient 1+ " +y +y +y o g

ol
',

: T
(18). This is of the form “—0. = g - B;
a+b

PR TR S T T el - e
(9ab® - 25a°b°) = (3a”b” + 5a°b") =3a"b" - 5a’b .
b + p G
(14). (2" -2+ )'(x'—a: )

& (.'t 2.'c +1) (x -1)(x —1) (x +1)(:c -1)

(:c —l)x (x —I)z &

3 el 2 .%

=z®+2°'-2°-z°,
Jowits 4 L A7 o e VL el
(15). (a* -1%) = (a® - b°) = (a* - b*) (a* +B%) = (@° - 0°)
T M Ttk R ] y g 07 8 gl wiaally e
=(a® —b%) (a® +8°)(a* +b’)+(aa -b%)=a’ +a'd" +b'a" +b".

(16). (=* —3x+3x—‘l)z‘ -1)° z"—?x‘+l=
2 x (24 - 1) x‘(:c‘ 1) x*

‘-2+%‘.

S S Rl
(7). @ +2°-2* -2z )+(z°—z°)

3 i %
_(z-2*+1-2")=
T TR T
z’(z*-l)
e ¢ i
(x -I)z (x 1) :c 1 % Jie 3
:c z* —l) z’
4 27,2 4
(18). This and 19 are of the form %:a’—ab+b’;

1 l 1
(a’+az +a) (a +a”a:”+z) o a”.’c"H:i
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40 SOLUTIONS IN ALGEBRA.

1 L
3 6 1 1 12 1
(19). (x’+%+,1_6)+(x°-f2_+§)=x°+”_+1,

- - 1 X X o
(20). {£° +2° +2(2° -2°)-1}: (2° -2 ° +1)

ol N
¢ +1+22 (" -1)-2
= ( ) =2"-z°+1,

$,3 0
z°(2° -1+42°%

Pl i AN
or thus z * +22 -2z  +2° +1
EY

+1)-2"- 2°+1
-3 gy
-z -z -1+2

o

o
ape

b
+1+2" -2

e

b

1 o
the quotient 2’ +l-2

VI. (1). Find the value of 4/(32) + 4/(50) - +/(18) + +/(98).
Here 32=2x16, 60 =2x25, 18 =2x 9, and 98 = 2 x 49;
<o 4/(32) + 4/(50) - 4/(18) + 4/(98)
= /(2 x 16) + 4/(2 x 25) - /(2 x 9) + 4/(2 x 49)
=44/(2) +5+/(2) +T(2)-3(2)
=(4+5+7-3)y(2) = 13/(2).

(2). 34/(8) x 4/(82) x 8/(48) x 4/(75)
=8 /(4 x 2) x 4/(2 x 16) x 3/(16 x 3) x 4/(25 x 3)
=3x2x16x83x6/(2x2x3x3)
= 1440 x 6 = 8640.
(3). 34/(8) x 2 4/(6) x +/(15) x 4/(20)
=6x2x5x4/(2x6x3x4)="720,
for 4/(8) =2+/(2) and +/(15) x /20
=4/(8%x6) x1/(4x8)=54/(3x4).
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Ex, 4-19,p.18.] SURDS. 41

(4)

(5).
. 3Y(8 x5)+% (27x5)+ V(64 x 5) = (6 + 3 +4) V(5) =18 V/(5).
(M-
. 16/(2) - 10 y/(2) + 12 V(2) - 3/(2) =15 /(2).

53 +Ty3+6y248y2=12y3+14y2

. Y/(125 x 4) = V(27 x 4) + 4/(49 x T) + /(9 x 8) + /(25 x 3)

(1).
(12).
(13).
(14).
(15).
(16).

an.

(18).

(19).

Y(81) x ¥/(64) x ¥(375) x V(- 24)
=8x4x5x2xV{3x3x (-83) = - 360},
for ¥(81) = ¥(27 x 3) = 37(3), V(64) = 4, V(375) = 5Y(3),
and V{8 x 8x (- 3)} = V(-27) =~ 3.

4 /(147) - 84/(75) - 2 Y(3) = (28 - 15 - 2) 3 = 11 y(3).

24 3/(B) + 4a% 3/(B) - 5a Y/ (B) = a%".

=(5-3) V(4) +74/(1)+8+/(3) =274+ 747+ 8V(3)
8 4/(2) + 8 4/(3) + 13 /(2) + 13 y3 = 21 (y2 + ¥3)-
442 -214/2 4302542 =84(2).
2y3-3+12y3 -} y3=28y8.
42 -21/(2) + 302 + 52 =18 y2.
2 /3 + 18 y/(3) + 15 y/(3) + 13 /3 = 48 y/3.
TxV(@x6x5x100)="1Tx2x5x v(6x 2) =70 V(12).

' K G ZZXZQ)"B‘ 3

\a/(}xl 13 % 250)(189_;(:_3)
DM e S a8~ S T '7‘0‘)' 5)°
2
T8 (7) 18\/14 il
15" 5y(15)
80 6 17 2 14 1\ 80x9x7_2
il 2 14 PUXAX G vk
el Rl s (7*15 15) TR (T
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42 SOLUTIONS IN ALGEBRA.

(20)- 7\/11 \/11 5 21415
SRR
"R Vit \/H'

@0 /2245 x \/—\/ = (-

(22). ( x 2a - L + a=) V(@) = 24 ¥ (b).

(23). \/“” x\'/(”x"!)
L e,
24). 4Y(@)+3V2+5Y@) BY(©@)-4Y@) +5V2
=12x 4 x ¥(4) =48 Y (4).
(25). 18a /(b + ) - 12a /(b + z) = 6a /(b + ).

(26). 2a+/(b) + 24z /(b) = (2a + 24z) 4/(b) = 2 (a + 12z) 4/(b),
and 4a* /(6z) - 2az v/ (5.1:) = (44 - 2az) /(5x).

@ Vs~ V(&)" 755" vam ™1 T
16 oy 4-3 L.y
and\/ 27 \/é \/ 54) \/(_) © " 3/
(28). 10a y/(b) + 12a /(b) — 17a y/(b) = 5a /().
s o LI e I
(29). (a8 +a”b°) (as -a“be)=a's —a®s®.
(30). (5-2y(-8)}{5+2V(-3)}=25-{2(-3)=25+12
8-v(- 9} {6 +2v(-5)}
=18 +6y(-5) -64/(-5)+10=18 + 10 = 28,

= 37’
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Ex. 31—40, p. 19.] SURDS, 43

(31).

(32).

(33).

(34).

(35).
(36).

(7).

(38).

(39),

(40).

{2-2V(-3)}{6-5+(-3)}
=10 - 30 - 20 /(- 5) = - 20 {1 + V(- 5)},
also (54/6 ~ 34/5) (56 + 3 /5) = 150 - 45 = 105

VA xy-8) = x 8 (- 1 x (- DY = atB (1) = - B,
(- a)* (- B)* = altt (- 1)} = Bt /(= 1)
{(z-1)-2}{(z+2)*- 8
=(@-22-1) @*+4z+1) =2a' 4 22° - 82° - 6z - 1,

(497 -9 -9 e-F ’

= (2 - y')"' («* - y’)" = (2 - .«/’)"’:"
(1-v8) (y2-3) x (1 +v3) (y2 +v3) =(2-3)(1-3)=2.
2az +/(32) + 18az /(32) + 12az+/(3z) - 20az+/(3z) = 12az y/ (3z).

24% /(B) + 4a% ¥/ (5) - 5a% ¥ (3) = a'bd.
2 ,/( ) + Y@ (“b) x 4/(a* - 4ab + 4
4 1/.§2“c_”2 (@ +a-2) = 2@,

(R4 £ A T 1

" JB +8y0) Y@ +3 10’
1{\/(5)+1} =_}_\/ 6325 \/{(3+V5)(5+¢5)

_4(5“/5) V2 5+45 (Gt v3) (5Tv0)

I

¢ \/(203_3@) \/(1 #5)"
1/13 \/(65:21/55) " \/ (i : :,/ g gi ﬁ)

= \/(2" AL R RN
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44 SOLUTIONS IN ALGEBRA.

Yoo 2t-oF (abyohy x5t

e = ¥(10) + ¥ (5)-

2‘§ - 9% 9%
(41). (a*- b‘)’l'_‘- (a® - bl):T= (a* - b’)%..
(42). J{ (1-82°482 - x‘)}_——_;ﬁ a3

1
+0
(43). _—(% =ab 4y (by the form—-—bT'b.'“H b)

1
2 @ - Viey) + oy
z\1 [y Ll b 21 1\ %1
a0 (GF (G (o it = (G = (Gt
R T B y%xa:% 1.
=it ol
Y 8
S R L L R e

(45)::a™ x & ™ s g xz_xy = axz'y’;
for the index of a = 32+ il g 1, &e. &c. = &e.
m m

By g L e b iy B8 7 00)
- -cC b-c
=a«/b(x/bi-«/c)_l3/b
b-c R
(47). (=™ —z'xx:xb"+§b"zp)} ’—n"— bl_z’%
21"-2.1/—1/2,11/
48). 2
) T VE- (v )
_@E -y -y (Woxty)  2-y- y =z- 1/2_1/
TW2(W2-y)(V2z1y) VEZ(Vix-y) V2i-y
(49). 3a*h 4/ (2ab) + 5ab® +/ (2ab) 3a% + 5ab® =5 (3a + 5)

V/(2ab) {2b + v/ (a* — 4ab + 40°)} 26+ a- 2b
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Ex. 50—59, p. 20.] SURDS. 45

) PSR ST ol
21 -2) 2(1+z) 1-a*

(51). 2z’+1—z’= 1+2a*

3 W
1-29" (=2
2* 3 z*
a-y(@-2a°) a+y(d+a’)
i z*{a + /(a® - x’)}+ 2% {a — +/(a® + 2*)}
z -z
=a+t4/(a® - 2%) — a+ /(a® + 2°) = /(a® - &%) + +/(a® + 2°).
(53). {/(z*+1) ;«/(z’ SDF, et ) —2«/(1’ - P

(50

(52).

_2@+)+2(2"-1)
2
1 1 e W (2*— 1)+:c+«/(z’ 1) b
Z+4/(2* - l) x— (@ - 1)

o [\/{aww -b)} \/{a—vw—b)}]'

=a++/{a* - (a*-b)} = a+'\/(b)

o0 [y oo} + L0207,
(zys - 3y)‘ z-yy3 V(zy)XV(z+yv3)

= 22%

(54).

A (zy) (2* + 3y*) x /3 _a+ 3y
TVBG@-y VOV @) x V@ +y Vi) &-3y
2 2 Sl R | 8 p 5 v 1

(57). (@™ -2 “a¥ +a'b) =a ¥ - a To",
8-54/(2)
(08). SRELE,
B-2/@)(B+2/(2)=9-8,
L 8-54(2) 3424(2) 24+4(2)-20

STV 3+ 3Ry 9-8 =4+ ().
(59). 3+¢5 44 4/5 17+7«/5;
a~ 6 S8 - 11
ﬂ/3+7\/o V6-+/3 85-3-6415
Y3+ 45  Vo-v3 2 AL
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46 SOLUTIONS IN ALGEBRA.
(60). S+ 10v(6) _ 10 + v(6)
2v3+8y2° v2+y3
o V3-v2 _ 10v(3)-10V2+V(18) - 4/(12) _ =8¢/3-1T42;

B S R SN R S e

g ‘\/3 Y2 +1
1 2(/(3) +1) _2(/3+ 1)(v3 +14y2)
F_i V8+1-y8" " (yB+1f-3
2(/3+1F+v2(v3+1)
& 2+2y3 ik i

V2 (2 + 4/3) V2(2-43)  V2(2+4/3) A V2(2-v3)

i 2+\/{4+2v(3)}+2—v(‘1—2v3)—~/3(«/3+1) V3(V3-1)
44+2vV3 —-a\,/3 1/3+1+\/3 1 V2.
TJ6(8+1)  V6(B-1) /6
5+2y-8 2 4
62
S P T TR e R )
_4+9V(-8)+4-24(-9 _ 4
4+3 1-y(-3)
_847V(-3) 4+4¢( 3)_1
7 7
1 oy, L8 2443 2y8+1_442y3 T+443 3y3-4
i e Y3 8-y3 2+y3 =0 1 1
=-2-48+T+443+4-348=9.
|
i fa+r -0 +ia-V(-bF 2(a’-b)
I i a+b i R R
;; 11
i z%+y% 2z§y%_z +2zy’+y—2z8yz_z§+y
H (88) — I~ L= g
i zt-y' @ -y 2 -y o
E o +ab+ ¥ a:%
(66). (a,-—bs)(;’._a;-)_(a-b)(z—a)
) J. l l 1}
E .’E +a —x a
; (a b)(z - a) (@a-b)(z- a)’
| .
I ;
| www.rcin.org.pl




Ex. 67—72,p. 2L] SURDS, 47

(67). \/{(a +e a— ;)b(;:c - a)} 3 J{(b +e f :)c(; i 0)}
+\/{(u te ’—) ;))c(; '11- b - c)}

a+b—c+a+c—b4b+c_
V{(a+c—b)(h+c—a)(a+b_c)}
i a+b e
_;,/{(a+c—b)(a+b—c)(b+c_a)}‘
a% +b% a%b% a%_z,Jf
2

2 ’ ¢
@ +8°) @ 48°)y o 4yt

(68).

a- ab’+b+ab"’+a b %
= 790 ta-b_

A A
(“ +5" )' @@®+0°)
1 2 2 1 4(2z +1)
el PP W o ey 7 e T e
2+2+14+222_5,_1 32
Piztl42-5-1

2t -1 P

(70). 4v3+92  WB+U2+445 144 5y6+44/(15) +410
V3+v2-v0  y3+y2+y5 2,/6
1442 1iy2 1442448
T+v2 -3 Try2-ya3 Trv2+y3
23+2v2+v8(v2+41) 8+2y2446+V3
2v(2) o 2/2
). V2(2+43) y2(2-v3)
V3(L+V3) #8(v3-1)
1 4+2/8 4-2y8
T V6 (W3+1) TJ6(y3-1) 6
(72). Find the root of 5 + 2 4/(6).
Let V{5 + 2 V(6)} = V() + V().
Squaring both sides, 5 + 2 ¥ (6) = mhyQ- A
LZty= éandw/gzy)k

L (1+y3-yB41)=
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48 SOLUTIONS IN ALGEBRA.
and 2° + 2zy + y* = 25
dzy =24
S -2xy+yt= 1;
andz-y=1,andz +y = 5;
nz=38,y=2and v/(5+2v6)=vV(3)+ V(2.
(73). V(T+24/10) =45+ v2:/(8+2VTN=1+4T.

(74). Let /{03 + 04 v/ (- 1)} = vz + Vy;
L03+04 (- =z+y+2(2y);

22+ 2y +y*= °0009
4xy =--0016

& -2y 4 yt= "VU23;
Sz -y =05 (z+y)="03;
;=04 y=-01;
szt Ay="2+14/(-1);
V/(37-20 /3)=5-243.

(75). 4/(28 - 104/3) = 5 - 4/3.
Let /f-2+2/(-8))=v/zt+vy; S T+y=-2;
o2+ 22y + 4P =4, and 4oy = - 12;
Lz-y=4,orz=1andy=-3;

V24 2¢/(-8)=1+y(-3).

(76). Let /{21 - - (400)} = = /y;
ooz +y=21,and 2 /(zy) = /(- 400);
o2+ 22y + yt=441, and 2* - 22y + y*=841; . 2-y=29;
cox=23 andy=—4;
Nz =y=5-24/(-1).
Let {4 (- 8) - D} = yz = y;
soz+y=-1, and 2/(zy) = 4 /(- 5);
L +2y+y=1,and 2’ - 2oy +y*=81; S 2-y=9;
; oo s dy andy:—s;
STy =2-y(0).
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49
Ex. 7781, p. 22.] SURDS.

(T7). V(2+y3) = \/ {4+M3) Z V8

Let v/{- 18 /(- 1)} Ve -y
2ty =0, and 2 V(zy) = 18*/(‘1)’ 9;
.'.z’—2xy+y 324, andz-y=18; . z=9 and y=-9
.'.1/z—w/y=3-3*/(—1)-

(18). it - ¥(M} = ﬂﬁ'l V(16 £8y(3)} =22V

Find the fourth root of—
(79). V{97 + 28 //(12)} = y{T + 4 4/(3)} =2 + ¢3
\4/(17 -12 42) Ak ] T Y8
3 V(3) vs «/3
(80). V(14+8y3) = y/(2y2 +/6) = V{y2 (2 +¥3)} = v(g)

V(- 16a%) = 4a® /(- 1), let y/{da® /(- 1)} = V% + VY
then z + y = 0, and 2 4/(zy) = 4a* /(- 1);
o @t - 2y + 9 = + 16a%, and z - y = 4a%;
sz =2d% and y = - 2a°;
o V(- 16a%) = a (V2 + v(- 2)}-
Find the square root of—
81). Let /{a® + 2z 4/(a® - 2*)} = V2 + VY3 »
Sa*=2+y, and 2z 4/(a* - &%) = 2 V(zy),
and 2* + 2zy + y* = @',
also 42y = 4a’s® - 42*;
Sat =22y 4 gt = (a® - 22°)% and z -y =a - 22,
but z + y = a%;
Soz=a'-2° and y = 2%
ST+ 4y = A(a* - 27) + 2.
Let /{2 + 2 (1 - 2) /(1 + 22 - 2°)} = /2 +4/y;
Sty =2 and 2/(zy) =2 (1 - 2) V(1 + 22 -2,
and 2* + 22y + y' =4,

D
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50 SOLUTIONS: IN' ALGEBRA.

but 4zy = 4 - 162° + 162° - 42*;
B -2zy+y= 162* - 162® + 42,
and z -y = 4z - 2%, ;
also z 4y =25 . z=1+2z-2° andy=1—2z+z’
Ve +/y=1-az+Q1 +2z -2
(82). Lot {1 + y/(1 = m}=va +y3
sozty=1,and 2 y(zy) = (1 - m®),
and 2® + 22y +y* = 1,
also 4zy = 1.—- m®;
o 2 - 2zy + Yl =mb and z - y = m,

L 1-m
butz+y=1; coz= zlm,y=—2——,

s ve+vu= /(5 /(57
50 also +/{zy - 2z (zy — 2*)} = - /(Y. — 2°).
Find the cube root of—
(83). Let ¥/(16 + 8v5) =2 + /y;, = (16 - 8+/8) =7~ VY
o 2 -y = (266 -320) =Y ( 64)=-%
also 16 + 8./5 = ° + 3a¥yy + 309+ o
o 2%+ 8zy = 16, and y=at + 43
o 2482 +122=16, ora® + 3w =4, ifz=1
then y = 53
= V(16 4 8.4/5) =1+ 4/5
V(22 +10V7) =z + Vy; -~ H(22-104T)=2 - VY
thenz.”—y,:f/(484—700)'=—-6; .'.y=:c’+6:'
and 2° + 3zy = 22, or 2° + 32°'+ 18z = 22, let z = 1;
coy=T and /(22 + 10y7) =1+ V7.
(84). V{114/(2) +9y3) = y2 +v3; V(2T +343) =3 (W/T+ V).
(85). Let {2 /(~1) - 11} = /g - a5 . V@V D+ 1B =¥(y) +2
andy -4 = V(-4 -121)=- 55 .~ ¥y=2"-5,
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Ex.86—87, p. 23.] SURDS. 51

and (vy - 2)° = y V(y) - 32y + 32* /(y) - @5 . 2" + Szy =1L
and 2° + 82° - 16z =11; let z=-1, then y = - 4;
V21 =11} =1 -2y/(-1).
Let ¥/(25+21 y3 +17/5+6/15) =1+ AV3+ By
025+ 21V3 +174/5+64/16
=1+343+8By5+3{34"+5B +24B+/(15)}
+84°3 + 9 AB*\/(15) + 15 AB*y/3 + 5B°4/5,
whence 94% + 15B* + 1 = 25; .- 34°=8 - 5B,
if 64B /(15) =6 /(15); .. AB=1; . A=1,B=1,
and /(25 + 21 /3 + 17 4/5 + 64/15) = 1 + 4/3 + /5.

i

5 13 A TIRE SIS e |
(86). Y/(a-803130%430% 12030860174 B2 40" )a' - 2

4 4
-82°+3z%-2

1
—z’x(3z-3z%+x§)
1 ) i ! N R T B
' x{3(x*-2°)*+3(a? - 2% ) 2% + 2°} | 32*+82

1. [ 2 3 L S & 3
2 (32-62°+32° + 32* - 3212+ 27 3x‘-6xT%+3xH+3a:—-"x%+z‘

1 &
(87). (1) 2> < 3%, or 2°>< 3%; .. but 256 > 243;
s b
S:19% 9%
(2) V(10) + /7 > < /19 + /35 o= 17+ 24/(70)>< 22 +2 V(57),
but 2 4/(70) < 5 + 2 4/(57);

i o /(10) + /T < 4/19 4 4/8,
(3) (V2 +Vap>< 21,

or2+3Y(10) (V2 +¥5)+ 5> <27,
37(10) {V(2) + 5} > < 20,
let ¥/2 4 /5 = 8, then 729 x 10 < 8000,
much more then is ¥/2 +V6<3.

WG ><Gfs - 0 ><()

or 81 < 128; .-, (%)1 < (g)%
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52 SOLUTIONS IN ALGEBRA.

(88). 2(1+n‘+n‘)><3n(1+n”);
Swl-nt(l-n)-2n(1-n)-20°(1~-n)><0,
or2-n+nt-2r'><0,
Sl-ns1-n°)+2n°(l-n)><0,
or 2 + n 4 2n® a positive quantity > 0;
2(1+n’+n‘)>3(n+n“,

ifn%_1><(n_1)%,ifn=1,the expression vanishes;
-.n-2nl+1><n—3n +3n-1,
0r3n(n 1)><2(” =1),
or3n +n- 2" —2><0

‘ whence 2n° (n—1)+(n -1)+n-1>0,
or the positive quantity
3 3 g
3n+4n® +2>0; oo n -1>(n-1)".

3
(89). fa++/a><1+a’,

b 2
then ya (1 +a”) ><1+a’,
1
orya><1l-a’+a,
1
or0<(1-a’);
3
satqfa<lta’;
3
ifa®-1><a-1,
X &
thena +a® +1><a” +1,0ra>0,
Py
buta>0; .. a" -1>a-1.
3 3
(90). 2° ><3%; = 2°><34,but8<9,
1 3
also 8° ><5°%; .. 3> <5 but 243 > 125,

1 1
also 2° > < 5°; ... 2°>< 5% but 32 > 25;
-. /3 is the greatest, and ¥/5 is the least.
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Ex.1—4,p.23.] SIMPLE EQUATIONS. 53

©1). Let V(- 1)=yz = 45 = (<1 =2 +y -2 (ay);
S B+ 22y ryt= 0,
4y =-1,

and z-y=1,
z+y=0;

ola Vx:-!'_’ andVy:J%_l; hog ‘,\/(_1)=1_+__1/(__1_);

a+w(-1) a+by(-1) e-d(-1) ¢w+bd+(bc ad)V(-1)
c+dV(—1) c+dV(—-1) c—dy(-1) c+d’

SIMPLE EQUATIONS.

£ 11 ¢+5+x 8+ 1
2 4 3
by multlplymg the equation by 12, we have
2z + 66 = 6z + 30 + 3z - 24 + 4,
T2=66; *.z=8,

VIL (1) 7

3z 1 8¢9t
[y e 1 _2z 31
@) gtleg-7T=5
(by 56) 21z+56+§-16z=62,
2
162=18-8; .. 2= z.
®) 25x+5_8+2x_3z+9
ST ST
(by 60) 250z + 50 — 96 — 24z = 45z + 135,
181
z-m—l.
4.:0:-18 2z - 24 11:1:—34_1
a7 s s R

(by 44) 11z - 198 + 82 - 96 + 222 - 68 =7,
412 = 369; .. z=9.
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54 SOLUTIONS IN ALGEBRA.

2:c+12 2z - 15 z

) oy,
(by 6) 2z+ 12 +2z - 15 + 3z = 18,
21
...-—:3
it |

8z Tz 11z 183
Gt AT ki Bl
(by 60) 452 + 28z + 110z = 183 x 12;

183x 12

i
e
M et &= g
* (by24z) 24 +12-8 ="Ta; .‘.z=78-=4.
1 1.4
®). 10(:c+§)-6x (;- §)= 23,

by taking away the brackets by multiplication, we have
102+ 564 22=23; .. x=f_‘;=2.
11-2 19-2 7 22-14

9). z+ 3 “——2—+§+ AR
(by 42) 42z + 154 ~ 142 = 399 - 21z + 98 + 12z - 84;
st =209s . a= T,

(10). 3x+20=7-1|:3-‘3(z_1)],
i
182 478 = - 9 4 4z - 4;
1P R

z bx+4 4z+9 b
(11)'§+—3—-_—3—+T§’
(by 12) 62 + 20z + 16 = 162 + 36 4 5,

102.=25: T wis
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Ex. 1

(12).

(13).

(14).

(15).

(16).

.

2—17,p. 24]  SIMPLE EQUATIONS.

——-T——(5+z)+——0
(by 24) 2z — 24 + 8z - 30 -6z + 66 =0,
i =12,
E_z—l_3x-—4+x
D R AT AT
152
(b 60)—-—24x+24 122 - 16 + bz,
15z - 82z = — 80,
80
¢"-—§‘7=+167.

1 1 2 1
é(x+3)——(11—z)=g(x—4 —é—l-(x—?)),
7x+21

(by 21)

35z + 105 - 360 + 40z = 84z - 336;
9 =81, and 2= 9.

6z + 6 +4z +8 =192 - 3z + 18,
1821965 .. e =164,

T o Tl e
7(e-3)-5(G-2)-us

0z - 15
(by 30) then3—’”7——-4+ 6z = 43,
thence 30z — 15 + 422 = 329;
- o A
LA Sl
T+ z+3_7 z-4
ke 5’
4z +8+3r+9=84+22-8;
559 114,
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56 SOLUTIONS IN ALGEBRA

(18). % (@-8)-5 (.1: -18})=15-2 (19 12),

(by 15) then 10z - 50 — —i——l- (3z - 40) = 225 - 171 + 32;
. Tz - 452 + 600 = 1144;
. X = -3— = by

5:4: 1 4e =19

5

(by15)25:::—35—12x+27+30x=69x3=207
215

S = e — =0.

4 T2-9 4 17+2
(20). 3z - 4—— n gl gty g
(by 15) 45z - 60 — 28z + 36 = 68 + 4z;

92
z=-1—3=711's

(19).

+ 2z =13%,

bz 2%2-1 4 5zr-3
ekl Y S T
(by 45) 252 — 80z + 15 = 12 + 462 - 27;
30 3
5 5°

(22). 5.1: 7 8z- 2 _z-5 83z-67

7 4+ 83 L

L=

83,
g2 83z—67=%§-(83z—67); s 83z =67, orz=gz.

83
. 5-252= [0 |- -0,

by multiplying by 12 and taking away a bracket, we have
6z -4z +8 =3z -2 (21 - z) - 4z + 20;
G 82=12-6+22; s 2=1T.

(by 84) 140z — 196 - 36z + 24 = 21z — 105 + 84 (z 5 6_7)'
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Ex, 24—28,p.24.] SIMPLE EQUATIONS.

6::: 4 2z- 13 z+1

(24

s g’
(by 63) 352 — 28 — 182 + 117 = 21z + 21;
68
as x=—4——17.

. (@) 8 [28-(f+24):|=3;-(2%+§),

: 10 T

3(8—5—24) 2(§+;),
40 6z 49 Tz

s Vi © Sl

and 820 - 10z = 196 + 21z;

2 3 1
26) Sz~ 5) S Ml Bt L
(26) 3(z 5) q@-14)=5 5(0-2)
(by 15) 10z - 50 - i—f(3x—42) =75 - 27 4 32,

by transposition and multiplying by 11,
then 772 - 452 + 630 = 98 x 11 = 1078 ;

448
z_E-M
-1 23- 4
Wk re Tl -,
(by20)M+92 4z —l(;ﬂ—% 20,
then 20z — 20 + 784 = 1061 - 7z;
297
..$—§7—11
(28). 3z+4 T2~ 3_9x 16 1@_0
5 2 2 20
122 + 16 - 70z + 30 — 45z + 80 + 183 = 0;
i 5, RS
T e

Db
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58 SOLUTIONS IN ALGEBRA.

(29). 8%+37””—§+2x-1—§i‘+13+§=22§§,
(by12)105+?~€—’:-—10+24z—£1;—z+-156+3x=
362 144z 1372
o Tkl Tl )
then 1255 + 152 1 1352 - 1442 = 1372;
-. 180z - 63z =117 x 7;
117x 7
T =,

(30). 3 (e +2)- 3 [13 - (14 +2)] = 438,

3x+6_8(‘_1_§_x _ 104
2 RAETEG )‘El—’
(by 42) then 632 + 126 + 8 + 48z = 208;
Mg TR
VA e Bt
z+1 243 5-z 14z
il Bl ghmigd Lipr vt
Gz+6+4x+12=168+15—3z+6;;,
132 x 17 =165 x 17 + 56z,
165 x 17
—W=17.

1 1 e g
(32). ﬁ(sz:rﬁ - 7 (a-63) =7 (52-6),

2 40
3z+§—8z+—3—=35x-42,

42 = 120z - 126;
P, et LSS
e 1T s £

12
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Ex, 33—37, p.25.] SIMPLE EQUATIONS.

(by 105) 52 - 35z + 245 + 63z - 21 - 80z = 41 x T = 287,

63
v & =r— =21,
z 3 1
Sz-1 Tz-2 i K g
i i o D A B 1.
252 -5 - "z + 2 =294 - 5z + 117,
414
..$=-%-=18.
4z - 21 Tz -28 7 9-T92 1
5 pot & ——
(35). 7 + 75+ 3 =¢+3% e W 1
96z
—7—-72+188+56:c—224=24.z‘+90—27+21x+2,
01-9435—173+11z=0,
96z + 1Tz =178 x T;
173 x 7
plrs e
1.2
D5 Rl A0 VR e WP R
3 o e . T ee— — —
S e oy W 2L
g2

(by 12) Sz-_z_z.=sz-6+2z+7,

then-6+8z=2z; .. z=6.
_ 951 T
@) 11z + 12 % 19z +3 6x-25; 17¢-17
25 7 | 21
112 4 12 o
25 x 84 + 228z + 36 — 1052 + 632 + 68z - 68 = 2364,
by transposition, multiplying by 25,
then 9242 + 1008 + 1912 x 25 = 1864 x 25;
_ 6092
~ 5699

=28},

=8,
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60 SOLUTIONS IN ALGEBRA.

-17 82-30_ 5z-4 102-13

Sl oy S Ty ST T

1 . 82" - 62¢ + 119 - (82* — 62z + 120)
. i @-4) (22-1)

| 102* - 232 + 12 - (102* — 232 + 13)
| f (z-1) (22 - 3) !
'; or(z-1) (22 -3)=(z-4) 2z -T);
! o 22° - 5z + 8 = 24° - 16z + 28;

38).

| z+8 z+4 z-6 2°-2z-15
‘ Y W Ll oo e
P4+62+6-(2*+62+4) (z-6)(z+3) z-6
@+1)(z+2) T Ngh B VA e
-9z +20 - (2* - 92+ 18)
C-HE-9
L -Te+12=2a"+32+2;
L=l
7a:+6 2z+4i+z 11z _ -9
Bz-6 4 21 42(x+3)’
by multiplying by 84 and observing that
@-9)+(z-3)=2+3,

21z +18-12 x 14”30 +91le=44z 292+ 6,

(40).

ik 14z + 30
23z - 6

or23z-6-142-80=0; .. z=—=4.

falk =0,

31: 1 2z-1 96
(5 0 B 1 (1
i by multlplying by #* - 16, then
82* + 11z - 4 + 22* - 9z + 4 - 52* + 80 = 96;

16
..x—?—s.
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Ex, 42—46,p. 25.]  SIMPLE EQUATIONS,

9 (92° - 1) 62°-3 9z - 57
(- z+9) 2@+ 2 !
e e @a),
and multiplying by 2 (z + 3),
then 32* + 9z - 64z - 18 + 62° — 3 = 92° - 30z - 171,
then - 156z = - 150; .. z = 10.
3). 5z +a- 3_7a:—3a: 904 z-3 i
-4 Te-10 352 - 18z + 40
observe that (5z - 4) (Tz - 10) = 852° — 78z + 40.
352" - 432® - 31z + 30 - (352° - 432™= 33z + 86) =z - 3.
then 22 -6=2-3; .. z=3.

(42). 32—"

1 z+2 3+
@) 1o+ % =0,

41— 9-2
1 1 1
o e e i
1 a-8=a¥2 1

“1-2 7-6z416  2-60:16’
then2* -5z +6=2"-1; . 2=12,
122 + 2 3z2-2 15z+11
32-2 8+2 8zr+2 '’
12042 152+11-32+2 122+13
85 =2 3r+2 S
then 362° + 30z + 4 = 362* + 152 - 26 ;

(45).

(46). 1 2(z+1) 162*+2+3 1

Sz-1t -1 Td@Gr-4z+l) z°
1 g i igwians
3%-172-1 z 4@ -4z+1) 2’
A -z462°-22-(32°-4r+1)}=162"+ 2 + 3,
Se=9;". =2},

www.rcin.org.pl




62 SOLUTIONS IN ALGEBRA.

4

T3 242 I

(47).—-1'—m§"1=0’ |

a:+-2- :
6z+8 2+20+z+12 27+82
TR R 1%t S U e

62° + 802 + 96 = 122° + 198z + 96, |

62 =-118z; ... 'z =- 193, ﬁ

z+8 3zx+14 6x-24
z+12 3z+8 . 2°-16
z+8 3z+14 6
Z+12 32+8 z+d
6 (32® + 44z + 96)
z+4 T
(97 + 52) (x + 4) = 92* + 132 + 288,

(48).

=0,

32% + 322 + 64 — (32° + 50z + 168) + 0,

whence z = —ig =12, |

25 -2
3 16z + 4} 23
L RGP pode Nl SRR ST e,
Sl :::+1Jr 3z +2 z+1’

75—.1:-69+ 80x+214_
3(z+1)  b(3z+2) °
whence 5(12 +16z - 3z%) + 3 (802 + 1012+21)="75(82" + 62 +2),

21
ox'x_—s—-&}.
8x -3\ 4x-5
50). ATl o
( )(4a:—1> z-1 »
(642* - 482 + 9) (¢ - 1) = (162° - 8z + 1) (42 - 5),
whence - 1122% + 57z - 9 = — 1122° + 442 - 5,

orxy =

13
z—7=:?:_i+
2 -6z - (2" -102 1 16) 22 -6z -7-(2"-10z+9)
=-2) (-6 -0)@-7) !

51y, _% z2-9 z4+1 -8
( ):?_-2"_’_ o
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Ex. 52—56,p. 26.]  SIMPLE EQUATIONS, 63
whence 4z - 16 = 0, and 2 =4,
also2* -8z +12=2*-82+ T, orz=0.

3 5 4
e e T
(3-16z+5-152) (22 -1) +4(1 -8z + 152%) = 0,
whence 46z - 8 + 4 - 322 =0,
Orz=i='2--
U7

12-2 8z-27

236 1 P81’
1 2 3

z+3 716 z+9’

or (z + 6+ 2z +6) (z +9)=3 (2" + 92 + 18),

whence 2° + 13z + 36 = 2* + 92 + 18,

z-3
(63). % ey

orx=-¥=—4§.

(54). 17;4@:: 15;2z—2x::5:2,
by multiplying the extremes and means together, we have
3 (17 - 4z) = 5 (15 + 2z - 6z),

z=—=38.

2z+7 16245
(55). 91+31.—2———..1.36x+10,
2
x + 7 ><(36z+10)=16't2+5

9z + 31)
or 1444* + 544z + 140 = 1442 + 541z + 155;

15

‘e $=.—=5.

’

86). 42 +3:62-43::22+19:32z-19,
(42 + 3) (32 — 19) = (6 - 43) (22 + 19),

122* - 67z - 57 = 122* + 282 - 817,
760
orz= —9-5- =8.
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64 SOLUTIONS IN ALGEBRA.

(87). 10+2:42-9::2:1,

10+2=82-18; ... 2=+ =4,

=&

(58). 3z + 315 - 1-752 = 125z,
by multiplying the equation by 100, we have
30z + 315 - 1762 = 12+52;
315
e
H (89). 6z + 2 - Tz + 762 - 875z + *1 = 0,
by ‘multiplying by 10, then
62+ 2-Tx+ T6x-8T75z+1=0;

S X

|

So T =

ol >

=121,

[

2

(=]

(60). 375z + +05 = 2252 + 8,
by multiplying by 100, then
376z + 6 =225 + 80;
S X = E =Dt
(61). 062 - *25 = 0752 — *45,
by multiplying by 100, then

& 20
bz — 26 = 16z - 45; .. z=ﬁ=8'
(62). 2+4x - 072z + '1 = -8z + 9:268,
916-8
240z - 7-2 10 = 80x + 926'8; .. 2=—— =6,
2z 2 + Iz + 3 % 1528 6

(63). 62 + 8 — 35z + 15 + 4 = 25z,
6z +8 - 352 +15+ 40 = 252; . z= .05 _g,
315

062 - 02 _ 036z — 005

(64). = = 3,
6z-2 36z--5
s+,
468
80z -10=14'42 -2+ 460; ... 2= — = 30.
i B e
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Ex. 65—71,p.27.] SIMPLE EQUATIONS.

(65). 156z - 876z + 1:575 = 0625z, B,
5 .
15$—875$+1575=625$; ..x=7—875-=2.

5ab 4ac 2cx 3ac
(66). T+ T- —3—— —4‘ + 2ab - ch,
48ac
10ab + ey 8cz = 9ac + 24ab - T2cz,

70ab - 3ac

whence z = 3900

’—
L SR

6bx - 5a* bz +4a
(67). az - ey

4a:c—4a+£b'—r—4ab’=4b.r+l—g:—z—10a—bz—4a,
a
or 4az — 4ab* = 3bz - 10a;
_ 44l - 10a
ST
(68). (@a+b)(d-2)+(a-0)(a+a)=C,
ab+b -az - bx +a® - ab + ax - br = ¢
a0

e,

20

(69). 3%‘4 z—b_b

(z-a)a-(z-b)b="0

ax - a* - bx +b* =b%; .. z=&aTI;'
(Mot teng.. 08 "
c-z c+z 4(-2°)’ g
d(ct+z)-4(c-2)=5b; . z=i56—é°
(M sfos e 0 2a
Z2-a T(z-a) z+7a’
Ta-a 2a

T@-a) z+17a’
Sa

whence 32 + 21a = 7z - Ta, and z = 27' = Ta.
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66 SOLUTIONS IN ALGEBRA.
o e ST B
z x+a 4(z+a)
3a ba+8a

% ;=4(z+a)’

whence 12az + 124® = 13az, and z =124,

2* +a® z 1
s oS AR L
( )4a:‘-a' 2x+a+4 R
4(2*+a*) -4z 2z -a) +42° - a*=0, andx:—rt:-ze.
2a __a 21 (a-2)
Zia %%+% 8 @-a '
4a + 5a 6 21

+ — = —

2@z+a) z+a 8'
36a + 48 = 21z + 21aq, andx=5a+16

+2.
WAL SRR AL sl F

5
49 (a + z)* - 35a (a + ) = 30 (a* - 2°) - 1647,
63a

whence 792* + 63az =0, and & = - T

-0,

(74).

20z + 11a 5z+20u_4_x+ 61
%a . 9z-16a ba @ 25’
by multiplying by 25a,

25a (5z + 20a)
b 20z + 11a + O TR

(76).

= 20z + 61a,

" by cancelling and multiplying by (9z - 16a) and dividing
by 25a, then
bz + 20a = 2 (92 - 16a) ;
52a
= ——1—3— = 4a.
92-16a 4z-12a z-4a
36a  bz- 4z £ 4a ’
by multiplying the equation by 36a,
36a (42 - 12a)
ox - 4a

().

! 9z - 16a = + 92 - 36a,
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Egx, 78—81,p. 27.]  SIMPLE EQUATIONS. 67

by cancelling, dividing by 4a, and multiplying by 5z - 4a,
or 5 (5z - 4a) =9 (4z — 12a);

Sow=——=8a.
- g

(18). ‘a+z i o e 3a ;
" @tar+at @ -ar+ad® z(a+a%t+aY)
observe that

(2* + az + @) (2* - az + @®) = 2* + @’2" + @'

P

sz (@ +a°) + 2 (6° - 2°) = 3a; .’.z=§3—a,.
ad-bc b 2a-bz
(19% dictde) d c+dx’
by multiplying by d (¢ + dz),
ad - be + b (¢ + dz) = 2ad - bdz,

ad a
26d 2"
1 2 i 1

' TG0 @G- 0@-2 C-De-2)’

by changing the signs, to have the expressions uniform, and

multiplying by (@ - ¢) (z - a) (z - ¢),

1 2 2 1
@-a)(z-¢) (@-c)(@z-a) (@-¢(z-0°’

SHa-c-2(z-¢)=(x-a),

whence z =

(80)

2a +.¢
3 i

81.L( l)__”_( 1)=_i‘ic_
( )a-b 1+z a-c Lk (a—c)x+l’

(c b a-i-c)l 1 b ¢

whence z =

@-b a-c a-c/z v-¢ a->0’

c(a—c)—(a;—b+c)(a—b) o) (0 B) b o B aoa S
at - -c(b-c)

orz:b(b~c)-(a—c)"
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68 ! SOLUTIONS IN ALGEBRA.
s 1
e ab ol v Tl paprEY
(! 1 1

a(b—x)+b(c-x) —a(c—z)
by multiplying by ab (b - ) (¢ - z), we have
be-bx +ab - ax - b + bz =0;

LA b o e=b)
.. _‘_T—.
z+e g ar b’z
( )'m"(a+b)-‘&*;'b= @d-ab+ab-b’
(z+c)(a+bd)-az _ ac bz
(a+ b)* o e (a +0) (a- b)’

by multiplying by (« + b) (a - b), we have
{bz + (a + b) ¢} (a - b) = ac (a + b) - b%;
o abz - bz + ¢ (6 - 1) = ac (a + D) - bz,
and z = g e .
& 5 (a+0)(1+az)
1 R 1+a*
by multiplying by (1 + ¢*) (1 + 2*), we have
a+tar®+z+ar=(a+d)(1+az) (14a’; ;

v (l+az)(a+a)=(a+d)(1+az)(l+a%); . G

(84). =0,

and z=a®+ a% + b.

z+a+b+e 1

R 2+ +8+¢ zrarbte’
2 +2@+b+c)z4(a+drof=22+a"+8+ ¢
ab + ac + be
a+bte ’
(86). z+a:z-b::(2x+a): (220,
1st - 2nd : 1st :: 3rd — 4th : 8rd,
thena + b: 2 +a:: dax + 4bz + a® - b*: (22 + a)},

s =~
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Ex.87—90,p. 28.] SIMPLE EQUATIONS. 69

by dividing 1st and 3rd terms by a + b;
Sliztanidria-0:42° + dar + ad,
by multiplying extremes and means together, we have
42° + 4ax + @* = 42* + 4az + (a - b) x + a® - ab;
ab

o $=a_b.

(87). 4z +a:4z-b:: (22 + a)é : (22 - b)%,
by squaring every term, we have
oo (dzta):(4z-b):22+a:22-0,
then 1st — 2nd : 1st :: 3rd — 4th : 3rd term,
and 8az + 8bx + a* - b*: (4 + a):ta+b: (22 +a),
by dividing 1st and 3rd terms by (a + b), we have
s (Bz+a-0) 2z +a)=(4z+a)’, andz = 2(:11 b
(88). a:d::(z+2a+b): (x+2b+a),
by taking the square roots of each and then
Ist: 1st — 2nd :: 3rd : 3rd — 4th;
S

1
catiat -0 iz+2 +bia-b,

S
by dividing the 2nd and 4th terms by a” - 5°;
: o O Pl i
S z+2+b=(a’+0")a’ =a+a’d’,
3
and 2 =a’b” - (a + b).

1
(89). 2(z+12)° =1,
by squaring both sides, we have
4z+48=1; .~ z=-1123.

o
(90). (10z + 35)° = 5,
by squaring both sides, we have
10z + 35 = 125; .~ z=gg=9.
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70 SOLUTIONS IN ALGEBRA.

1
(A1), (9z-4)° =2,
whence 9z —4 = 32; .. z=§9§=4,

(92). +/(z +16) =2 + +/(2);
2 +16=4+44/(2) + 2,
44/(2)=12; . y(#)=3, and 2 = 9.
(93). /(4 +21) =1 + 2 y/(),
4z + 21 =1 +44/(2) + 42;
% af(2) = 6y andi@ =25,

(94). /(16 +2) = 2 /(6 + 2);
- 16 + 2 = 24 + 4o .’.z=-§=_2.§.

(95). 8V (7z - 6) = 16,
< M(Tz-6)=2; . T2-6=8, andz=2.

(96). (8 +2) +y/(2) = 2/(1 + ),
8+z+z+24/(82+2°) =414z,

2 -z =4/(8z + 2%,
and4-1z+2°=8z+2% .. z=

97). V(z+9)=1+(2);
sz +9=1+24/(2)+2, 24/(2)=8; ... 2=16.

J(z)+28 /() +4
V() +38 Y(z)+6’
z + 84 /(z) + 168 = 2 + 42 /(2) + 152;
.~ 84y/(z) =16, and z =4.

(98).

5z -9 5z) + 3 (6z) + 3
®). g il s :_;@7_3
2 (62 -9)=52-9+ {/(5z) +38} 2, and +/(52) + 3 is a factor,
whence +/(5z) + 3 =0, 5z =9, and 2 = 1%,
also /6 -3=2; .. 2=6.

LY
~
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Ex. 100—105, p. 28.] SIMPLE EQUATIONS 71
(100). z - 4/(a) = y/(az + 2%),
2 - 224/(a) + a = ax + 2%,

dinn S e
or(a+2+/a)z=a; x_1/a+2"
(101). @+ z + /(202 + 2°) = b

(@-b) + 2= /(2z +2Y),
(a -0 +2z(a—-0) +a° = 2az + 2*
_(a-0)
AT
(102). /(4a + 2) + v/(2) = 2 y/(a + 2),
da + x + 2 +/(4ax + 2*) + z = 4a + 4z,
or /(4az + 2°) = 2,
dgrit a¥=2%; . =0,
(103). (1 + 2+ )+ /(1 -2 +2°) =aq,

liz+2+1-2+22+2/(1+2*+2") =a
and 2/(1 +2°+ 2*) =a® - 2(1 + 2%);

4142 + 4t =a' -4’ (1 +2°) +4 (1 + 22 + 2*),
and 4 (a® - 1) 2* = a* - 4a°;

x=ig\/(a :i)

(104). bz V(a+z)+aby/(a+z)= ax%,

I 8
b(a+m)(a+z)2=a:¢'“,
H o amin
a+

a+z a
3 3

ey b e b a
A Y "SR T Sy
(° -a®) a’ =5

(105). z V(@ +2}) + 2= (n* - 1)a

z+/(a® + 2°) = (n* - 1) a® —:t ;
@ ot = at (- 1) - 20 o - 1)y
\ ‘?'
wwe, F8IN,ef g pl

oaas
'\ L
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12 SOLUTIONS IN ALGEBRA.

and 2* (2a*n* - @) = a* (n* - 1)%;
n-1)a
s - 45'(2”* -)1) "
(106). z - +/(2* - 2) = (a - 1) +/(2),
by dividing by +/(x), we have
V(@ -1)=y(z) - (a-1);
Sx-l=2-2(a-1)4/(2) +(a-1);
c2(a-1)4/(2)=d*-2a + 2,
(a® - 2a + 2)°
4(a-17 °
(107). az + A/(a’2® + b*) = /[ + y/{a%® (48° + 2*)}],
a*2® + 2az +/(a°2* + B°) + a®a® + B = B* + 4/{a%® (40° + 2%)),
whence 2az + 2 \/(a%? + bB?) = 4/(48* + 2%);
o 40’2t + 8az o/ (a’c* + B°) + 4 (a2 + B*) = 4B* + o,
and (8a* - 1) z = - 8a /(a’2® + b);
o (64a* - 164° + 1) 2° = 644° (a’2® + )
64a°6* 8ab
S 163 andz=im .
(108). a* /(1 - 2) - 4/(a® - ) = +/{(a® - 1) a};
coat(l-2)-2a° /(@ -a)(1-2)} + 6* - 2 = a% - 2,
and a*(1 - 2) + (1 - 2) =2 v/{(a* - 2) (1 - 2)};
<o (@ +1) /(1 -2)=24/(a* - 2), and z = 1),
also (a® + 1)* (1 - z) = 4 (a® - z);
oz(at+2e-8)=a' - 2a* + 1;
RS s
a'+24'-3"
(109). (?) {Y(2" + 3a%) - /(2 - 3a%)} = 22 +/(a),
b {2 + 34° - 2 /(2" - 9a') + 2° - 32% = daa?,
(@ - 2a) 2® = b \/(2* - 9a*);
< (0% - 4ab + 4a®) 2t = B° (2* - 9a%);
. 9% " ay/(3b)
W= PV A and z = m .

and z =
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Ex.110—114, p. 28.] SIMPLE EQUATIONS,

(110). y/(z + a) - Y(z - a) = +/(a),
z+a-2y(@-a)+tz-a=a;
S22 -a=24/(2% - aY),
and 42 - 4az + o® = 42° - 40°;

Se = —a

(111). () - y/{n - /(nz + 2)} = 4/(n),
V(@) = (1) = /{n - ¥ (n2 + 2)};
oz +n - 24/(nx) = n — /(0 + 2°),
and /(2) - 2Y(n) = /(1 + 2);
Sox-4y(nz)+dn=n+2,
and 4 4/(ne) =3n; ;. 2= 3—’—;.
(112). /(22 - 45) = 3/(15) - v/(22),
9z - 45 = 135 - 64/(302) + 23
s 64/(302) = 180; .. 2 =30,
1-ax 14 bz
G 1+az ¢(1 - bz) e
1-azy 1-b2
(1 ¥ az) " 1+b
A Haw:?g;

2z Y
(2a—b
a*h b )'

x’=2u_b, anda:=i-}; J
(114). (V1 -2) - J{YQA +2) + 1} =4(1 -2,

.
3

V=24 41 -2) -1 +2) - 1=y(1 - 2);

fd-2) -y +2) =1,
andl-z+l+z-2/1-2%)=1;

Jol=d(l~at), mdx:i@.
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T4 SOLUTIONS IN ALGEBRA.

(118). +/(z + 4a + 4B) + V(z) = 2V (b + @),
z+da+4b=4b+4x-4./(bz + 2°) + 2,
whence (a - z) = 4/(bz + 2%);

gy < AR
Sa -2+ 2'=bx+ 2} orzx -y

@ (116). (;lt_:)' -1-2,

a+z\' _abtex | dar cx
(a—z)— ab- . h(a—=2)P " ab’

or(a-x)’=4i:b-; a—z=i2a\/(§);

C,
a(Ve ¥ 24/b)
z= T.

(17). (@+8)z=(a-b) (1 +2),
a+b 1+2°
i i

: a-b
i dab A i B
i 3 ) st e o
| (118). a4+ 2 = Y@ + = (3" + 29},
a® + 2az + 2* = a* + x 1/(4¢* + &°),
whence 2a + & = 1/(4¢* + 2%),

and da* + dazx + P =4 +2%; . x=-—" |

(119). fm+n (@)} {g+p V(@) ={n+mV(@)}{p + g (2)),
mq + (mp +ng) () + npz = np + (mp + ng) /() + mya;
z=nzq—_ng=l.
mq — np
120). z + y/(2* - 20z + b)) =a + ),
z - (a+b) = - /(z* - 2az + b%);

L2t -2(@+d)z+(atb)=2"-2az 48,

a* + 2ab

whence - 2bz + a* + 2ab = 0, and z = 5
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Ex.121—124, p.29.] SIMPLE EQUATIONS.

(121). (@-1) (L+z+2)=(a+1) (1 +2* + 2%,
1+2*+a2*

+2* _a
shik % T2
¢ a a a*
Al e S Y
whence 2* ik vyl BEXS. 2_\/(4 )

(122). o* + /f42® + = + +/(92° + 122)} = (1 + 2)?,

&
{42° + & + /(9% + 122)}° = 1 4 22;
o4t e+ /(920 + 122) = 1 4 4z + 2P,

and 92 + 122 =1 + 62+ 92°; .~ z=

D=

(123). a + z - 4/(az - 2°) = +/(20° - az - 2°) - +/(2az + o),
since 2¢* - az - 2* =a® - 2* + a (a - 2)
~(@+z+a)(a-2)=(2+2) (a-2);

a4z -z (@ - )} = (2 +2) (@ - 2) - (@)
and @* + 2az + 2* - 2 (a + z) /{x (a - z)} + oz ~ *
=(2a + z) [a - 2 V{z (a - 2)}],
whence a* - 2az = 2a /{z (a - 2)};
o @t - dax + 42° = dax - 427,

AR R
andm‘—a.z+z=—-8-+z=§;
a 1
wz==(11—).
2=3(1% )

(124). J* +1+2/(z-a-4)}=1+2,
2+ltz/(e-a-4)=1+2z+2%
o f(z-a-4)=2,
andz-a-4=4; . z=a+8.
E2
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76 SOLUTIONS IN ALGEBRA.

(125). 4o (x ¥ ) = a{y(a) + J(a + 42)},

22 +/(a + 42) = a /(a) + a y/(a + 4z);

= (22 - @) /(e + 42) = a +/(a),
3a

T=—.

or 162° - 12a2® + a* = @*; .. % :

(126) vte + @) - 5 A/ {5} = Ve - VD
bz + /(@))% Y+ /(@) - aV (@) = by - V(@) vz + (@)
or bz + b /(&) - a/(2) = b /(2° - 2);
sbV(@) - (a-b)=by(z-1),
and b%z - 2 (e - b) b +/(z) + (a - b)* = Wz -

a® — 2ab + 2b° _ (a® = 2ab + 26°)*
il 7 T Lah i e

V(a® - ax + 2a%) : 4/(2* - Sax + 14a%),

(127). z+a:z-a::
(z+a) o -az+22®

(z+a) 2*-ax+2’ | (z+a) )
(@-ay Z-bax+a®’ =~ = &~ 3w
e
":c—ax+2a'—x 3a’

(x +a)
3a:c a 3a

& 82 4 6ax + 34’ = 32° - az,

3a
dz=-—.
and z 7

az -0 +/(ax) - b
iy WlaEY £ ow

since

2

ar - b*
Hasyre Vea) o
oo n{y(ax) - b} = Y (az) - b - ne,

and (» - 1) /(a2) = (n - 1) b - nc;
ners 1 Y
..ax—(b—?-l—_—o,orx:-(-z(b n—l)'
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Ex.129—133, p. 29.] SIMPLE EQUATIONS. Tty

(-2 | /(142
U0 a2 Vare
VA +z+a®)+ /(1 -x+2a%)=mz;
cliziad41l-a+2®+24/(1 +a°+ 2') = m¥,
whence 2 /(1 + 2° + 2*) = (m* - 2) 2* -
and 4 + 42® + 42* = (m* — 4m* + 4) a* — 4 (m* - 2) 2° + 4,
L, {7 P) (m’—l)

= mz,

m? (m? — 4)’ b VA b ey B
1 e 4 W
(130). (1+2)° + (1 -2)° =2,
1+x+3“’V(1-xﬂ){(1+x)§+(1~z)§}+1-x=2;
-.33/(1—x*)x2§"=0,
orY(l-a%)=0; . 2z=1
(181). V(@ +2) +¥(a-2) =5,
a+zta- x+3§/(a'—x’){?/(a+x)+§/(a—z)}=b“,

whence ¥/ (a® -

i\ + b? 2a
g {“"3 db

azx

V(@ + 2az)’

2° + 2ax + +/(2* - 40°2%) = ax;
o+ a=— /(@ - 4a%),

and 2* + 2ax + @ = u* - 4a*; ;o @=—- .

(132). V(2® + 2a) + +/(2® ~ 2az) =

2
3 3
(i} VR R A o
)(1+w)‘ (1-a)p o
2 B 2
since s ___1-—a:+x and bl _=1___+a:+:c;

At 1+z '’ ey il
Cl-wp+at 1tat+a®

R e (N NN
-2+ (l-2)+ (420 +af (1 +2)=a(l-a");
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78

(134),

(135).

(136).

(187).

SOLUTIONS IN ALGEBRA,
SN 2+402=a(l —.2"),

a-2
andm=i\/(m).
2+/(@+a) 1
2a/(L+a) a+bd’

(a+d)a=(a-b)y(1+a");

Sl fa NG e =)
R '(a_-_b)’or‘”" 4ab ’
c R
Blbdatnd 77 F T

V{a+/(@ -2}  Via-(@-a)_ Fayghon e
T g giar v =nfa+y(a*-a")}"
a + V(@ - o*) + Vi@ - (a* - 2} = nV(a + @),
whence a +  + V(a* - 2*) =nV(a + @);
- V(a+ ) +V(a-a)=mn,
and 2a + 2 V(a® - &%) = 7°;
&4 (@ - o) =0t - dan’ + 407

2
o w=in\/( —%)’ and - a.

@ . @ 24
Vi-a)+1 y(l+a)-1 7
a{W1-2)-1} 2{/(1+2)+1}
- ig @ =
SVl +1-VA-2)+1=1,
andl+2z+1-2-2y(1-2)=1;

1;

S4-4a=1, andw =1+ %ﬁ

=a*/(l+w’)
V(l+a)’
a(l-a)+v/(l+a) =a+/(l+a";
nad(l-a)+2a(1-2)/(1+a)+1+a=a*(1+2a°);
~ 2% +2a0 /(1 + a®) =1 +a® + 2a /(1 + @),
V(1+a*){2a+/(1+a® 1+a
(2a{a)i V(a +(a‘)} ) LG vy -a)

a(l - )
VY(1+a®)

+1
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Ex, 188—141,p. 30.] SIMPLE EQUATIONS. 79

1138). \/ (?—4‘1 i w) + 4/ (3az - @) = 3?“ V(1 - 4a),

¥ (3a - 4a) - 3a /(1 - 4a) = - 2 V/ (3aw - @);
. 8a-42+9a*(1- 4a) - 6a / (1 - 42) x 4/ (3a - 42) =120z -42,
whence 3a (1 - 4z) + 9a*(1 - 42) - 6a v/ (1- 42) x /(38— 42)=0;
1
and @ = Y
o (1 +3a) V(1 - 42) = 2 ¥/ (3a - 4),
whence 162 — 4 (1 + 6a + 9a%) & = 12a - (1 + 3a)’;
1-6a+9®  8a-1
497+ 6a-38) 12(a+1)

o 0=

1+a 1-a
Tioivi+a) i-atV1+a)
A+a)-Q+a)V(1+a) (1-a)-(1-2)V(1+a)

2 i 20 S
s 2-a=V(1+2,
andl+af=4-4a+d’ <~ a=tV(a"-4a+3)
1+2+4/Q20+a%)
1-2+4/(22 + &°)
lio+/(Qot+a) 1-az,
22 —ax’
oot ax+ a2+ x®) = 2am - 2,
@ Qu+at)=a(z-1)-4a(@-1)+4;
(a+2)?
da(a+1)°

oo (552 V022 VS,
\/(Hw) \/{(1+a)” 'lm \/{(11+:;.}=o;
R e BV e B e

. whence = - a.

(139).

=a,

(140). =1- ax,

s BT
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80 SOLUTIONS IN ALGEBRA.

142-V@r+a®) V2 +a)+Y(a)
i A g Vea+a) V@ +a) -V @)’
,[{«/(2+w)-x/(w)} cax Y22+ /(@)
V(2 + )+ (2) V(2 +a)- v (2)
Wi -d@ V(@4 a)-V()
Vet +v@w) 7 T V@ ra)+ @)

1

1
3 3
whence %;-’”:(l'wl)', orx=g__‘1)'.
1-a° 2a°
aVv@+V1+aw) 1
U “evirom  “ava’
(@ + aw) v/ (@)= (a - x) /(1 + ),
or(“if)'=1_+ﬂ. e AL
a-a @z ' (a-20 oz’
1 a
‘whence =—; ca= .
i 1424
a -+ (20w - ) _
{st a+ V(2w - o) b
V(@aw-aY) _1-8
a 1+0’
2ax-a* _1-bJ 2ax - &* 1-bp
a’ =1—+b ,-.1— a’ -=1—TB 3
BYmdewd Ay i 90 4 (D)
+
dao= e i
SO = 6 2ClE

L 4 9
(40). 5+ {;+\/(a-;+ ;,)} 50
x a
1
=4

ax
2 o) 4 9
o —F — = R
Y \/a+z)’
¥ a
1 4 4
and - + +—-=‘—1-+g; @ = 4a
: ¢ id dialane
ax
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Ex.146—149, p. 30.] SIMPLE EQUATIONS. 81

AL AR a-z
a++(a+ax) a-+q(@*- ax)
(a+2)a+(a+z)/(a -aa:)+(a z)a + (a - z) /(a® + ax)
= a* + a /(@ - ax) + a 1/(a® + ax) + /(6" - @°2°);
sz of(a® - ax) - @ /(& + ax) = o/(a* - a’2?) - o',
or 2° {2a® - 2 \/(a* - a®2*)} = 2a* - a%® - 2a* /(a* - a°2%),
3az® - 2a° = 2 (2* - @) +/(a® - 2°),
9a’z* - 12a'2* + 4a° = 4 (a° - 3a'a® + 3a’z* - 2°),
4°=3a% - z=t ‘l.*z./.?i
J1l+2)-1 /(1 —a:)+l_
(M V(- .’c)+1+ % R TR e
V(1-2°)-/(1+2)—/ (1-2)+1 % 4/(1—a:’)+\/(1Jm){-\/(l—m)-klza
-z &
S 24/(1 +2) + 24/(1 - 2) = az,
and 8 /(1 - 2*) = a’2*~ 8;

(146).

a2*= 160" - 64 and z =+ % V(e - 4).

(148). V(2*-1) + 2 /(2" - 1) = 2*,

V@t -1)=2°- 22" /(2 - 1)+ 2° - 2, .
1422 -2 1—+%-|’ 2
22 J@-1) C1z2a| " F-1°

8a* 1 :
o e Ul b [

and z = \/{\/(2)

(149), V(@) - Via - /(@ - az)} _
V(@) + via - y(a* - az)} )

whence

Va - V(a* -ax)} and &= /\/(a ' —az) -]
I 1 + b RE 1 140
V(@ -azx) (1+8)-(1- b)’ 4b

a (Q+dp Cd+o

ik
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82 SOLUTIONS IN ALGEBRA,

V(@ +a*) -a
(o). St =t
V(@ + 2°) - b/(a* - 2°) = a + ab;
ot + 2 B (a? - 2) - 2b W/ (at - 2*) = (a + ab)},
whence 2a% - (1 - b)*2® = - 2b /(a* - 2) ;
o 4a'® - 4a% (1 - b)’ a:‘ + (1 b 2t = 4a'0® - 40°2,

whence z = 179 x 4/(1 - &),

1+4/(2*-1 2-1)-1
(151)'1+2;/f/(x=_)1)=V(z# ; !

1+(a*-1) V(z*-1)-1_ 1
T+2y(#@-1) (*-1)-1 TY@E-D+1’
wherefore 4/(z* - 1) -1 =0, and z = £ /2,
and1+2°-1+2y(a*-1)=1+2ay(2*-1);

2 -1=2(a-1) /(2" -1) = y(e*-1)=2(a-1),

whence 2 -~ 1 =0, andz =+ 1, also z =+ y{d (a - 1)* + 1)}-

+/(a + bz") + +/(a — ba™)
y(a + bz") — y/(a - bz")

V(a+ba") _e+1 ,a+bz"_(c+l)'
V(a~ b:c") b LSl S PP VL

ba" 2ac
Fue 2(c +1) \/{b(c’+1)

(153). v/(a + 2) + Y(a - 2) = V(a* + &%) + V(a* - &),
atz+a-2+2y(a*-2%)=v(a + 2% +v(a*-2") +2V(a*-2"),
whence 2 {a — V/(a* - ')} = V(a® + 2°) - y/(a® - 27);
o 4{a* - 2aV(at - 2%) + V(a* - 2"} = 2° — 2 4/(a* — 2),
or a* +3./(a' - o) = da V(' - 2);
soat+ 9 (at - &) + 6a® /(at - 2*) = 164 /(a* - 2%);

4
2 9(a* - 2%) - 10a* (a* - 2%) + 25“ l%“_,

(152).

=0
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Ex 154—157, p. 31.] SIMPLE EQUATIONS. i 83

3y/(a*-2") = 3a’, orl; L z=0,

=
orz= '."3' SO
V(4z +1) + J(42) _
15 Ve +1)-v(ae) ™

V(4x+l) 5 r4:::+1 25
J@z)y ¢’ 4z 16°

S 1824+ 4=252; . z=

Ol

(155). /{1 + 2)* - az} + //{(1 - 2)* + az} = 2,
T+al-az+a*-22/[(1+2)-az}=(1 -2) +az,
whence 2(2 - a) + z =2 /{1 + z)* - az},
and4(2-a)+42(2-a)+2*=4(1 +2)° - 4az;

18a. 40w
Lated- 3,..z—i2\/(1———+3l)

1-azx 1+ b2
(156). 1o \/(1 bz) 1,
l—azT 1-b2 et il

1+az ¥R

S (A 4a2 b=2a; o x=§ \/(T - 1).

(157). (1 +2) /(1 + a) + (1 - 2) /(1 = a) =2 y(1 + 2%,
(+2pQ+a)+(1-2¢(1-a)+2(1 - 2*) y(1 - a®) = 4 + 4%,
(1 -2 /(1 -a®)=(1+2%) - 2ax;
oo 1-22% 428~ 0% (1-22%+2%) =1 +20° + 2* - daz (1 +2°) + 4a'2’;
Sat(l+2')R-4daxr (1 +2%) +42°=0;

.'.1+z’=i2a—x, anda:';gf+l=_1+i-.;

RENR!
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84 SOLUTIONS IN ALGEBRA.

(158). (z - @) V(@) - (& + @) V(b) =D {/(2) - «((b)'

218 = V(be) (o + vB) - a(yz + =05
oz +4/b=0, and 2 =Db.
also 2 — /(bz) + b ~ /(bx) —a =03

Rl
S -24/(bx)+b=a; naxt=atb,
and 2 = fy/(@) + VO)F-

(159). 222+ 1 +2 /(42" +8) =a(22'+ 8+ /(42" 3)h
22° + 3+ 2/(42°+8) 1
27 +1+z/(42°+3) a’
2
~ 2 4842 y(4e'48) = —,

whence z 4/(42* + 3) = :-3-“—_1.- 27,

and 4a* + 32° = (3a—al) 4'(31“ 1)+4m,

wherefore z’( la - o 3) (3“ 1)
a l-a

(Ba-1¢ (1-a)
b (1-a) 9a- o 1
X 3a-1
'«/Kt‘m'

a+x++/(2z+2°) -
(160)- aiz-J(2ez+z)

+

4/(2az+z’) b - ad2a:p+¢' B - 1\
stz b+l (;‘;T)s=(m),
rz)t (0°+ 1)
o (“a:)__( 46’)’ .a+x=2ib(b:+1);
..x-:—(b 1)

61). 243 + 324 ‘\/(3@) T

@ (@) -VOF
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Ex. 162—164, p. 31.] SIMPLE EQUATIONS. 85

81 V3 (4 vz + 4/3) !
W=(4W/¢-W/3) (¢ vz + /3);
- 81 /3= (42— V3
or348=44/z-v3; .~ 44/2=4/8+3+38,
30+18=3

16 i

and z =

(162), (a - @) + /(222 - 2%) e

]
a-x

V(2aw a°) Gl i@t

a-w " Y0z - & Ty
(a - w)’ 1 o a
i T g Ty e MY YT
Sox=a - i

(163). V(a* - 1) + @ /(2" - 1) = 207,

1 1 2 1 9
& L 8k ._=__ iy
/(= 1)+xx/(-‘¢ D+g Ftaa- o
o V@t - 1)—_1+3=i-, or - 2z;

—1=%or 16x¢;

R
4!

1+ 4/5\1 1\2

=( 2 )’°’(‘iﬁ)‘
(164), =2az¢(z+a’)
) az +1 AR el

(az 4+ 1) a = (az - 1) +/(z + a¥);

,a.t+1r__(z+a’)_ o lap=ay a
TS5 o P N e B P

C o ax -1 =1 2a4/(a), andz=i21/a+:-'-.

k
..xs_a __=1
Biewl s
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86 SOLUTIONS IN ALGEBRA.

(165). 3'5{‘%.;—”’) Sl-z e+,

(@a-b)y1+2)=(1-2)(a+d);
L 1+2®  fa+ b\
-'(1-z)==(a—_7,)'
(1-2)_(a-0)°

22 4ab ’
g @D X @)
1 V@b  :
a—b) +/(x) 5 a-b)?
L_1/T2_¢21{_)_+( )=1+(8b)‘
a-b V{(a Y + 8ab}
SRS eyt T By @ab)

o= %’f I: (aswbb)2 \/{ (asabb)'}]

(166). v{(1 +a)* + (1 - a) 2} + /{(1 - @) + (1 + @) &} = 2q,
sn(+af+(l-a)z+(1-a)+(1+a)z
+24{1-a*f+ (1 -a%)2*+2(1 +3a%) 2} = 447,
whence v{(1-a%)*+(1-0a°) 2*+2 (1+3a%) 2} =- (1-4’) -2,
or (1_a2)'+(1—a')x’+2(1 +3a®)z=(1-a*)+2z(1 -a)*+a*
and a’2® = 8a’z; .. z =8,

a(a+z)-a-2z+/(2a°-1)
@(a+x)-a+x(2a-1)
a(a®-1)+d'z - 2/ (2 - 1)
a(a*-1)+a'c+ay(2*-1)
by multiplying numerator and denominator by denominator,
we have
a*(a*- 1) + 20’2 (a® - 1) + &% (a* - 1)*
(denom.)*
but (a® - 1) (a' - @* + 26z + @*4® - 2°)
= (@ - 1) {6 (a + o) - (@ + 2}
=(1-a°){a*+2* - a*(a+2)’};

(167). =d* +2°~a*(a+a),

=a’+ 2% - a*(a + 2)},

=a'+2* -d*(a +2)
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Ex.1—6,p. 32] QUADRATIC EQUATIONS. 87

kg
"" denom.[*
ora(a’-1) +a’ +24/(2a° - 1) =+ 4/(1 - a%);
L z=+¢(1 -a*)-a(a*-1) _+\/(1—a’){1 Faq/(l-a%)}
AT IR T e (D s YRS @+ y/(2¢° - 1)
this equation may be put under the form
{1-v(2a™-1)} {(z-a)-(z+a)V(2¢-1)} 1 20045
T/ Ea1)} {(ma)ara)/ Za1)) 2 (&) -(@1af (2a-1))
a’ +a/(2a° - l)

whence z-a-(z+a)4/(2¢*-1)=0, and 2=

’

1-a
or {(z-a)+(z+a)¢(2a'-1)}-=2{1:‘v/ g‘;'i:} oy ly,

a(l-a?)+ /(1 -a?)

whi =
ot at + y(2a° - 1)

QUADRATIC EQUATIONS.

VIII. (1). 124*-44=62"+10; .. 62° =54, and z =1 3.
(2). 42 -4=28 +22*; .. 22°=32, andz =1 4.

(8) (z+2)?-5=4x,
Prdr+4-56=4z; L z=%1.

(4). 32 +63=102% .. 2°=9, and z = + 3.
(S gL S

or 3z-3-8(2*-1)=82+3; .. 82°=2, andz =

DO -
.

2x’+10+60+.'c'
15 %5
102° + 50 + 150 + 32* = 525; .- 312;’ 85, snd & =4 5

(6). =1,
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88 SOLUTIONS IN ALGEBRA.

(7)e 8- 122+ 20=0,
2* - 122 = — 20 by completing the square,
Z* ~ 122 +.36 = - 20 + 36 = 16;
S x=61+4=100r2.

(8). 2*-10x + 16 =0,
2" - 102 =—-16; .. 2*- 10z +25=~16 + 25=9;
; Sox=5+3=8or2

(9). #* + 822 =820; .. 2*+ 32z + 16 = 320 + 256 = 576;
Sox=-16 1 24 = 8 or - 40.

(10). 22°-42=6; .. " - 20 +1=8+1=4,
andz=1+2=8or- 1.

(11). 2*+ 18z + 12 =0,

169 .169 121
2 — T — — I —
2 + 182 + 2 12 4 7 I 5
1 e
..x_--é—-l_-—2——-lor-12.
(12). (2* ~ 182 = 88,
AL g P08 o gd o 160 et
4 P o]
1 21
=—§-i—2—=17or—4.
(13). 2*+ 25z + 100 = 0,
25 625 225
1‘2-}-25.’(1-}-? —-100+T=T;
25 15
o’ S et = - &
@ 7 t5 5 or-20
(14). 2* + 192 = 20, i
19 361 441
2 A— = — O —
2* 4+ 192 + 3 20 + i i
19
o ==-—t —_= - s
® 7 i3 1 or - 20,
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Ex. 15—22,p.32.] QUADRATIC EQUATIONS. 89
(15). 82* -z =102,

R T e D bt B L 1,385 17
x_§+§ =_3_+§_6-=-.36—;..x=é_ =6or-—.

(16). 202* + 9 = 362,

9z §T 9 . 81036
2 i =—=J3 . = gpene — = - — — e
02* - 362 it 6+10 20+100 100°
:&:—‘9+—6f—3or3
S PIIORE 0 T 2 108
2 3
(17).’§+.°§’f_21,
9z 9z §T 81 1089
C ity o N PR HAAD S T Rl MR iy Dl
z%+ 63,..z+2+4 316 16’
9 33 21
= ——t —= ——
Al 2
22 =2
(18)'?_’2':4%)
D Sz BPF.97. 9 44}
e e A —— = o o — = —— s
3 A i i ) e i
391
=t = S
2 st g 3 or

© (19). 62° - 122° = 288,
2°-227=48; . 25— 2 +1=49, and2*=1+7=8o0r-6
and:c=2ori/(—6).
(20). 52* - 112* = 306,
| HT_ 306 121 _ 6241

Sy e G i T
11 7Y 34 - 34
Ry e S LA s nzx=1% + Watst
."t: 10110 9 or 5 2 _3or_\/(5)

(21). 2° - 44° = 32,
-42°4+4=86; . 2*=2+6=8o0r-4; .. 2=2o0r y(-4).
(22). 8328 + 42, = 3321,
2° + 142° = 1107; .. 2® + 142° + 49 = 1156,
and2® =~ T+ 84 =27 or-41; ... z =3 or V(- 41).
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. 90 SOLUTIONS IN ALGEBRA,

(23). 2*(a* - 18) =4 (2* - 12),
- 182% = 42* — 48; .. 32* + 182° =48,
and 2* + 62+ 9=16+9=25; . 2*=3+6=20r-8;
soxz=t4/2 00+ 24/(-2).
(24). «*- 62+ 6=0,
5 25 1
| 2 pet e S i
zt - 52 ty 6~I-4 1’
1
—= s L= +4/2.
3%3 3or2; s.a=t3orty2

12(@+5)-9(z-8)=11(z-3) (z+5);
o3z + 87 =11 (2 + 2z - 15);

e E:)_: 19 252 361_11449

SEI TR IT e st

19 . 107 63
it s i 7 i)
£orgeting =40 Ray

(26). ;3_5-4 + 2:—_'; =8},
62(z-3)+3(2-5)(z-4)=25(x-4) (z-3);
. 62 - 18z + 3 (22° - 13z + 20) = 25 (a* - Tz +12),
whence 132* - 118z = - 240;

. g 1182 59‘r 240 3481 361

B rTBlIT 13t 169 169
59 19
:::=E1E-60r3la

3z o —511:217
ol e G AF g el ol

3:0:(3::—1)+(2x—5)(:c+1)=?(;—;(3¢—1)(z+1),

and 69 (112* - 6z - 5) = 217 (32* + 2z - 1);
.. 1084 - 848z = 128;
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Ex. 28—31,p. 32.] QUADRATIC EQUATIONS. 91

. 212z WT 32 11236 12100

aivvliias il 10 Rt i R T Rk
106 110 4
=t — = puisE o 8
ey e bbbt
2.1:+3 2z %
(28). 10-2z 25-3z *0

2 (22 + 3) (25 - 32) = 42 (10 - z) - 13 (25 - 32) (10 - 2);
o 2(75 - 62* + 417) = 40z — 4a® — 13 (250 + 32° - 552);
. 812* - 673z = - 3400;

. g 8732 eﬁ‘r 3400 452929 31329

31 tee |l st ey " (@’
673 . 171
s B e st 22 i
o 62t62 13%% or 8
22
(29). L.I._ﬂ__:—’

4z 32°-8z =
T(3z-8)+21 (z+4)=22(z +4) (3z - 8);
o 21z - 66 + 21z + 84 = 22 (32® + 4z - 32);
oy 0k E;?T_732+ 529 _ 48441
o 33 " 66 4356 4356 ’
93,991
SZmet = 23,
% 56 < 66 3 or - 3%
(30, %~ 35 36-52_,
5x
42® + 352 + 36 — 52 = 0;
w2 =10z + 256 =-9+ 25 =16;

S 2=0+2=90rl;

@1, +3 a:+3 16_-2.1:
2z-5

5(x +3) (22 - 5) +10(16 - 22) = 26 (4z - 10);

. 6(22° + « - 15) + 160 - 20z = 104 - 260;

=5,
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(32).

(33).

(34).

SOLUTIONS IN ALGEBRA.

g 1192 1_1“9"'3= 345 14161 361

90 B 4T 10 T 400 400"
0 S age 4
Xl T té-(—)—Gwor&

z z+b
: 2(3x—7)(z+5)+2x,(4z—10)=7x(.z+5);
.~ 2(32° + 8z - 85) + 82° - 202 = Ta* + 36z,

X _39¢ 39 70 1621 3481
g 196 196’
39 9

x=ﬁil—4=7or—1=}.
z+2 T7-22 1T
el e
6zx(z+2)+32e-T(x-1)=14z(x-1);
2 62° 4122 4+ 3 (22° - 92 + T) = 142° - 14z,

and 2* + +(" Badidny!
2 4) R T T
1,138
.'.2=—;:t'47=301'—3%.
& a2t -12
Z=x"—18+126’

2* (2* - 18) = 4 (2* - 12) + 504 (2° - 18);
st + 1742° + (87)° = 83040 + 75669 = 10609 ;
o a?=-87+103 = 16 or - 190;
o @ =14 or + /(- 190).

z
42° - (20 - 42) (6 - 2) = 162 (6 - z);
o 42® - (100 - 40z + 42%) = To5z - 162%;

-x"_7_.x+(2)’ _224.9 289
ol 5% 3 N W
Tt
. od, Tl e e g_'
St 6i 8 4or - 13
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Ex, 36—39, p. 33.] QUADRATIC EQUATIONS.

' — 4 z*- 8-
13 2 T o . o
OOy 273 4210
2 -8=(a*+ 2z +4) (z-2),

alsoa®-4=(z-2)x(x+2); ~.x=-2,and2=2,

24+ 22+ 4

LA U0 ) o T Oy s
and 1 T -10)° 27 0=a®+22+4;

and2*-22+1=256; ~.2=1+56=60r-4.

2 z-4
g B
b, —1+ 2z
6z(z+2)+3(x-4)(z-1)=14z(z - 1),
and 62° + 12z + 3 (2* - 5z + 4) = 142° - 14x;

polie D e G
5 1047511001 100"

2 (R
=Cn o A
x 0T1 3 or 5
(39). 4 (2% - 1) o 1 A 1-"
x+ 1 2z 4
z-1 15
e e S

e 1622 - 162 - 22 + 2 = 152,
and gt 332 :?3']* 531080 - 961

16 "32 1= 16" @2~ 1024’
S by !
Lgg gD T
ey Zobiaed 18
3 oo g
o 1 230713

13 144" 144’
TR

5 e Ja P —_-—

b o ¢ el S

www.rcin.org.pl
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94 SOLUTIONS IN ALGEBRA.
6 (z-2)
T

x+2-1=_6_; S22+ 3r+2=6,
z+

-1

9 9195
. = 2 - — —
s.2=2 and 7 +3:c:-(-4 4+4 i
3,6
a:=—-2-_§=1,or-4.

T+ T-2 29
il d T2 Ttz 10

T2 P29 T4z 29 841 441
Y

T-2 _l_()x7—z+ 200 ~ 400°
T n29 O] SN 2 g )
o e T S SRR = -
T2t 20 2,or5,bytheformula,1fb 7
atb ct+d
thena_fb_c;d’
;:?or-g; =3, or-3
3z+56 135 3z-5
Loy 32-6 116 3z+56’
3::+5T_1_3_5 3z+5+1_33r_1+1—i?]’_142129
3z—-51 176 3z-5 3521 " 852| (352¢°
(8248 135877 16 . 1l
W32 =5 T 862 362 117 16’
whencea:-&)or—§
5 81"
2? 351 6
#3) Gy~ % Ao a
2* g8 9 88 5D 576
@ -4P 2°-4" ¢ 27 & 252’
whence & =—3 il 39

-4 5__5—t=5—z,0r—5;;
S0 =92"-36; - x=13,

weee)
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Ex.44—47,p. 33.] QUADRATIC EQUATIONS. 95

) SE L T -
( )a:—7 £-13 z+7°
Tz (2* - 49) _
z‘+14x+49—W—x’-14x+49,
whence 4 (2* - 73) = 2* - 49;
. 2*=81, and z2=19.

(45). z‘+%,+z+£=4,

.,a:"+2+%,+z+i+i=6+i=%§;
x+—};=-% -25-=2 or-3;
“a2*-22+1=0, and z =1, or:c“+3a:+-2..—1 72 2;
oy aig

4 2
46. 2 — — =
( )z+z,+6(z+m) 23,

x’+4+-4-+6(x+'—2)+9=27+9=36;
2? x

-'.$+g='3t6=37 Ol‘—'g,
x

and 2* - 3x+2——2 $

4 4
B R 3 )
alsox’+9:t+<4) —2+-4— Al

1
g g s2ar'l,

(47). (32° + 1) - 9 (32* + 1) = 630,

(3z’+1)’—9(3x“+1)+§1-=630+§1=

T e t%=300r—21

29 22 29 £
R it gl o “9) onf
2 s Tog eed \/( 3 )ﬁﬂ-

| ©

A% /R

2 N Ry
WWW.réinorg.pl
(¢ g p



96 SOLUTIONS IN ALGEBRA.

(48). (z + 827y + x =42 - 827,

( ( 8) N turiua bl
) IR S iy sl
SRty Y
o $+;-———§i-2—'—60r 7,
whence 2* - 62 + 9=1, or &* +7z+4-;1?=¥;

S az=40r2 ora:=§{—7iq/(17)}.

(49). (* + 5)* - 4a* = 160,
(2 + 5) - 4 (* + 5) + 4 = 144;
2 +5=2112=14 or - 10,
and z = * 3 or * +/(- 15).

(50). (2 -5~ 3 (2~ 5)° < 40,
@-P-3(z-6F+ 2 a

umco

3
.'.(z-5)’=g —2?:=80r—6,

. 2
whence z - 5 =4 or (- 5)°;
2
~z=9, ors+(-5)°.
(51). 2* - (a+b)z +ab=0,

b 'a' +2ab+0* a*—2ab+0°
i b s | i S ;
£-(a+d)z+ — i ab + v 2 ;

a+b -b
..m——é—-+ )

(52). 2b°z° + ab (x - 1) = 2b%,

b(a-20)z a- zb‘r ab a*-4ab+4y a+2b
gt e A i o :
J 200l ¥ Sl e T Sori l’

a-2b , a+2b a
g4 S el L i e
bz g e b or 3 and ¢ = 1 or 2b

=a or b.
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Ex. 56—58, p. 33.] QUADRATIC EQUATIONS. 97

(53). adz ~ acz® = bex - bd,
g 0d-be jad-bc P bd ad- bc‘]’ ad + be l’
- X ¥ —- = — =—;
2ac ac 2ac 2ac
ad -be  ad+be d b
ST = + —=—-0r--.
2ac 2ac c a

(54). be (z - a)? - be = (B - ¢) (z - a),

_ap_ (=) (z-a) b’—c‘T_ @-y_(@+e)
St m S G B b e i
V-0 Prd 8. @
=—OI‘—Z;

R el Tl
ac+b ab-c¢
andvig=ic tigp 3

[

(58). 14 8% =2« 20t 4 3),
a
b’
vt - 2o+ 1= %
a+b

b
.'.bz:l-_*:;, and z = T

(56). 2 ~(a+b-c)z=(a+bd)e,

-""(a+b—c)z+'iz———c ‘ =ac+bc+(a+2°c)’= (“ZM)’;

.'.z=a+;-ci(a+;’+c)=(a+b)or—c.
(57). a (2 - ab) = b (2* - 2a2),
22 2 27,2 3]
z=—a—“_’fzi "a—‘/_(ff—’q:—:”;(w/awb):iﬁ)‘%&.
(38). a%z 4 ba® = 2a4,
b’z’+a’bx+§=2a‘+§=9§;

. S kAt 3 1,
e x_——z-ii-_a or - 2a*;

_ z—a'or 2a°
Se=o 7
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98

‘SOLUTIONS 'IN ‘ALGEBRA.

(39). 9a'b'a® - 64z — b* =

9a'5*2* - 6%z + o = a® + b
L, Y@+ )
LA AN

(60). 8z (a - z) = a (3a - 2z),

8ax - 82° = 3a* - 2az;
5az ba F 8a®  254° ' af

i ot w1
z_@+g_3_a 6ra
BATE o cl 2’

a + 2az - a + 2ax = a® - 42%,

61). a(l+22)-a(l-22)=d - 427

o 427 + daz + o = 2d%;

_a(-14v2)
T SR

(62). mga® — mnx + pgxr = np,

;

N T }’Q-I e np  (mn-pq) (mn+pg)

mq 2mgq 4m*q* am’q*
R Rt < T
2mg 2mg g m

(63). 82° + 6(a - 2b) z = 9ab,

9 AN s
LR 2 20)
64(a 2b) 64((”{ )

3b
5

2t~ (a 2b)x+ (a 2b)* = 8

: 3a
..x:—é(a—.2b)i§(a+2b)=——4— or +

(64). 62° + 9 (a - 8b) x = 108ab,

(65). 9a* - 6bzx = a* -0’

85)=18ab + 15 (a 8b)*=— (w+ 80

..z_——(a 8b)+ (a +8b) = 12bor—?2£

x’+ (a 8b)z+16(a

>
e
|

-6bz +¥=a% .z

[}

co.l
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Ex.66—74, p. 33.] QUADRATIC EQUATIONS.

(66). 262* — 100z = a® - 2,
bta
262° - 100z + 0* =a®; . 2=
(67). 42* - 4bz - a® + B* =
42* - 4bx+b’ ali s s bia
(68). 6a%° — 5abz = b°,
gt 32 T B , 208 _ dop°
e tiag = 128’
Y (56 + (AR
b 12 - 12) i O
(69). 4a® - 4 (3 + 2b)  + 24ab = 0,
42° - 4 (3a + 2b) z + (3a + 2b)°
= - 24ab + 9a* + 12ab + 48 = (3a - 20)%;
8a +2b | 3a-2b
condh el
2 2
(70). mna® - (w3 = m*)  — mn =0,

2 n? — m? % n®—m? P 4 (n* —m®)* (n® + m’)’.
mn 2mn | 4m*n® 4m’n?

S Z =

= 8a or 2b.

nt-m? nt+m® n m
R e g L A = or
2mn 2mn m n

(11). 42® - dmz = n* — w2,

42 —dmn+ mP =n?; ooz =

(12). 422 — 194z + 9a* - 46° = 0,
T NS00 ¢ 00 a iy ) e R

(). pa* + gz +1 =0, .
I ‘-’I'—_ S SINEVEL PN Ol 2 3
2y ey g
(74)-9='ipx+q=0,

Vs ep il 2
+ —=—gs .. =1+ = - .
z pr+ q;3 z +2i2x/(19 4?)
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100

(75). (a-b)a*-(a+b)xz+2b=0,
zz_(_‘iﬂ)_fJ,,,,“,ib-r=_.'f”_’_+(“_+b)'_=(“'3b)'.
a-b  2(a-b) a-b 4(a-b} 4(a-0b
4 a+b a-3b _ 2b
..x—é—(&—_vﬂi?—’(a_b—)—lora_b.
(76). anz® + ab = na’z + bz, ]
z,_(na’{-b)z_}_na‘ﬂ r__f_zé_l_(na’+b’)’=(na’—b’)’. ‘
an “%an | an’ 4da’n 4a’z® ’
i _na’+b+na’~b_aor_
e e AL P TR
Lot S A
R S SRR
L Gl . ot b Oatit
Tasb d(@+by (a+bf E(atb)} 4(atd)’
_.A__c__-i- _30.-. ior___c_
® 4@+b) 2(a+b) atb a+d
° 72
(18). z’—az+a—4--}:-=0;
x’—az:+a’—é:' ' zza——ib
2—4’ .o 2 .
a* aliie
it SR gl
adG-2)z+ad(b+a)z=c(-2Y;
: 220z o't Do albt wal el g .
.2+ ?‘-——c—-+—c—‘f-, o —z{—a i'\/(a +0’)}'
1 1 1
o0 a—'}-a_i-;+a+2z=o'

SOLUTIONS IN ALGEBRA.

(a+2)(a+22)+a(a+2z)+a(a+2)=0,

9a® 3a® 9a® 3a*
h 2+ 3 T S
whence 2* + 3ax + 3 2 + y il

Sz g - 31 y(3))

www.rcin.org.pl




Ex.81—84,p. 34.] QUADRATIC EQUATIONS.

(81). bz? - —bi‘—~dx_cx*

b+
__dx_+ dr Al kg ani
©@+e) 4(b+c)*_(b+c)"+4(b+")”

I

z=m-c—){d+ v/(4ab + d*)}.

1 5

(82); a-z a-2z s
(@-2) (a-2¢) +a(a-22)-5a(a-2z)=0,

whence 22* - 3a*=0; .. 2=+a \/(g)

) (2) + (25) =n -,

2@+ 1)P+2%z-1)

@1y sl
S E1) o1 1
andW+;—%-n+z,
L s S
Nzt -T) -( i’)’
32+ 1 d
orm=2<n-§)=i(2n—l),
and 4'1'31 2—1’3, whence 427 = 2n2* - 2n;

Sx=t \/(7%2) or + \/(:-i—i-)

(84), (z - a) (x—c)=b’
at+b-ec
2*~(a +c¢)z +ac=ab + b - be,

(a +e¢)
2

(a+c)? _(@a+2-c)
D STl onee

and z* - (a + ¢) z +
=ab+ ¥ -be+—7" i

at+e a+2b-¢
.'.:c=—-i'
2 2

=a+bore-b

www.rcin.org.pl
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102

(zt+a)y _

(z-a)
(z - a)’ i

(z + a)?
(z +a)® -

(85).

]

and 40a°¢* = 84°; ..

s R 2z
Froab+ 0 & +ab+ b’
3 2z (a + 3ab + %)

&+ ab+ b

(86).

(.‘t e a)°=

whence 10az* + 20a%2* + 26° = 10a (2* -

SOLUTIONS IN ALGEBRA.

10a (2* - a*)’,

2a°%* + a'),

=4

LS
RON

+a’+3ub+b‘|’
a*+ab + b*

4ab (a + b)*

i 1+a"+3ab : b*r__
it @rab+o° |

@+ abi by

_a’+3ab+b’ (a+h)2/(ab) a++/(ab)+b Ol_a—\/(abH-b
T @tab+b® T (uftab+b?) = a—y(ab)+b a+y/(ab)+b’
a*+8ab+b*+2+/(ab)(a+D) _ a5 ab+b*+2+/(ab){a+b++/(ab)}
a+ab+b? = T {a+/(ab)+ b} {a - /(ab)+b}
{a + /(ab) + b} {a + +/(ab) + b}
" Ja + y(ab) + b} {a — v/ (ab) + b}
b)_12(@+¥)= Sab
-1 -1 #+1’
6 (a® - %) (¢* + 1) =12 (a* + %) z + bab («* - 1),
12(a + B 2 ;
ey G
6b* - 6a*- 5ab 36 (a® + b*)? 1694°0*
" (2a—-8b)(3a+2b)  (2a-3b) (6a+2b)" (2a-3b)* (3a +20)°

for

(87). 6 (a‘

whence 2* -

_ (6a* 4 6b*+13ab) 2a+3b 8a-2b
“©@a—3%0) (Ba+26) 2a-3b 3a+2b’
(88). (a-b)2*+2b=(a+b)a,
Jp*_a+b a+b 'r 2, (a+d) (a+b)} _(a-3)
2(a b) a- b 4(a-d)? 4(a- iy
".x=a+b+ a - 3b L 2b

a-b~2(a-0) =

www.rcin.org.pl



Ex.89—94,p.34.] QUADRATIC EQUATIONS. 103

(89). V(@) (nz + B) = Y(z) (na + B),

_(na+b) na + b*
@ VO {2n Via)

b/\/(a) na + b na - b.i

(@) T\ y@ —2nvw)
na+b na->b
=4/a or

SV @) T 20 @)

(90). (z - ¢) y/(ab) = (a — B) y/(cz),

2 @ O(e@) | (o b)v(c)r H(a—b)wc)T:(awc_

4(515—' * "2./(ab) 2 +/(ab) 4ab ’

2
S X =@ OF ——,
na

b .
ny/(a)’

y/(ac) V(be)

«/x—zv( b){(a b)+(a+b)}—7/m or — W;
ac be
S Zmge O

(91). aba® + 2 /(ab) (@ + b) 2 + (a - b=
g, 200 @11 (@-3 (a+d)_dab

+/(ab) ab ab ab @b’
.x=_a+b 2=_(\/¢1—T~\/b)a
V/(ab) v(ab)
(92). z-15=y/(2) + 5,
z- V(x)+—=20+%-%}c .'.V(x)—% g,andx 25 or 16.
(93)- (1‘) -2=z- 8, ‘
1 25

1 1756
z‘—q/(x)+a=6+z= 5 ..Vx=§i-§—3or—2, and #=9 or 4.

4
(94). v/(282* + 39z + 5) = 30,
282° + 39z + 5 = 900;

39z '§§'|=_895 1521 101761

“*omit 56 + (56y = @6y °
39 . 319
AR L [ R U
« Z 561‘ 56 or 28
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104 SOLUTIONS IN ALGEBRA,

(95). z+2=4{4+2z(8-2)
?r4r+4=4+24/(8-2)
orz+4=4y/B8-2); - *+82+16=8~-2,
9 81 49
andz’+9z+§—r=-8+-‘—1—=-z-
gesg
2

ig—=—1 or-8.

(96). y/(z*+ 32%) + 2* = 6 - 327,
z"+3z’+V(z‘+3z’)+i=

Sax=+1 ori21/(—1)or-g{—li-'\/(5)}.

(97). 22* - 11z + 14 (112 - 22 + 2) = 42,
112 - 20° + 2 - 14 (112 - 22* + 2) + 49 = 9;
s/l - 227+ 2)=-T+3=-4o0r-10,
and 11z - 22° + 2 = 16 or 100;
WPTRIIGL e

el T TR T Gt T

= ak or 2y or1—-1-+i\/-663.

e
{ (98). 2*+11 + /(2 + 11) =42,
z’+11+4(x’+11)+!=42+l=1_“’_;
4 4 4
1 e 1
oo 1) =~ 4+ —= -
y(a* +11) 21'2 6 or -1,

and 2*+ 11 =386 or 49; .. 2 =+ 5 or + +/(38).

www.rcin.org.pl




Ex.99—103, . 33.] QUADRATIC EQUATIONS. 1056

(99). 9z + 4 = 152° + 22 V(92 + 4),
9z + 4 - 2 V(92 + 4) + 2* = 162%;
V(92 + 4) = z + 42 = bz or - 3z;
‘. 9z + 4 = 252* or 94,

9 481 481
wnence 2562* — 9z + T 100; ST "/( )

10
3\* 9 25 1
2 _ - = ) A =3 -
or 9z’ 9:::+2 4+4 i z= 3or 3

0'
Ibo

(100). 8z =8/(z+1)-1,
92® + 42z + 49 = 64z + 64;
; 22 11T 15 121 256
xZ

ST W el T T
11 16 5
.x=-§—+-§-_3or—-§.

(101). 22° - 2z + 6 /(22 -3z + 2) =z + 14,
22 - 3z + 2 + 6+/(22° - 3z + 2) + 9 = 25;
/(22 -8z +2)=2o0r-8,
and 22° - 3z + 2 = 4 or 64,

3z 9 256

i
whencez’—?+ 6" 16’ '..’c=2or—§,

S0 L9 £ 60600k
alSOIg——é--}-l—(;:—E; ..3—4{3iv(505)}.

(102). (a* - 2) + a y/(a® - 2*) = 124%,
. @t 494*
@' -2+ as/(a* - a:")+—='—4—‘a
*. +/(a® - 2*) = 3a or - 4a,
whence z = 2a +/(— 2) or @ /(- 15).
(103). az + a 4/(2* - az + b*) = 2* + ab,
2 -azx + 0 - a /(2 - az+b’)+———-—ab+b’
V(@ -ax +b)=a-borb;
o
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106 SOLUTIONS IN ALGEBRA.

a iak a*
SO ) —=—+a*'-2abor—;
ax+4 4+ H

4
a 41 g
z=§i§¢(5a—8ab)ora.
z-9 z-9
A e AR O e R
(104). z-15 73 ¥ R - 3;
wx-15 850 1—12+}—49-
Sox-16=q/z - ,..a:-\/x+z— ol
Soyz=40r-3; ;. &2=160r9.
z-4 z-4
a8 = e
(105). T@T2 z -8, ey Ve i .
Soye-2=2-8; frx-Hrt-=6+ =£;

SwesiS one s it =0 0r
(106). (a - 3n)z + n + 2 4/(n’z + naz®) = 0,
(a -3n)x +n=-2/(nz + naz*);

C. (a-3n) 2 + 202 (a - 3n) + n* = 40’z + dna2’,
whence (a* - 10an + 9n%) 2° + 2nz (a - 6n) + n* = 0;

e 2nz (a - 5n) " n(a-56nF _ _' 167t
il (a-9n)(a-n) (a*-10an+9n*)* (a*- 10an + 9n*f
n{-(@-5)ntdn} n e

(@-9n)(a-n) 9n-a n-a

(107). 2 -3z =4/(a* -3z + 5) + 1,

w’—3z+5—q/(z’—3z+5)+%=?475;

\/(x’—3z+5)=%i-—g-=3or—2,

9 9 9528 vi'H
x’—3x+z—+4+‘—1, or-1+;=-z or =3

S.x=4do0r-1, orw.
' 2

(108): 82* + 2 /(32" + 82) = 48 - 3z,

32® + 3z + 2 4/(32° + 8z) + 1 = 49;
coo/(82° + 82)=-14+T=60r-8;

www.rcin.org.pl
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Ex.109-112, p. 35.] QUADRATIC EQUATIONS. 107

(109). z - 1=24/(z - %),
2 fe(1-2)}-(1-2)=0; . J(1-2)=0, andz =1,

1

and 2 /(2) =4/(1 =), ordz=1-2; .. Z=%.

(110). 9z - 42* + 4/(42® - 9z + 11) = 5, : 1%
5
4x2—9x+11—\/(4z”—9x+11)+z=6+z=z;

V(4x2—9x+11)=%—_+g=3or—2;
.. 47* -9z + 11 =9 or4,

fe TF 40, 41,
4 gl 64 64’

9 9 $ ot
tg=2org, org 9+ (- 31}

whence 2* -

8
(111). 228 ¢ y(at- ©) = 2° + 21,
2 _ 9 + 4/(2° -9)+—l—=12+%=§:—);
V@ -9)=- 3 T=Bor-4;

., 22 =18 or 25, and = + 6 or + 3+/(2).

(112). zy/(8 -2 =2"-6,
2 (6 — o) = a* — 122° + 36;

81 81129,
x~9x+Z——18 o 1
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108 SOLUTIONS IN ALGEBRA.

” (113). 252° - 31 = 25 /(1 - 22,
‘ 31 - 252 + 254/(1 - 2*) = 0;
e |

i S 1 o, B D S L
i e 1-22 41 :c’)+4 25+ 1= 100}

;r .‘.1-.’6"=215 or%; .‘.z:i%\/(Zl)ori-%.

i (114). /(6 +2%) =1+, !
(6 +2%) =1+ 22+ 2*; |

i T e s andx=i%. |

z+4/(2*-9)

z - +/(c* - 9)

! E+y(@E -0 =9z -2 =~ 2+4/(2-9) =+ 3(z -2,

if /(2* - 9) = 2z - 6, then 2* - 9 = 42® - 24z + 36;

i o #=8x 16 =15 0. 2=>50r8

if y/(2* - 9) = — 42 + 6, then 2* - 9 = 162* - 48z + 36,

|
:: (115). =@~ 2,

andx:%{B + /(- 11)}.
(116). adb+b4/(a* - 2*) = a*, : :
a' -2 bV(a’—x’)+Z—=a’-ab+%;

- V(ai_xﬂ)=_%i(a—%)=a—bora;

s at -2 =(a - by or @t
and # = & 4/(2ab — %) or 0.

z* B z* 4
a-+/@-2° a+qya-2%)
2 {a + J(@" - 2%)} - 2* {a - y/(a* - 2")} = az’;

o 24/(a'-2%) =a, anda’-—z’:i-—.; ¢=:t§1/(3)-

(117).

a,
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Ex.118—121, p.35.] QUADRATIC EQUATIONS. 109

z + +/(a® + 2°) 2a*
8. S Ty
EIYe ) W
i V(@ + 2’

oz + &)+ a' + 2t = 20 or x4/(a” +2°) = @ - 2,

o Salet9at gt 90t gt

whence z* - gy il s
.'.:r:=3‘:t i‘% ’orag; .°.z=—_|;a6ria¢(%).

(119). z +a + 2 4/(az) = bz,
(1-b)z+2+/(az)+a=0,

2.4/(az) sA e s R ab____
i e S gl T S
JaTy(@) -yo . a

i o NS % B V) Ll £

(120). V(1 +z +2*) + V(1 - = + 2°) = mz,
liz+22+ 2V +2°+2') +1 -2 +2° =m’s®;
L2Y(l+attat)y=(m*-2)2® -2,
and 4 + 42 + 42 = (m* —dm* + 4) 2* -4 (m* - 2) 2° + 4,
whence m?® (m® - 4) a* - 4 (m* - 1) 2° = 0;
2 m? -1
+E <m’:>4).
@21). nz={/(1+2)- 1} {1 -2)+1},
nz (V1 +2)+ 1} =2 {/(1-2)+1};
S(n-1)=v(1-2)-nV(1+2)
andn?-2n+1=1-z+n"(l+2)-2nV(l-2%,
whence (7* - 1) z + 2n = 2n V(1 - 2%);
So(nt - 12 2+ dnx (- 1) + 40° = 40 (1 - 2°);
st -2+ 1+ 4n) 2 =4n(l -0,

4n (1 - 2*)

orz:W.
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110 SOLUTIONS IN ALGEBRA.

8Ty
(122). (2 + )" = a” (3z - a),
(z +a)’ = a3z - a),
or 2° + 3az® + 3a’z + &® = 8ax® - 64’z + ¢';
2+ 9a?=0; ;. z=138a4/(- 1)
-V(z+ l)
m 11
112 - 114/(z + 1) =52 + 6 /(2 + 1);
o 8z =8 4/(z + 1), and 92° = 64z + 64,

(123).

ma -0 ] 0 10 100,
.'.x—%‘*%‘)—s 58;
(124). i“jg ::; 3
ﬂ_*ri%_z’)ii:%; Llty(1-29)=1,

and /(1-2%)=0; . z=11,
also 1 +2%=+/(1-2%; . 2=%4/(-3).
JA+2z) 1+y1+2)
D e 1 VEI =Y
V(1 +2)-Y(1-2%) =1 -2)+ (-2
A+ 2) - Y1 -2) =21 - 27,
whence 2 - 2/(1 - 2%) =4 (1 - 2%);
t 22 -1 =4/1 - 2%;

-4 +1=1-2%
1
--"”=i'§’&/(3)-
az +1+4/(a2"-1) b
(126). o g
az + 1 btz Suis az+l _y(az +1)

CY@F-1) b-z’ Y@@ -1) J(az-1)°
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Ex. 127—130, p. 35.] QUADRATIC EQUATIONS. 111

cax+1l b+xT B+
e , and 2=

TaE= N b= %%z’
+b
g TPk A * i
or 2aba? = b0* + 2°; .. % ‘—-—_\/(Zab—l)
2+ +/(2* - @)
s bir D e A e

see x - /(7" - a) 4 )
i —sz'l or g _b’+1T'
y@sa) ¥-1' z-a ¥P-1|’

B o R DT T
"Zz—’+ i ,..x—j:‘—zz(b+1).

(128), Ve +32) 4 e - ba ) [
V(a + bz") - y(a - bz"
Ma+bz") m+1 | a+bz" m]
V(a- J@-ba") m-1"""a-bz" m-1l’
bz* . 2m. 2am 1
a m’+1'” b(m+1)}

a+a+qf(a-2Y) b
A8, ™ ) B

a+z btz a+z a+x
Jy@-2) b-z’ v(a —x’)

B b+zx L 7 S
a__z' b——\ a—Wig, ..b+z—2ab,
and z = + v/ (2ab - b°).
4 21
T p A e S Bl e
¢ )z+4+V(z+4) z’
z* 4z =
L2 +4=25 =-2+565=3o0r-17;
:c+‘4+1/(z+’4) ’\/( g
. 22 =92 + 36, or49x+196
81 81 225 9 15
it - ety et —mld ‘
whence 2*— 9.1l+4 3(’:‘|+4 T z=ct5 or-3;
49 b 1401 49 1
—_— - —_— = — - 2185.
or z* — 49.t+2 196 =525 21/( ).
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112 SOLUTIONS IN ALGEBRA.

3 1
= e 4 LR 1
@131). f 181 s (z - 18) £43 z ey

¥ ¥
z° - 18° z (z - 18)

i Y
since (z - 18) + (z" - 18)" =2 +187;

o 1 %5
i 18+182  (z 18)+g=_ 9
z % 2

2
andq/(z—lS):z%{—%i-l%—) 3
coz-18=2(8F34/7);

- 18 27
oo z=m=9im-

usm.7zv%?:§5+?li;f9_%g=m
f-9-%§ﬂf—w+§? =-%0+§§?=E§&
A B
-’0’—9=160r-i? ;

ax:i&mi%dﬂﬂﬂ)

z+V(2) _z-V(@)
(133). A2

-z
1 z-Va
whencem= i ; z-Vr=+2,
ik 159 y
and$‘1/$+z=‘i2+4-§°f--,

& Vz=2o0r-1, or%{li'\/(—ﬂ};

se=tlor 35V
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Ex, 134—138, p. 36.] QUADRATIC EQUATIONS. 113 )
z 4y 12 ?

(134). ’”“\/(?:71)=;—4’ lg;
i . A TR {

2= 16+ y/(2* - 16) + 3 =124 7= .&

. 4/(a*-16) =3 or - 4, g

and 2 - 16 =9 or'16; .. 2 =15 or + 4+/(2). }

3 i

(135). 2° - 8z° = 40, j
§ 90 e

P-8a" +7=40+ 7=

3 \
solals gil—?-SOr 5, |

2
whence z = 4 or (- 5)°.

5(x 4)

(130). 5=

= (” -8)

] 3
o b(@ -2 =2"-Borb=z+2 +4

x
and :c2=2 and z = 4,

1 Liyelad )
asox+x g L el

and V(x) = -2-(— 1+4/6); »o &= § BF2/(5)

(137), 2* -1 =22* - 22,
2*-1=2(@-1)z; - a®+z+1=2z, andz=1,
1 3

)|
also 2% - x+z_-1+;__z;

oz= % {1 + (- 3

(138)- 2 +1=2
Ae-1)-@-1)=0; v z=1,

bk z=%(1ivs).

1o

and 2*-2-1=0, or z*—zc+§=
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114 SOLUTIONS IN ALGEBRA,

(189). a° - 62° + 10z = 5;
at@-1)-sz(z-1)+5(@-1)=0; snz=1,
25 25 o

andx’-5x+z=_5+z=a;

:e-—-% (5. v/5).

64 5z-30 252°
AL il che ARV Db Y ¢
(140). '+ = - <o

2
64 bz 25z+15=0’

w2 16
64 25z bz
—+1,

2 Bl St
whence z +16+x’ TR
or x+§—+(5—z+1)
z ~\4 {
whence 2* + 4z +4 =86, orz=4or - 8,
also & = 2 -1£/(T1)}
(141). 82* + 8z =162" + 2,
x‘-2z’+z'=x’—m+};
L]

1 1 1
4 a:'—:ti(z—é)—%—-é or 53

i e ¥ 1
e z’—2a:+l—§, % a‘:-li\/—z-ori-\/(é),

(142), 4a* — 42" + 4 = 2 - 52,
47 -4 +2°+ 222 -2)+4=0;

%2 e=—8

L A B
and z atie 1+16'

A i {1 £ (- 15)}
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Ex. 143—146, p. 36.] QUADRATIC EQUATIONS. 115

(143). 2*-22°+2-1=10,
-2x3+z’—(z‘—x)+l—=l+l=§'
4 4 ¢’

B 46

i g Sl

N ity g s

1 aniln

il A

and 2° - z + bl e,

S I R )
Lt Ted, i y

(144). 2*-22°+2-132=0,
2t - 22° +x—(x—x)+—_132+1=?,

.‘.z‘—x=+;—+—=12or—ll

1 49 43
z‘-z+z=z-or——4—; S.xz=4o0r-3, or

(145). 2%-1=0,

1+ 4/(-43)
sl

~1=0; =~ (2*-1) (2*+1)=0,
whence (#*+1) (&°-1)=0, or (&*~2+1) (z+1)=0,
also (#* +# + 1) (z~-1)=0, whencez=-1or 1.

and from2* +2+1=0, x=%{—1i\/(—3)},
from 2* -z +1=0, x=%{1i'«/(—3)},

also from 2 +1=0, (z*-2*+1) (2*+1)=0;
L z=t4/(-1)

also from z*-2*+1=0, x’=%{l +4/(-8)}; . 2=t \/ {1_:!—«/?(—_3)} :

(146). sz—x’=1,
=1l tat(z-1)=0;

L +z4+1l+2*=0,and2=1,

also 2® + 5 +1—\‘ —£+l-——7-
. 371 g 18 1g!

nes3 1y
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116 SOLUTIONS IN ALGEBRA.
(147). 2° + pa* + pz +1 =0,
L+l+pz(z+1)=0; . 2=-1,
and 2 -z + 1+ pz=0,
—_ — — .—
p___l'r=_l+(p 1 _(p i) 3

2 -
orz*+ (p-1)z+ 3 i

wa==2[(p- D V(P -1 - 4]

(148). 2°-pr-p+1=0,
2P+1-p@x+1)=0; ~.z+1=0,andz=-1,
alsoz’ -2+ 1-p=0;

*. whence z = % {1++/(4p-3)}

(149). 2*-82°+102° + 242 + 5 =0,
z* - 82° 4+ 162 - 6 («* - 42) + 9 =4;
Coahedr =8 412 =801 1,
whence 2* - 42 +4=9, andz=5o0r-1,
also 2 = 2 + 4/(5).

(150). a* +52° + 22° + 6z +1=0,
ﬁ+5z+2+g+$=m
.'.x’+2+w1,+5(x+§)=0;

z+£=0, and z =++/(- 1),

also  + i +5 =0, whence z ;% -6 £v(21)}

dx

5a°
oA
(151). &' - 5 2 5

+1=0,

bz 8 -d
" Bt? 2___ ity
o 2+ 2x+z’

p 1
PNl ™ ) (i, =
iaeda8(aa])

=0;

0;
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Ex.152—154, p. 36.] QUADRATIC EQUATIONS. 117

o $+2_—=0, and z =+ /(- 1),

also:c+l-=-5—; .'.z=2or-1-.

2
(152). z*-5£+3z'——+1 0,
& el
x’——— 3—2—-x+;’—0,
s Bt N 525 25 9
”’+2+§‘§(“;)+ﬁ-‘“m=1—s‘
et Wik 1
o i B i
whence z = 1, or‘-i{li\/(— 15)}
(183). z*+ 2* + 2 + 1 = 42", RS
Zrr+=4+5,=4;
xr x
Xl 1 25
.'.2"+2+'—,+(¢+-)+Z=6+z=-—,
1.6
..x+5=—-2-+§=2or—3,

whence 2z =1, or z =g (11 4/5).

152* + 6azx
4 /(2az + %)’
4 (a + 2) /(202 + 2°) + 4 (2az + 2°) = 152° + 6az,
whence 16 (a + z)* (2az + 2°) = 121a* - 44a2® + 4a%%,
and 105z* - 108az® - 76a%* - 324°x = 0,
vhence 212° (52 — 8a) + 12az (5z - 8a) + 44* (5= - 8a) = 0,

(154). a +z + /(202 + 2°) =

4a.r. 4qa® 4a’ 4a® 16a'_
Sl i g T R

i ks

T‘ T3 7
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118 SOLUTIONS IN ALGEBRA.

x ) b
(88}, Tt =5) @ -V V)

s W(2) - /(a - z)+ /() + y/(a - 2)} = b (22 - a),

orx’—bz-l—b’— ab+b_‘.
PR e

v @ =1 (bt (0" - 2ab).

(156). Y(1 + @) (1 - ) - /(1 - @) (1 +) =20,
(1+a)(1-2)-24/(1 - al) y(1 -2 + (1 - @) (1+2) = 4a",
whence (1 — 2a%) — azx = /(1 - a®) /(1 - 2°),
and 1 - 2a*]* - 202 (1 - 20%) +@%* =1 -a* - (1 - @®) &,
2*-2az (1-24%) +a* (1 - 2a%)*=1-a- (1 -2a°)* + a*(1 - 2%)"
=d4a(1-a%) (1-a);
sz=a(l-2a*)+22(1-0d*)=a(3-4da)or-a.

(157). y/(a* - 1) + 4/(a® - 1) = 2°, :
V@ -1 (@ +1) + 1 = 2,
whence y/(2* - 1) (2°) = 2° {/(2* + 1) - 1};
et - -2+ ) =2,
orz®-1+a%(@*+1)-2x4/(2*-1) =47,
and 2* — 1 - 224/(z* - 1) +2*=0;
oo@-1) =g

whenx‘-z’-g-i::i’., and 2%=

i 4 \/(1 55

(158). ¥{(a+ 20 + V{(a -2} -8Y(a* -2 = 0,

(“+x)%'3(“”-’”’)%+%(“—:t)%=(—1+:i)(a—x)g‘;

1+4/5
) H

1
weraf =@ maye);
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Ex, 159—161, p. 37.] QUADRATIC EQUATIONS. 119
Lat+tx (314/5
i ( 2 ) !
(Br4Bp-2
N DY

3 1
(159). 22° (@® +2°)° - 222 (2 + 2a) = a* (2 - @),
s &
@+ 28+ 2° (a° + 2°)° 4 2° = 42° + 402’ + a’z,
sl
whence y/(a® +2°) = -2 + 2° (22 + a)

i 14
=z t+azx,or-(3z +az);
o @+ 2= 2+ 202 + a’z, or 92° + 6aa’ + a'z,

idee Va0 a
and & +—§+E=Tg;.'.x=§or—a,

and the second part produces a cubic.

(160). _+_~\/{ \/

(161 2 2 _ (f+£’ _4:laxz 3z
- Bat R NS 4) B in89

28 2a (x’ o _4\/(aa')_§z_:
85 130 ) 3 324

oo 24308 J(E 1), 10 10_e 1o,
atda 3V\%a'7T 979 oys

\/(:; z)*ﬁ“—“ (/a ) \/‘3‘“%'3\/;'

1051
from the first z = 5 {_ 3+ \/(T)} :
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120 SOLUTIONS IN ALGEBRA.

or let z = az, then the equation reduces to
2 {(122 + 9)% -8PP=64(1- z%)’,
whence z% (122 + 9)]’i =8,and z=az= -g {- 3+ \/(965—1)}’
and the other values may be found from the equation
122 - 247z + 2562% -64=0.

(162). /(8 + V) + V(4 - vz) = /(T + 2 /),
B+yr+d-nz+2/(12+/z-2)=T+24/2;
412+ Y2 -2) = 41‘.

°”'-+T 16 16’

v e =g (1 VO,
and 2 = % {49 £ (9T}

(163). (a +2) v(a* + 2% = 6 (a - )",
(a + 2) (a® + 2°) = 36 (a® + 2°)° - 144az (a® + 2°) + 14442,
35 (a” + 2°) — 146az (a* + 2°) + 144a%2* = 0;

oo (a4 2% - 146'"’( +2%) + 3‘”"

144a%2* o 5329a°%° _ 289a°z*
35 (357 W85’
3ax  17ax _18ax 8az

i 2 —_— —_— _——
e ol
o g 180z 9a-]’ , . 8la*_ 32
Pondtcan M6 o Lap i ST ey

o R TP

8axr 16a® 162> 94*
RS0 s ot no o PR S S AT
i S el e i T 1

cEsZdE3yYE 1)
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Fx.164—167,p. 37.] QUADRATIC EQUATIONS, 121

(164). (24 1) - (& - 1) = 2 (a* - 1),
Ve +1) - (@ - 1) = s
(@) Y@ -1) - (P -1) (2P +1) =2,
or (@ -1){z*+1+2°-1-24/(2*- 1)} =2%;
o 2(2t - 1) {22 - V(a* - 1)} = 2*;
& 22t - 1) =2 {22+ (@@ = 1)}
orzt-2=2"/(2*-1),

28— 42t +4 =2 -2

5 R G g (i
..z—3, ..z‘_iv;i,andx—i iV3).

(165), 16-4/(r) _88+33y/(z) _ a®-bz+11

8- 8v(2) 4+4/(z) 8-3y(@}E+y(@)’
4(4—¢z)=11(8+3Vx)+ 2* - 52+ 11

8-3yzx 4+ yz 8 -3ya)(4+vya)’

whence 4 (16 - ) = 11 (64 - 9z) + 2° - 5z + 11;

*. 2% - 100z + 5012 = - 651 + 2500 = 1849;

o z=560+43=93o0r 7.

(166). 12—3+41 \/(z)+ 2z* =%M/(z)+4x
Pv(r)-a}  {5v(2) - 2} {8 - V(2)} 3-v(x) ’
41(3+y2) , 22 _4(5yz+2)
(Gyz-2)  (5yz-2) B-v2) 3d-yz '
o 41 (9 —2) + 22° = 4 (252 - 2°),
SRS e g B LS
2 4 2 16 18"

z=¥-{_-3?5=20§or3.

(167), 54-9«/(.1')’ T2* -3z + 4 b 23z - 46 +/(x)
z+24(x) {x+24(2)}x{6+ ()} 6+ v/(2)
9 (6 - /) Ta* - 32 + 4 _23(::—-21/:::)'
z12/z (@t2vyx) (6+yx)  (6+vy2)
G

L
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122 SOLUTIONS IN ALGEBRA.

-, 9(36 - 2) - Ta* + 3z — 4 = 23 (2" - 42);
.. 30z - 86z = 320,
whenc”".‘i3t 43_ 320 1848 11449
L5 so 30 900 - 900
107

o x=3T)t'-33 =501‘—21"’—5.
3 /(10z)
5yl +y(2z - 1)}

3 /(102)

6 ’

(168). y{z + /(22 - 1)} - Vfz - V(22 - 1)} =

ozt -1)- /(P -22+1) =

orz+1/(2x—1)—x+1=:—3i(—wi)-

. 2z - 1—1—8—13- -1/(10a:)+1

90 5 90 10
whencea:-—V(IO )+—_ $hErad

vm Y10
2 heand |

5=

e ! (3410 + y10) =

D e b

$o X =— —
28

a 6a*
a+x v(a+x) z’
axr a

(169). ——

whence 2* = 4a*(a + z) or 94° (@ + z),
or 2* — 4a% + dat = 4a* (a + 1); . 7= 24"+ 2a /(a* + @)y
81a*
ik

{170). \/12-— g+ \/<:c’—1?2)=0,
By
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Ex.171—174, p. 37.] QUADRATIC EQUATIONS, 123

12 12 12
gt 12-?=z‘—2z"\/( —-;,)+x’—?y

’ whence 2* - 12 - 2z +/(2* - 12) + 2* = 0
@ -12)=2; o z=120rt4/(-3)

(171). 2z +Wc 52 3 2z -z

-vz 16 2z +4(z)’

2Vz+1_]' 522yz+1 26F . 676 1
e —1 |7 16 2z = 154817 0" 535 " ga6"
gk Ll S S0 s
N aYe~1 I8 1808 18

7 49
o Vx—zorZ, andx—ﬂ—sor‘l.

(172). \/(z"*q) i

b’ (a:” + .zq) 0,

et 1
1 2(a+b’)'ﬂ @b 1Loa+ 0Pl 4%
e e gl ”q=’“q+a—*T1F = @y
i zg;_ﬁ_a’+b"i2ab_(aib)’_aib
-  @-F azd’

a+bl
and z = (a+b)q

(m-n)? ~4mn r
(L78) i oy
Zm-m? _ tmn 2
' £

2 el bl

mn - T
@ -

a -1 a

+1 (m+n)’
cz=l ;
a -1

observe that g™ emnnsmn _ yomm?

i
2 a +1
or ™ = -1’

ul\}

CIR}

1 o] s
(174). a%%m _ 4 (ab)% x 2 = (a- bz ;.

a’b’ ~ 4ab /(ad) .1:"' i + 4aba: =(a+ b)’
62
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124 ." SOLUTIONS IN ALGEBRA.

v a2 9 () £ (a +B) = £ (o £ VD)5
4mn
= O o (1 1 \iwn
oo —i"-—*ab’nandx 4% W :\/a) S
1
(175). (@™ +1) (=* = 1F =2(z # 1),

1
v (@t -1)z - 2" (@™ + 1) APy - I g fel (ann it 1),
La™+1 (a"" + 1>’ i e
(a

whence z - 2z

at™ =1 a' — 1 T a™ 1)2’
1 @412 (@1 @]
ooy B a0 el e TR E ¥
o™ + 1\

(176). 2*" - a=2"(a +1),
] and 2* - az™ - @ - 2™ = 0;

(@ -1)-a(@ +1)=0; . 2= - 1",

and 2% - ™ +—=a+ e l:{1+V(1+4a)}:|

1

@am. (1+ x)% (1= z)ﬁ' =(1-2)",
(Lo - -2P s FA-aP =T (-2

dtz| 1£4/5 14 A6~ g%
i—:;‘|= 2V -lm, andx:{_r%.
(178). a[(1-2) V(2 +2%) - (1+2) V(- 2")] = V{2+2/(1-2}
az /(1-2) {(V(1-2)- V(I +a}=v{2+2v(1-2}
whence a®2* (1 - 2°) (2 - 2/ (1 - 2%} =2 + 2 /(1 - 2%,
ora2®(1-2%) {1-y(1-2*}=14++/(1-2%,
and a%2* (1.- 2°) 2* = {1 + V(1 - &%
coadt/(1-aY) =1+ 4/(1-2),
or (az® -1 (1 -2%)=1;
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Ex. 179—180, p. 38.] QUADRATIC EQUATIONS. 125

<o o't - 202 + 1 - a® (aa® - 1) =
or a*z® - 2a = a%c* - 2a2® + 1,
(2+af _a'-4a

A

CEmRTR,
ora”z‘—(2+a)az‘+2_;—a I =-(2a+1)+

oty 2+ai\/(c;;;a_tz);
Lo +\/11+— —-1)},

or putting the equation under the fmm
az/(1-2) {(V1-2)- V(1+2)} =+ V(1 +2) +V(1-2)

and multiplying both sides by V(1 +z)- V(1 - ), we
have

V-2 -(1-a)=t7,

L s
whence 1.— 2% - /(1 - 2% + $ =3 %=
1 3 Ll
Leatyia S e e
V(-2 =5%4/(373),

andz:{%¢£t\/(i_i_3>}é.

(179). V{y(a) + ¥/(@)} + V(Y(@) - V(2)} = V(a),
by cubing both sides and reducing

1 1 1 1
24a+8(a-2)° (Va+vz|’ +va-yal') =a’,
i ¢ R X
ora’ +3(a-2)° a’ =0;
1 1
~8@-2)’=-4d"

whence 27 (a - z) = - a, orz—%%f.
T E S I A
( )2 2 2{l + y(1 + 2)}*’
- 4) = M 14y +2)

i x-4+1+2\/(a:— 4)=1+az,
4 (z~4) =163/ z=8.
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126 SOLUTIONS IN ALGEBRA.

(181). 4a® + 122 /(1 + 2) = 27(1 + 2),
4 42* 40 162°

4z
g 0 o 7 bt il T S
2z 42 2=z 2z
R PO

Pho =+ —=
il Tl Tt
oo 9492 = 4a*, or 81 + 812 = 4z’

whence z = 3 or - g , also =lg 9+ v097)}

% 1 2

(182). (6+2)° -5 x (¢ -2")° +4(a-2)° =0,
2 1 95 2
(@a+2)®-56(a-2°)°+ Z(a—:c:)3

2 2
=—4(a—x)3+-2—4§(a-z)3=%(a-x)§;

—

.-_g_-l'_z‘ls—§+§=4or1;
a-i«

sUrTusiorl, andz=ﬁ'or0.
-z 60

1

(183). “/(“i‘ £ are) .

tl

%

Lol LI A8 o
(a" - 2") /(a" - a") = a"2*"b ",

g1 ) IRIAREE SANMISE (e B ¥

1 138 i e 1 1 AR
or (a®—2")?® =a"2"b *; oo a" - ™= a™b 2%
28 2
aubsm n abs
A
s i & 3

(184), z-2y/(z+2) =1+V(z* -8z +2),
(2-1)-2+/(x+2)=V(&* -3z + 2) = y(z - 1) V(2 + 2),

whenee z - 1 - 4/(z + 2)=;‘/(x+2) W(z-1)+V(z+2)h
and dividing by v/(z - 1) + V(2 + 2) = 0, (z-1)y=a+2
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Ex.185—187, p. 38.] QUADRATIC EQUATIONS. 127
3 +/(13)
i
also 4/(z - 1) - V(z + 2) = V(z + 2);
o (2-10=16(x+ 2),
whence z =9 + 4 /7.
(185). ¥/ (z) ¥/ (#* - @*) - 24 = 2* - 3axz,
vz /(2 - a®) = 2* - 8ax + 2a° = ( - a) (z - 2a),
or z (2’ - &) = (x—a)fi(z=2a}; .. 2 =a;

whence z =

sz (2 +az +a) = (2 - a) (2 - 2a) = 2° - Sax® + 8a'r - 4d;
fou W Tazx —7—aT__4a’ ﬁu_’_—ty_u*.
ek B T Sl o e T
a
Sox=—{T++/(-47)}
z=155 {1+ /(- 47))
4z - 5a°
4 ’
2
x‘-:c’+—57;-t—-—:c+l=0;

(186). 2*-23+1=

1 Tyiiol gl
ot ) W o B e
:«:’+2+x2 (:t:+$>+‘1 il
1—1+1-§or—}
A Tl Wil

whence z=‘-i-{3-_k V(=T ora::—i—{—l + /(- 18)}.

(L+a2p 1
(7). L2502

a,

1+z) 1 or(ljz—)g= 1
1-z+2* a’ 3z 1-al
whence (1 - @) (1 + 2z +.2°) = 3z,
(1+2d)z 1+2aT__ (1+2a),
s l1-a DY T e 41 -a)
1
oG o el 1)}
il 2(1_a)[1+2ai;1/{3(4a )}
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128 SOLUTIONS IN ALGEBRA.

(188). -(H—g 3 (11 = :3’ = a,

1+ 1-2
l-z+2° 1+a+2

Qe +l-zl 2 =a(l+2®+aY),
or2(1+22%=a(l+a®+ah);

(a 4)z+a—4T_ D (a 4)? 1_6_311_
a

=a;

e iz H

P \/[_ {(@a-4)+ V(16 - 3a’)}]

Y (189). (z+a) (1 + ) + ¥/(2az) (1 & T) ',

z - +/(2az) + a o,
{(@ + a) - ¥ (2aa)} {z + a + V/(2az)} #

~ z =4/ (2az) + a = 0, and '\/z=\/;-i \/(_g);

Lz=ai(1),
also {z + v/(2az) + a)* - 4a{z + v/ (2az) + a} + 4a’ = 4a° - 1;
Lzt V(az)+a=2a+ /(4 -1)=m,

z+4/(2az) + a +

and z + «/(2ax)+g—= '1i22ﬁ,

sm== f5) £ /(05

Soz=a+m+ Y@+ 2am).

1420  1-2
(L+2) (1-ap
1242 liztod
T J o B
whence (1 -2+ (1 + 2P +22° (1 + 2*) = a (1 - 2%
.'.2+81’+2z‘=a(1-21’+z‘),

(190).

=a,
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Ex.191—193, p. 38.] QUADRATIC EQUATIONS. 129

and e (“+4) P +4|’___-_ a+4r l2(a.+1)

=|:a+4i21/{3(a+1)} 1

a-2

Lt 5 1
{19 Wi,
s Q+a) 2°

24+ 2z =1 + 4z + 62* + 42° + 2%,

1
whencex’-4x—6—‘—1+_g=0,

or 2* +2+%-4(x+ )+4 12;

x+§=24_—2\/(3),

whence #* - 2{1 + V(3)}z+ (1 £ V3 =8+ 2V (3);
ne=1+4V3+V/(3+2V3).

142
=a,

(1+2)
1+2t=a(l +4z + 62° + 42° + o),
whence (@ - 1) z* + da (z + 2°) + 6a2® + 4 - 1 = 0;

1
4a (.’C o ;) 6a

(192).

1
- 2 Pt o e
RPRE A G| +a41+x’ 0,
Tr 4q z+1)+ 4a®
bt +a—1( z)t@-1y
i 6a 4a’ _2(a+1).
i ta-1y (a-1)"’
.~_z+l=__iw=2m,
z a-1 a-1

whence ¢ = m + v/ (m* - 1).

s )
a
(1 +a:)' 1+ 2) 5 1.

1+2® 1-z+2'-2°+2" a

(193). %_:2’ x5

(e%]
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130 SOLUTIONS IN ALGEBRA.

na(l+4e+62°+42° +a)=1-2+ 2 -2° + 2*;

S(a-1)at+(da+1)2°+(6a-1)2*+ (da+1)z+a-1=0.

(4a+1) 6a-1 4a+11 1

pone a-1 +a—1+a 1 :; 7 i
: ot _a-1, (da-1y
..z+z] oy gL ( )+( )= +4(a_1),+2
5 1 (4a+1) 1/(4a+5) o
kP e Y

Sxz=mia/(mP-1).
142t 2
vi-#)" 3’
@ (1+2z +2%)=42"(1-2Y,
whence a'2® + 42° + 2a°2* - 42° + @* = 0,

(194).

axxd:z:‘+£—':1—4+E (x’~ -1—)+2=0;

a’ «)

4 1 4 4 1-a
..z—;——r+;z‘-;-]+a;=—4+—=4x 3
Bl i
oat - ges gt o y(1-a)=2m;

.. whence z = /{m £ /(m* - 1)}.

VA +a)-ay(l+ay)_
Vard-aylia) "
/(L +a)-ayy(l+a®)=a/(l+2*)-azy(l+a),
or (1 +az) (1+a°)=4a*(1 +2%),
a*(a® - 8) a® + 2ax (1 + @) + (1 + &°) = 4a*;
‘ 20z (1 +a* (1+a%t
o a2 a*(—s Ea’—3;'
_8a'-1 (14} 4(a*-24'+1)
&-38 (@-3f  (@-8F !
1-3a’
a(at-38)°

(195).

1
whence z = = o
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Ex.196—198, p. 39.] QUADRATIC EQUATIONS. 131

2 v %

(196). 1+2) +(1-2) =(1 -2,
2 B | 2
(1+x)”—(l—z”)"+z(1—:¢)“

=—(1—x)%+%(1—x)%=-§(1'z)§5

CTizb 1, 4/(-3)_ 1249

m] Ta T
_{1tv(-3p-2
{1+V(- 3)}"+2"

21 1 s Wil T
(197). (a® +2°)" - (a - )" = 6 (a® - 2°)",

1 a;'_wjz‘% gz Bt
Q)m (a e z)m 4 = Z_ (az s zs)m;

(a +z 1
1 + |2
2 2
ORIl el R
=—+—-=' o=
0 313 3 or - 2;
a -z
als'_‘_xzz‘ gm_1\? (_2)»»_1
. —=aqm - om = — SR R T
L %—3 or— 2", whence z a(3m+1) ora(__2)m+1
a -z 4

(198). 16 x (*+2)° + «/u’3+ 5= 52"+ 45
162t 4 2+ 3232 (1 + 2)F — 16 (o +2)7,
whence 16 (¢ + 2)° ~ 32 (2 + 2)" + 16 (¢* + 2)
-1 4 - ' 2)’*‘}+3 0;

Iy e
@42~ 2- @ 1) f 4 1o
.'.z’+2-\/(z’+2)=—oti,

whence 2° + 2 - “/(z’+2)+——‘1jor;,~
Poa 28

o
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132 SOLUTIONS IN ALGEBRA.

V(x”+2)=§or—% or L i-2“/2,
whence z = é /(=T or = V{+ 2 /(2) - 5},

or let 2® = 2* + 2, then 162° —z]’=16(z’-z)—3;

3.1 g | 1
cd-g=gorg, andz=§,—§,ox§{li«/(2)};

it

1 1 3
g=to, 54/ (- Tty (-5+22)"

i 4
(199). i

a*+av(b'+bz)+%bx-zb"-§b V(@ - bz + 5)

=a’—ax/(b’+bz)+-12-bx-%b’+%b V(@ - bz + B),

whenc_e {(a‘ - % b‘)}
- [(a’+%bz—§)+ fav@ ) “5b v(f_b“b’)}:

x[(a’+%bz—%z)—{a«/(b’+bx)—%b \/(z’—bz+b’)}~

L3R b’x+ b*
2 2 16

d [{a’b’ +abz+ } (B =Bz +b)-ab / {(B*+ba) (e*-ba + b’)}}—

whence 9a%° = ba® + b*; . 2= {/ (gaﬂb‘; 4bﬂ) ;

-

200). (1+2) V(1 +a) +(1-2)v(1-a)=24/(1+2"),
(1 +2p+a)+(1-2f(1-a)+2v (1-a*)(1-2)=4(1+2%);
YA -a)(l-2%)=1-2z+a*
s+ V(1 -a))-202=-1+ /(1 -a%),
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orar 2 {l-y(1-a) {1-VA=ZdW_,
a 1 a’

sz % 1-y(1-a)

(201) St gl B0 B
etz Y(e+z)" 3’
ol i_+#_b+_
a+z V(u-f:c)
L VO Sl 1 4b)} = 2m,
V(a+z) 2{‘““/(“+ S

whence 2 _ 4% +4mt = dmPa; o T =2m(m + Ja).

(202). n V(@ +2%) - (- 1) Yfa? - 2 (n - 1)a%} =20 - 1,
ny(@ 42 - (2n-1)= (n- 1) V&' - 2(n - 1) Y},
7 (@* + 2%) - 2 (20 - 1) n y/(a* + &) + (20 ~ 1)
=(n-1p{*-2(n-1) al,
whence (20 - 1) (a*+2%) - 2n (20 = 1) V(4" + 29 + (2 - 1)
=-2n-1)a(n-1)%

fa et - y(at 4 o) + 0t = (0= 1) (1 - @),

@) =nt(n-1) V(1 -,
whence z = + V[{n + (n - 1) V(1 - &))" - @],

; o &
(208). £ 4632 =220} x ™ +49 (@) - 1196 =0,
126 441

$=2 = -+ 982 - 2392,
e

N 441 126
whence z - 98 /& + 2401 = — — — +9;

wz a:‘

21 S L
..a: -49 = +(-—— ) :(z‘.'_']);

z* z

1
o 2° $7=0, and z = 2401,
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134 SOLUTIONS IN ALGEBRA.

also :c% + 49::‘} + ZQT =F 3, whence z = l
i 2 ’ 16 F 73 v(anys

or—l% {7 £ /(61)}
or let z = 2%, then 2* (#* - 49)* =9 (z - %
S z=Tor- 1{7+1/(37)} °r-}-{7+v(61)}

and z = 2* = 2401, or 7= {7 £ V(3NY, or 16 {7 EV(61)p,

(208). St - (/@ - /O 2 = (@) + @y i
a-b (a - b)
~@-de+i2 a4+ T2 L@ ay
2-(a-b)z+ T T
z=g¥i‘—t—¥=aor—b.

(205). (z +2)* + 24/(z) (= +2) - 3V(2) = 46 + 24,
(z+2)l+2Vx(z+2)+z—3{(z+2)+‘¢z}+g=lﬁ).
4 2

3,13
o Z 24y =§i 5 =8or-5

1. <25
whence z + 2+ 3= 7 orz+Vz+i=_7+

4’
and z=4o0r9, or:c={-%4_.§v_27}-.
(206). V(a+2)+ V(@-2)=b :
Va+a)+/(@-2) +2V(a gy g0
4Y(@t - @) = 8- 2 (0 +0) + V(6= 2) 4 24 4 3 - 29,

whence v(a* - 2°) - 25* V(a* —z’).”,caa_l_é_’_
2,

)k T » B

o Y- b’ix/(aq.i),

womsy[o- el .
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(207). /(20" - az - 2%) - (a + 2) - y/(az - 2*) = /(2az + &)
V(2a* - az - 2*) = \/{(a - 2) (2a + 2)};
o (a+2) + o/(az - 2) = V(2a + 2) {y(a - z) - V/a};
“(a+a)+az -2+ 2(a+2)y(ax - 2°)

=(2a+z){a-2 V(az - %)},

or a*+3az - 2(a +z) / (a2-2%) = 26* + az - 2 (2a + 2) y/(a2-2),
or 2a +/(azx - 2°) = ¢* - 2az;
o dax - 42° = ® — dag + 42°;
’ a? & & a
o z’-a:c+z=__8_+.4_=§.;

1
:cl— = (1 + \/2)
orlet z=az, then 2(1-2)" {1/(2+2) + y/(2)} ={v/(2 +2)+4/ @)
o V(2+z)+z%=0, and z=0,
or1/(2+z)+z%=2\/(l - 32),
whencez=az=g (1 ivlz)
@08). &~ 212 95 _72F (5- ),

o* - 10.1:+25+7z (z - 5)+?_9_I=362-

4,
T
z > x L
=== —t — =" -
Tt mole e e
196
whence 2? = ;i;=§or 2, or z° = — {13 + /(249)}3

25
o= ord, orz= % {209 + 13 /(249)}.

(209), 42° - 272 4 122 /(1 + 2) = 27,
27 (1 +2) - 12z /(1 + 2) = 42%,
4@' 42° 428 162°
liz- /(1 81 =81
+z V(+) Py Mo 2 v il
Al 22 4z 2z 2z

=—it =

SR T Pt G
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136 SOLUTIONS IN ALGEBRA,

from the first,
4x
=z+1;
81 81 225
o 42 9:::+16 9+i§__f(5—’
1/9 15 3
== |-+ e
e 2(4-4) it 1
4z°
alsoﬁ=x+‘1;
g 812 81-]’ 81;(?1 6885
2y g 4 s)" 64’
81

nr=e it V(97) {9iV(97)}-
Yz +1)+4/(3z-1)
(210), ALY \/{ 1+
A x)\/{ 1+ 2} V(1 +2) = (32 = 1);

(l—x)’{a( 4 .)-2}

e {0 g8 x)V(1+z)\/{ 1+ 2}+1+z 8z-1;
or(l—x)’{a( +—)—2}

“a0 ¢ z)\/(1+a:)\/{ 1+ 2}+2(1 ~z)=0;
S a~r=0, andx 1,
and {a x (1 - 2*)} - 2z (1.- z)

-2y/(1 + 2) y/{az + (a - 2) 2%} + 2¢ = 0;
ca—(a-2)a* -2 - 21 +2) o+ (a-2) 2%} +2=0
whence az + (a - 2) @*
+2/(1+2) Yfaz + (a-2) 2+ (1+2)=(a+1)(1+2)
Ve +(@-2)at=vV1 +2) -1 +V(1 +a)};
coazt(@-D@ =1 y(1+af +oi2+aF2v(1+
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2":'_‘./,(1,_}“),,1_1,,.,.( )
_EVAs e -1p Va1 (1 4a) - 1P (g 1,
a-2 (a-2) (@ - 2)
+4/(1+a)-1
=_(”;—)———{i¢(a-1)-1}
_{Ev+a-1HEY(@-)-1} _+V(1+a)-q
@-1)-1 ~tle-1)¥1"

Q11). a+d /(@) +z={b- V(@)}V (2 +2),
a+byVz+z=0bv(20+2)- /(22 + 2%,
or{a+z+v(2z+ 2 =[b{V/(2 +2)- Ve
=20 {a + 2 - ¥ (2az + 2%)};
oo {atat v (2az + 2*)f = 20*{(a + )* - (2az + 2°)} = 2022 - m*;
- a+x+ V(22 +2%) =m,

and 2az + 2* = m® - 2m (a + 2) + @' + 20z + o
£
e m? + a® - 2am (m =a)%7 gl s i'(a’b?)
2m 2m 9 -\/(255) 2 (4)
or by this method, let (# +a)=2; then the equation becomes

2, 1 AT 1 it
b{(z +a)® - (z-a)’}=2+ (2 - a*)*® b {(z+a)® +(2-0a)'F;

X b
s A+ a)® + (35— a)’P = 4ab,

o 1 =
and hence (2 + a)° + (2 - a)” = (4ad)” ...... (a);
5 % 2a
nd.. (z+a)° -(2-a)®= < sossesee (B
(4ad)’

1 1
(@)’ + (B)? gives 4z = 2 (20%0%)° + a (4ab™®)” ;

’z—z—a—a /a) ab 3"(}1)_11
Fas \az2) 2~'\/‘ub i
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@12). (24240} - (2 - 2@} =2(s* - 427,
z+24/(2)+2-24/(x)-2 (2" - 4z) =4 (2* - 4x),
whence 2* + (2* - 42) - 2z V(x’—4z)=4(z’—4z) 3

or z(z - 2) = (¢ + 2) V(2* - 4%) ;

B Lo ey

2
and z + 2 =+ /225 .~ z=i72_—1=2i2¢2.

(213). (z- 17+ (6 - 1) -2 (az + 1) = /|3 ( + a)* + 4az},
or (z-a)'-2 (2 +a)= {8 (¢ + a) + 4az};
 (z-a)-4(x-a)(z+a)+4(z+a)

=3 (z + @) + 4az,
or (z - a)* -

4(z-a)l(z+a)+a2®-2ax+a*=0;
o (-a)=0, and z = a,

whence #* — 2 (¢ + 2) z + (a + 2)*=8a + 3;

v z=a+2++/(8a+38)

(214). (z% + é) \/ (”% * ﬁ) o \/{é (z% ¢ %)}’
2

z
Sr==1, )
2 1\3
and27(z’+—2> <z+) T3
zS

2
.'.27{x’+3(z3+—1-)+1 =z’+3z+§+}-
2 2 z

Jatlos ik ( LA
21(x+2+z,)+147 :c+z) 343,
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Ex. 214, p. 39.] QUADRATIC EQUATIONS. 139

2
and by substituting z - 7 + ! fors (:t" + l), we have
z 3

x
o - 482" + 123z - 196+]_§_4_8. %3_0,
thenx’+—13—48(x+l)+123(z+1)=0
- z

.-.x*-1+l,-4s(z+1)+123=o; ke Y,
also(a:+l) 48(x+ >+(24)‘=—120+516 456,

andz+£=24i—2¢(ll4)=2m;

o 2= 2ma+mP=-1+md;
coz=mta/(mP-1)
=12 + y114 + 2 /{257 + 24 /(114)},

or thus, by squaring, &c., we have
1
'tz —0 {eoe=—1},
or3 (zs + x-s)' =(z-1+27
ol DU S
=(2® +2°){(2° + 2 *P -8} -L.ccerre (a).
TR
Let z° + 2 ° = z; then, from (), (z + 1)’ =

GG PR
=2°1+2°+1=242°....(8)

Lo

V(2)-1
(1 -z )= (2 1) 3

i )

o 2% = {(2" -1)14 2+ {(2“ - 1)7- 215

and z = 312 [2° - 14 y42° - 17 - 4P 1.
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EQUATIONS INVOLVING TWO OR MORE
UNKNOWN QUANTITIES.

IX. (1). 22 +3y=18, and 8z -2y =1,

if 22 + 3y = 18; .. x=18;3”, alsoz=2—y—.+—1;
%’2: 2y3+ 1, and 54 - 9y =4y + 2,
whence 13y = 52, and y = 4,
also x=8;1=
(2). 1(z-5)=y-2, and4y—3=11—3-(z+10),
a:=y+733,als0 z=i2y—19;
G LB s AR Ky A

83
and 2 =24-19=5.

(3)- %(2”‘3/)=2.’/-3(x+2), and%(y+3) +% (y-2)=2(x-4)

2-y=1dy-21z-42; o o= 1942
PR §
also 6y + 18 + 5y — 5z = 60z - 240; ,-_x=11y6¢5‘258;
.16y -42 11y 4+ 258
b T ysé » or 975y - 2730 = 253y + 5934;

_ 8664 180 - 42 " 138
oy = 12, and 2 = — 9\~ = 60.

oy
z z
(4). ——%:16, andg_%= 12,

2 %
5:4:_.54-32, also z=8;+60;
L2 4 ‘

7 g 182 =5 + 60, or 16y — 15y = 24 x 28, or y = 672

and z = 5 x 84 + 60 = 480.
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Ex. 5—8,p. 40.] UNKNOWN QUANTITIES. 141

, and 3 (3z +4)=10y - 15,

2
70z + 60 + 110y — 1760 = 275z — 715 — 176y + 22z;
286y - 985 10y - 27
R also z = — e,
i 101/ 27 286y - 985 2736
§ o aar Y Tighe
90 - 27 _ 63

and z = 9 —?-7

=9,

(6). 9z - 4y = 8, andz+:—3—7%%,

8 + 4y 101 Ty

e Mgty W
. 104 + 52y = 909 - 63y; .~ y=%=7,

8 +28

9 =4,

also z =

and subtractmg (1) from (2)
16-9. 31-24 _Tx15
7R T i

=15,

=Y
4 4.4 ;8
also —="— - —= —3;
& 15

Fa=ld
15 16 el

@) (2+5) (y+T)=(2~1) (y-9) + 104, and 22 + 10 =3y +1,

:ry+7x+5y+35=xy—9x—y+9+104;.'.x=‘—$-1—_6§3{;
. 3y-9 18-
also z = yz =—166»y;.'. 24y - 72 ="T8 - 6y, and y = 5,
15-9
173 o ARSI,
also z 2 3
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142 SOLUTIONS IN ALGEBRA.

62° + 130 - 24y

i 5 e St

12zy - 192 + 137 _ 92y - 110

T T b
62% + 130 - 24y° = 8 + 14y + 11z + 62° - 24y°;
127 - 14y
A0S,

also 36zy*~105zy +411y + 762 -548 = 36zy* -440y - 9zy + 110;
j . g 098851y 12714y
T 76 - 96y To)
whence 1344y* — 3895y + 2414 = 0,
3803y  (3805\'_ (3895 2414 _ 2193361
1344 (26—8—8) i ('2@5) 1344 - (2688) °
3895 , 1481 1207
¥ =3688 ~ 2688 ~ " " 1344’
127-28 99

el el ¢

and y* =

(10). 4z + 5y =40 (z - y), and +2y_—
_g_y_=.5g,alsox— 10,.-.y=1,
andz=-.
1 ) g B ) 1 7
) st e st 550
4518119 KRN e

e e M b
and by subtraction,

. 3_?_5_12=—§- y=2 andz=3.

3y 5y 30 80 T L

(12). (+5)(y+T)=(z+1)(¥ -9 +152 and 2z +10=3y -1
zy+5y+7z+35=zy+y—9z—9+152;
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Ex. 13—15,p. 40.] UNKNOWN QUANTITIES. 143

L. 108-4y 27-y4 i 8yi=11
Sx= gy , also'z = S
27 - 1
4_.'/ 3J21 , and 27—y =6y-22; ..y="7, and z=5.
The 2o B S
13 - Sl el T
(18) e 4 =3y -12, and + 6 6 5z,
28 + 42 - 10z + 5y = 60y - 240; .. 2 = 298;5—59 >
also 15y - 21 + 4z — 3 = 308 - 30z; 332:;-415y;

268 - 55y 332 - 15y
T AR ae

3560 332 - 60
..y:w-‘i, and z = 5 =8.

, or 4556 - 935y = 996 - 45y ;

1
(19 S(z +9)+ % (¢ - ) = 59, and 5z = 33y,

3
4z + 4y + 32 - 3y = T08; 7"87 TolX,
whence 3540 - 5y = 231y, ory:ia;60=l5,andx=99.
Tz 3y+6 3:: 2
8 16"
3z 2y 6 LA 1
a"d(?+§+§)"9(§ 3 6)
Tz+24y 6y+12-3z+2 80-2
hence 20 80 i6 ¢
14 -
-\ 82 + 96y - 6y + B2 - 142400 - 5z . g =21 00
also 18z + 8y + 30 = 54z - 36y + 18; ..z = 44‘1/3; 12;

“ 44y +12 =414 - 90y, andy = To7 = 3, and 2 = 4,
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144 SOLUTIONS IN ALGEBRA.

(16).1-‘13’-2”4-” 3y - 5, anddy 7 4"63—18-5x,
58
hence 28 + 4z - 10z + 5y = 60y - 100; - y= =07,

also 30y - 42 + 8z - 6 = 216 - 60z; .. y=?-6j3—0ﬁ:;

. 128 - 6z 264 - 68z
IR T 6 i

or 384 - 18z = 1452 - 374z; . z = 356 3,

andy:g-2

2 59 - 2z
" =20-=
28z -2°-% +2 40-59+ 2z
23 -2 i O ens
o 48z - 2580 - 4y = 65z - 2 - 437;

437 - 4y -18y+y-38_ 90 - 73+3y
=gt S0 Tty 3

s, 3zy - 81y - 9 = a2y + 172 - 54y - 306;
297 + 3y 437-4y

G e R T

,andy+y 3--30— 3

7. z-

. 297 + 3y =437 -4y, and y = . s 20;

and 2 = 2————97 b = @~2l.

17 17

3z - 6y 2z -8y-9 Y L
o e B i
and - +y 4 4.1:—%—24::3?;:3,},

4§
5z +1
120 - 20y - 22+ 8y + 9 =6y + 4 + 3; ,_y=_’g_,

z y 4 322- y—192
also7+4+J T s 120:21;
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Ex. 19—21, p. 4l.] UNKENOWN QUANTITIES. 45
o (154z—1016)_
!/ =2 31 )

: ox+1_A (1542 - 1016) 18319 _
et s 31 j @ gapy =

andy=3—9§=4.

2/3“ Y, 28) 160z - 5y — 960;

(19). 22 + *4y = 1-2, and 34z - 02y = 01,
20z + 4y =12; oz =2,

5]
also 340z -2y =1; .~ z=%%‘;61;
204 - 68y =2y + 1, ory:g,%s=2'9, andz=g?(-)- 02,
(20). 24 + 0-32y - 0;36“7.;0'_05 =08z + 2—'6%02%0@ ,
B 0'045-; 0-1 i 0'07(.:(; 0-1 :

from (1) 1'6z + .32y — 712z + *1 = 104 + *02y;
__103- -3y 1030 - 30y
R R R B8

also 08y + 2 =07z —*1; ..z = _Oﬂ/_*_?_’ = Sl;ﬁ,

030~ 0
1 0088%’/=81;10,andy=457 P

whence

) i PPN AL IR Al

o
|

b
z+%"’—=u, alsoz-a+-(y-8)=0;

therefore, by subtraction,

. L ;E_ £
y o (y b)=a-1b, whencey- g
and 2 = s __a’_

S rarh and

his
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146 SOLUTIONS IN ALGEBRA.

Y
o7y S e TG e ARG B 0
Bllzty |y Y G
215 1+
from(2)zxyy=x1y; sHxt+y=0, and 2=~y
alsoz-y-y=0; ..2=2,
: e 1 1
from(l)§—§=3y;.. -—-l—g,andz——s—,..

(23). 8¢+ az=b(b +y), and az + 2by = a’,

x_b(b+y)—3a"_a’—2hy. L -0
7 a TR R R
a 3 3a
@) "+ 2-a,and 2+ 2=,
2.0y i
Loiiniee 2 R
b —= Pl i
z my m z ny =n
wiom\ s b nt -m?
(Z_;>§=E_;; Y= an~tm’
1 a n an-bm _an’ - am® - an® + bmn
gty i e m (0* - m®)
n® - m®
“tn-am’
(25). z +y =a, and az = by,
2
from(2)z=%£/; .'.é‘i—/+y=a,'ory=aib,
ab
andz:m.

© (26). az + by = m, and a'z + b'y = n,
ad'z + a’by = a'm, also ad'z + ab'y = an;
therefore, by subtraction,
(@b -ab)y=am-an;

.. _am-an andx_b’m—b;g
Y= Th-ab’ Tab -ab’
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Fx.27—29,p.41.] UNENOWN QUANTITIES. 147
Al LG Y AT
27). 7 +3 1-2, anda+b 1+y,

b
(}l+1)x=1—‘g, also z=0(1+y ——y;

.(b-y)a ab(l+y)_by @%b - a®® - ab®
"b(a+1)= a ; Whence y = - Frabi-b0 '

@ a @b — a’b® — ab®  ab (ab + a - b)
and 2 = ! i

atl G(atl) o iar-v i e

(28). ¢ (bz + ay) = azy, and ¢ (az - by) = bay,

acy bey e i
:ay—bc=ac—by’oray—bc_ac-by’
f . _c(a+8)
a’e - aby = aby ~ V'e; . y=——F—

¢ (a®+b°)

and bez + acy = azxy, whence z =

at - b
(29). (a!_bz) (3x+5y)=4(a_£> 2ab,

5 ab’e . 8) ab

andax—m+(a+b+c)by=ba:+(a+ ) ab;

b
: x_Sab(a—i)—qy(a’—b’)

3 (a x_bz)
alsoz— {(a+ 2b)ab+ -(a+b+e) by}

sab(a-5’> 5y (a*- b%)=3ab (a+2b)+-——-(a+b+c)3by,

ab {3be - (5a - 80) (a+ b)}
a+b

whencey {(a+b+¢) 3b -5 (a*- b*)} =

ab  3bc - 5a® + 3ab + 80° _ ab

“Y=orh > Bho—ba + 3ab + 86° TeEs
SN ab  (8a - 2b 5xa-b = ab 3
i T e Rl B BRI

H2
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148 . SOLUTIONS IN ALGEBRA.

1 1 o T ek
(W) D
1ol ey S,
z' ' ny @ x my b

(31). az + by = m, and a*x - by = bm,
x_m—by__bm+b’y' ; _m{a-b)
e ’”y—_—_—‘b(a»rb)’
andx—’ﬁ-éxm(“_b)— 2mb

e b\a+b)_u(a+b)'

(32). a (2 + y°) - b(a® - *) = 2a, and (a* - %) (2° - o) = 4ab,
(1) (a-b)a*+(a+b)y’ =2,
also (2) (a*-b%) a®-(a*-0°) ¥* = 4ab,
multiplying (1) by (a + b) and subtracting (2)
(a+bpy*+ (a* = B) y* = 2a (a + D) - 4ab,

ory:i\/(:—;b, andz=i\/(§——j:).

33). (x+a)(y-b)+2=(z-a)(y+d)
and (z +) (y @)= (¢ + @) (y - b}
from(1)x(y+b—y+b)=20+a(y—b)+a(y+b)i
& 2+ 2ay c+tay
e N
from(2)z(y—a—y+b)=a(y—b)—b(y—a);
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Ex. 34—38, p. 42.] UNKNOWN QUANTITIES. 149
(34). z+y)a-0b (I - y) = 2¢% and (a® - b?) (2 - y) = 4a’),
il 2
from (1) z = (a Z by , from (2) z = Lb+—(t_f—b,/)
a@-b,
S 200 (@4d) - (a+b)y=4ab+ (@*-D)y; ~.y=—-"7
2¢*-a(a-b) a(a+bd)
a-b T e

and z =

(35). @+y)b=a(z-y), and(x+y)’=a.z:—b<ib+ ),

from (1) (¢ -b)z=(a +b)y; . =
by substitution in (2)
409_1/’ (az + )y " (a® + by : (az + bE)R B (a®- b2)2‘

@-8' " a-b T RS 17 Vgt v
a-b/a+b a*-b\ a-b a+b
y=-——<-—»—i ):—-——,andx:——.

2a 4a 4a 4 4

(36). &* = az + by, and ¢* = bz + ay,
-y=a(r-y)-b@x-y); <. z-y=0, and z =,

R, R e b
y=a-b; o=, y=—5.

102° 2
@), 2* - 12y 1411/4»29: 4z - Sy%l , and 2/(6 + 2) =3 V(6-y),

or +3y +3
20.1:’-243/—28xy+4x—20x’—28xy—24y2+ 17z - 21y + 3;
13z + 3 30 - 4z
R Babnr ol from (2) y.= 5
201
whence 39z + 9 = 210 - 28z, andx=ﬁ_3

and y = 2.
(38). 24y =3y, and y = 18,

z=2y=-l-'y§, 218, =0; o y=19, z=t6.
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150 SOLUTIONS IN ALGEBRA,

(39). z2-y=a, andy (y +a) + bz =0,
z=(y+a); ~yly+a)+db(y+a)=0;
©wy+a=0,andy=-a,
andz=0, alsoy=-b; .. c=a—0.
(40). z - 2y =2, and 3zy = 36,
2=2(y+1); . 6y(y+1)=236;

25 5
.'.y’+y+-1-=6+1=£,andy=—§ §=20r—3
S z=2(y+1)=6o0r-4.

16
1_5 H]

from (1) z = y + 2, from (2) 15 (¢* - y*) = 162y ;
therefore, by substitution,

) Fay
(41). 2-y =2, andy o

’_'L’Z+ 3’ 15+4_9 ?_8_9
y (s) 2764 62’

17 5 3
"y'—+§—3°r—1’ and =06 ora.

(42). 6 (z - y) =4y, and 2* + 4y* = 181,
LD s i) 181 x 25 . +5
ol 5 "_2T+4y_181’ andy’—uwl 3 e y=1o
- and z =t 9x5 +9,

(43). 2 +4y =17, and2* + y* = 10
z="T-4y; - 49 - 66y + 16y* + »* = 10,

whence ’—@-y(@s—_%.; 10 18
¥y 17)‘ 17 (17)‘289’
28 11
o + —== = 12
Y=ty 28 orl, and 2 =38 or
(44). :ai';,:?andzy:m,
1 1

from (1) F};: — o z-y=4; oz=y+h

andy*+4y +4=25; . y=-2+6=38o0r-T,
andz="Tor-3.
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Ex.45—49, p. 42.] UNENOWN QUANTITIES. 151

45). 2+y =1, and 2° - 2y = 153,
from (1) z=1-y; .~ y* -2y +1-y+y =153;

3y (3¢ 152 9 1225
2-—»—— —_— = e— — D e—
T ‘+(4) il TR T4
y=%i§§=9§ox‘—-8, and z =- 8} or 9.
2 +y* 559

(46) 2 —;/,,= 197 and 2% = 294,

3 b

from(l)%:%?;,mz_’]—,

(@1). 2*- xy:ys_i_’%”, and o S ey,

7
from (2) z=y+2; < W+ -G+ D=9
whence (4y + 4) 12 = Ty° + 14y,

oyt 2 (Y L0
e 7)”7 49~ 19’
¥ 26 6
.'.y=-7—i7—=60r—1§, and$=801‘+—7.
(48). z(z + y) = 66, and 2* — y* =11,
il
from (1) y = 2
2 190,21 gt
_-,mﬂ_y’=¢2,f6_&__l.‘i_2:”_+.i=u;
z
o2t - 66 + 1322° -~ z* = 11.’;2; AN B 6,
66 — 36
and y = Te - =1 6.

@9). a4 42 =5, andz-y=1,
2=5-y=y"+2y+1;

.'.y’+y+}=:1-+1=?'
479 e g’

~oy=lor-2 andz=2o0r- 1
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152 SOLUTIONS IN ALGEBRA.

1560). a* -2y =6, and 2* + y* = 61,
2~ 4 _ 2 6
y:—J; a8 z'+x—w_=61’
z
T32*

whence z* — 73\ 36 2 5329 _ 5041
K (?> C e BEeT

1 1
-‘t’=360r-2-; x=+60r+\/(§>,

andy=+5 or — (2)
! 7 d
(51). —— g zy =§,an z+y=6+ .
f eiayay 7
rom (1) % 37
LB +2ytyt 9 (ztyr _86_9 . o
W zy e Tl P

and 2* - 22y + =36 - 32 =4;
S z-y=+2, andaz+y=6; ".x=4o0r2 andy=2o0rsk
(52). 2°+9*=385, and 2z + y = 5,
2 + 9y
z+y

=2 -2y +y* =17, and 2° + 22y + y* = 25,
whence by subtraction zy = 6,

and 2° - 22y +y*=25-24; . z-y=+1, butz +y=5;
so2z=30r2 andy=2or3,

1 Yol |
(53)—1- -1—=—-,nnd—=—,
S e i D Mo Sy Y AT |
from(l)and(Z)—-——xy+y’=4_§=%;
11 i ) (IR N |
So—m=—=t = s e g
z y _G’andx+y 21
whence z =3 or 6, and y = 6 or 3,

(54). 2* - y* =369, and 2* - = 9,
& y‘

z’——y'=“"+y’=4l, but 2* - * = 9;

Sx=t5,andy =14,
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Ex, 55—58, p. 43.] UNKNOWN QUANTITIES. 153

(55). z +y =11, and 2® + 3° = 341,
2+ 4P
z+y

=2®- ay + y* =31, and * + 2zy + y* = 121;
therefore by subtraction zy = 30,
and 2* - 2zy + y* =121 - 120 =1;
i Y=kl and @ £y =115
xz=6o0r, andy =5 or6.
(56). -y =8, and 2* - y* = 14560,
letz=m+n,y=m-n; . 2-y=2n=8; . n=4,
and (2° + 9°) = 2(m® + 16) : 2* — y* = 16m;
o (@t -yt =@ - ) (2 + yP) = 32m (m? + 16) = 14560,
whence m?® + 16m = 455,
and m® - 343+ 16 (m - 7)=0, or m =T;
.o z=11, andy =3,
andm’+7m+49+16 0,

whence m =~ 3 + '\/(- 211),

also m* + 16m* = 45am 65 x Tm

2
»oomt o+ 6om® + (6 ) =49m® + 455m + (65)

. m’——%o+( +%5-); .. m =T as before.

(7). 2+ 2y + ¢ = 142, and z* + 2%° + y* = 842,
x4+1.2y2+yl % .
— % T - = 6.
2 +zy +y L b
also 2* + 2y + y* = 14z; . 2y =4z, and y =4,
from (1) 2*- 102 +25=-16+25=9; .. z=8or 2,
(38). 2 4 y = 14, and 2* - o' = 14560,
asin (56) ifz=m + n, and y =m - n,
thenz+y=2m =14, and m=T7;
(@ -y (2 + yP) = 2 (49 + ) 28n = 14560,

2
whenee n* + 652° + (%) = 167n* + 260n + (625) .

or n' = - %5 i (47; + %) as above.

S
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154 SOLUTIONS IN ALGEBRA.

(89). '+ y* = 641, and 2% + y°z = 290,

M (290
7 Y 4yt = xy)

from (2) 2° + y* =

and subtracting (1)

22y 84100

s S 2+(641 _84100+ 641\* 1083681 _
g Had T)‘T (T)-——m ’
641 1041 841

el ey g
Y 100 o 5 zy = 10,
and 2* - 2zy +9* =29 -20 =

9; s z-y=13,
and 2*+ 22y +y°=49; .. x+y=+17; .. 2=45, andy=+2.

(60). («* +¥°) (¢ + y°) =455, and z + y = 5,

(ﬁ@;)f; ) =@+ )} (@ -2y + ) =91,

. 2yt =

but 2° + y* = 25 - 22y, and 2® - 2y + y* = 25 - 3zy;
~. (25 - 2zy) (25 - 3xy) = 625 - 125zy + 62°y° = 91;
., 1252y (125 * 534 (125)2 2809
o2yt - _.> o

6

12 6 "\12/) " T1as’
_125 53 89

+

g - *%

fromay =6, 2° - 22y +9y*=1; . z-y=1, andz +y =35
Le=38, ory=2
(61). 2'+y*=97, and z + y = 5,

from (2) 2* + 42% + 6% + 4oy’ + y* = 625,

whence z* + 4zy (2* + 2ay + y°) - 22%° + y* = 629,
but 2t + y* = 97;
*. 4y (26) - 22%* =628;

z%* - 50zy + (25)° = — 264 + 625 = 361;
Soay=25+19=44or 6,
ifay=6, 2" - 22y + 9= wz-y=+1butz+y="9
soz=30r2 andy=2o0r3.

WWW.I(

|
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Ex. 62—66, p. 43.] UNENOWN QUANTITIES. 155
(62). 2* + 2y + 4y* = 6, and 32" + 8y° =11,
from (2) 4y’ = __z_3ﬁ oo 22° + 22y + 11 - 82° =
2%+ 2 (a* + 22*° 4+ 1)

i
S Y= , and 32° + e =1,
i (NG
whencea:——5-+<10) 100° e 1oriv_(5_)
_lor__L
 hrmdll 77 {8

(63). 2t +y*=17, and 2 +y =3,
as in 61, 4oy x 9 — 22%y’ = 64,
whence fy’-181y+81=-32+81=49; o2y =16 or 2,
from 2y =2, 2*-2zy+y*=1; sLz-y=t1, butz +y=3;
..z=2o0rl,andy=1or2

(64). 2*+4°=33, andz+y =3,
it s
z+Yy

but z* + 42 + 62%° + dxy’® + y' =
- 62% + baty® + day® = 10,
or zy (2 + 2zy + ¥°) - 2°y* = 14;
2
*] z’y’—9xy+(g> =__11f_+§_41__24_5, ooy =Tor2,
from 2y =2, 2*-2zy +y*=1; sz-y=+1,andz+y=3;
z=2orl,andy=1or2

-y +ay-ayt+yt=

2ray+yt T 3zy
65______—. =5
(65) oy 3,and:l:+_t/

2ty 5 (m+y)’_2 nd

2zy md e e
S 8y=8y sy=1, and

(66). 22° + 32y + y* = 15, and 52° + 4y° = 24,

3
fro: m(l) =i; _',x=2‘1/;

+y
.'l

2 2
£rom(2)y’=6—§2, from(1)2z’+3xy+6—§4£-=15;
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3z*\ 1
i e (9 Sy
272 9"
, from (2) 52° + —<81 Sl 16) 24,
402° 20\ 64 3
4 —_) = —3 .. =+2 L o &=
whence & B +(7> TR 2=k or_2\/(7),

fromz=2, y=1.

(67). 22° + 3y*=6=5(2z + 3y),

(68). z*

(69).

from (2) z = >A2§‘ ; .. from (1) 2(1 - 6y + 9y%) + 12° =
2y 1\ 116 3
R et ] | ] s = P
whence y 5t (5) 25 andy =1 or 5

(S |
.

fromy=1, z=-1, andfromy——g, »e

— 2 +yt -y =812, and 2* + 2zy + y* = 49,
from (2) 2+ y* =49 - 2zy, also 2* + y* = (49 - 22y)® - 22%%;
-, 49° - 196zy + 22%° - 49 + 2zy = 312,

9 5329
whence 2% —97xy+(—z> i i N zy =85 or 12,
from zy =12, &* -2zy+y=1; s.x-y=1, andz+y="T;
x=4,y=3.

2+ 9+ ay(z+y) =13, and (2* + y*) 2’ = 468,
from (1) (z +9) (&* - 2y + " + 2y) = (¢ +y) (2" +y°) (4)=13;
(2® + y°) 2% 468 Y

CEr @iy 18Tty

.T’ 2 2 2
and 2* + 2xy + 4 = <3'Z2)~ x*“, (f_>_2zy,

from(A)xy (66)* 2xy}—13

or z%° - 2z”y’(36)’+(36)*_ 13 x 36° + 36* = 36° x 49;
v, 2%° = 36 £+ 6° x 7 = — 216 or 2808,
from z%° = - 216, we have zy = - 6, 2%°=36, and 2 +y=1,
also 2 — ey +y*=25; ~.x-y=5, andz =3, and y=-2
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Ex. 70—72,p. 43.] UNENOWN QUANTITIES. 157

(70). 2*+ zy* =y, and y° - z = 2%,
'+ 2% -2y =0, also y* - 2%* - 2y = 0;
-y +22%* = 0, and 2* + 22%° + y* = 2%,
and 2°=y® (- 1 £ 4/2), orz=y+/(- 1 y2),
by substitution
P (BT2v2+y 1442 =y V(- 1£42);

AR e
‘y‘\/<2iv2)5
a b el ity SRS
andy-d(éiv—z), andx_\/<ﬁ+§>.
(71). 2® - 22y + 8y* = 9, and a* - 4ay + 5y* = 5,
from (1) z =y + /(9 - 24%), from (2) z = 2y + V(5 - »*);

SYE/B-y) =+ /(9 -2y, or 5+ 2y /(5-y") =9 - 2%
F= )= 4y“+J‘

9y* 49
whencey‘—?Je() T L
i 1
LS ut )\
and y -401'2, sy \/<2>,
+4
: Siae=+8orl, or 7@
(72). 2® - 22y - y* = 81, and 2? + 4y — 2y* = 202,
by subtraction
W YAl
S

therefore, by substitution in (1),
47y* + 2826y° = 29241,

and iyt 3 2528 s (1413’_29241+(1413)’_3370896'
e 47 ) an et
1413 | 1836 3249
S Y=t —= e
y 7 2 Egparestd
17149
and z = +18 =+ 10,
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(73).

(74).

(75).

(76).

SOLUTIONS IN ALGEBRA.

a4yt -8y’ - 22y =1, and 2° + 3° - 2zy® - 2 -z = 1,
from (1) & - 22 + ¥* = 2%+ 2zy + 15 . 2=y & (ay + 1);
S -zy+y =20+, and 2% 4+ 90 = (297 + 1) (2 + y);
o from (2) 2+ @+ 29 +y - 22y° - 2P - =1,
or 2 (y-1)+y-1=0; . y=1, ande=20r-1,

e S e By
also y g --y‘iv(_Q)’ andx—zv(_mi'\/(é)-

2+ zy +y* =62, and ay - 2*= 8§,

4 2
from (2) y = +8, '.from(l)x’+z’+8+z_ilif~+m=52’
i I
whenc 5 <§>_§_
. = 41‘1—6 and 2=+ 2 or + ——
o Ty
fromz =42, y=+6.
2® - y® = 56, and zy (= - y) =16,
Bk A @ty +y’_ 7 . (@ryr Lty s
zy (¢ - y) zy A7y SR Y Y

and z = 2y; .. from (2) 2y =16, and y = 2, and z = 4.

2+ y(zy-1) =0, and "=z (zy + 1),

4 2

from (1) 2* + 2y* +——y+’i, - ‘”='§i%1/(4y+y‘),
1 y’ 1 1
from (2) 2* + = e e tgpt wEe-o +—V(4y’+1);
whence 3° -l-y:\/(4y+y4)_1/(4y8+1),
and 5y° = v/{(4y + y*) (4° + 1)};
o whence - 2*+1=0, orgy®=1; .y =1,

1
and from (1) z = 3 (= 1 + 4/5), see VIIL (145).
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(M. z+y=*% and (2% + ) (2° + °) = 280,
since z + y = 4; ... '2* + y* = 16 - 2ay,
and 2* - oy + y* = 16 - 3zy;
.t from (2) (16 - 2xy) x 4 x (16 - 3zy) = 280,
or 256 — 80zy + 62%° = 70,
:107:'3/ <—2,—~;)>g=—?3;—3+%9=13—1; .'.zy:%lor&
from zy = 3, 2* - 22y + Y’ = 4;

or 2%y* -

x-y=2,andz+y=4; . x=3,y=1
(18). 2+y-2=6, z+z-y=4, andy +z-2=2,
from(1)-(2) z+y-2-(x+z-y)=2, ory-z=1,
from (1) + (8) y=4, andz=y-1=3, alsox=2-y+6=5.
(79). z+y+2=29, z+ 2y + 3z = 62, and 6z + 4y + 3z = 120,
from (2) - (1) y + 2z = 33, from (1) - (3) 2y + 3z =54;
o 2y +42 =66, and 2y + 3z = 64; .. z=12,
y=33-22=9,andz=29-12-9=8.

g 3 3 3
(80). 5z-11y" +132° =22, 42+ 6y +5z° =31, and z-y +2 =2,
\ Y 1 pr P g
from (1) - (3) 42° - 8y” = 6, from (2) - (3) 10y° + 2° = 23;

3
6 + 3y
4

L

A L
=23-10y°; . y® =2, and y = 4;

2= 27, 2= )

61 2+5=2, y+Zoa, ana Btiog,

from (1) and (2)

whence 1230 + 5z = 1360 - 82; .-, z = % we10;

Yy=384-2=32, 2=82-64=18.
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(82).

(83).

(84). —

@), L

(€6).

(87).

SOLUTIONS IN ALGEBRA.

e B A -y 2
rral C e e T A TR T T

from (1) and (2)

2
alsoz‘—y”:%;xSSO:-l—z,—]x%%;

<. 8=68, y=48, =128,

2+2+8 =17, 2 +3y+2=12 and 3z + y + 22 =183,
from 2 (1) - (2) y + 62 = 22,
also from (1) and (3) 5y + 7z = 88;
38 - Tz
5

‘.22 -6z = ,andz=%=4,‘y=2;z=1.

w2 =9 and S5 o3,
x+y z+3 y+s

S S DO ST
from (1) and (2) = Prate z~2"'y_z+2—z—3’
0 22-6=32+6, andz=-12, y=22, =14,
gt i Ve 1T

250 s :

and y = 10, z = 20.

z+y+2=15, 2+y-2=8, andz -y +z=5,
from (1)~ (2)2=6; . z+y=09, andz-y=-1;
Sx=4, y=5.
Z2+y+2=3l, 2+y-2=25 andz~y-2=9,
from (1)~ (2)2=38; .. 2 +y =28, z2-y=12;
S 2=20, y=8,
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88). z+y+2=9, 2+3y-32="7, and 2 — 4y + 82=8, d
from (1)-(2) 2z2-y=1, from (1) - (3) 6y -Tz=1; . y= 5
=2, y=38,z=4.
(89). 2 +2y+82=22, 2 +2+3y=17, and 3z + y + 22=21,
T from'2(1) - (2) y + 52 = 27, from 3 (1) = (3) 5y + Tz = 45,
whence 2= 5, y =2, = 3.
(90) 3z + 2y =382, 3y + 2z =25, and 2z + 3z = 18,
from (1) - (3) 4y - 92 =10, and 3y + 2z =25 ;
L 2=2 y=1T =6,
(91). 2+80=y+3 +2:=y+30, and 8z + y = z + 30,
from (1)~ (2) 30 - 25 =z - 30; .. z = 20,
- from (1) +(3) 42 + 30 =22+ 30; ... 2= 5-10 and y = 20.
(92). 2 +y =38y +2=2x+2=120,
2z +y=3y+z; .~ 2=2(z-y), alsoy =z; .'.x_%,
., 3z +2=120, and z = 30, y = 80, z =45,
03). 2y =8 (z+y), 22=4(2+2), and yz=6 (y + ),

SISy o AR =y X 12:
z—m—m, o Byz - 12y = dzy - 12z Sy h
be 110
‘whencey—z_s—ma z+12 2z-12
S A y=8,x=4§.
TG e g 380 15 wd S dal e
e R e U T ! z iy gt
. IRl it |
1) 4 —=- == _
from (1) +2y ol

309508009 17’ 9
from(2); 3y+§—:7—2""_2 &5
SELE LR TR ¢ i R
T "R LA ko
o.y_12,5=8’¢=6.
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162 SOLUTIONS IN ALGEBRA.
LR I R T i
a1 oo el g O R G e 0
(95).¢ 3y+z 34, 4z+y+,5 631, and6x y+z 124,
2 5,185
% Sy T
1 1174448 15 718 ¢ 81
3 ety (ol 50T e g i S o
et et B e
5 1 1 433 1 3 10
1 DMRtRER . il g v b R Sl g G sl
o Preae R T MGl
1
Whencey=9,a:=6,andz=§.
n s TS e (s (56 i Tl T
< e T i et
I b e 1T Gl
' DY e - (i e
from (1) (..)y P b,alsoy+z |
% 1_1 1
G b e
AP 2abe A 2abe ___ 2abe
Y= b7 be—ac’ “abtac-be’ " ac+be-ab’

(97). 4x-6y+mz="Ta-1ly+nz, and Te -1ly+nz=z+y + pz=3
.~ 28z - 35y + Tmz = 21,
also 28z - 44y + dnz = 12; .. (Tm - 4n) 2+ 9y =9 (4),
from (1) - (3) 9y + (4p — m) z = 9 (5);
o (4) = (5) (8m -4z —4p)z=0; .\ 2=0;
s 4z -6y=38, andd4r +4y=12; . y=1, andz=2
(98). 2+y+2=0, (@+b)z+(atc)y+(b+e)z=0,
and abz + acy + bez =1,
(@+8) (®+y+2)=0, also (a+b)z + (a+c)y+ (b+e)z=0i
W (b-e)y+(a-c)z=0,
also ab (z + y + z) = 0, but abz + acy + bez=1;
wad-c)y+ba-c)z=-1,

1 1 1 .
whencez=(a_b) w=a)’ y=(a-b)(c—b)' z_m
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o i zil'y -2-—38
3 4+5 47, and4-|~5+6
+

=117, from (3) - (1)

(99). =62 =

234

from (2) - (1) =1,

%
30 24
6z
whence y =204 - i also 210 - 1— ;
- 2=120, y = 60, z = 24.

S e i R
O s A,
Vg S i W
nd e e

61787 52 (1 61 i+2) 76

from (1) - (3)

12 16+‘_1_(1_L g)_152_161_143
;-53/5 LTSRS A R s T
66 27 143
R gy 0
from 4 Bx_;,andy—‘—,andz=%.

(101), 2%z = ﬁ, m“yz” =18, and zy® = 10827,

from (1) 2= zy, from (2) 2* = 7 from (3) 2* = 1(;8 :

4
92 _I:—E, or 2%*=8, also— “f_ﬁ, s 2yt =82;
soaty’=4, and 2y =12; ., 2=i;§x2=-_l:3,

but 2*=9= %; Soy=2z; ;. 22°=2, and z=1, and y= 2.

(102) —=1, 35z = 3yz, and Tzy = 15z,
from (1) and (2).'/‘*115— ‘%z nLat=9, andz=13,

from (2) and (3) + 85=yz and + Ty =56z; .. 2="7,andy=5.
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(103). 2% = az*, 2% = 12?, and 2'y? = cz?,

xﬂyl bzﬂ bzz
from (1) and (2) z—g!;s = ——d— , OT X = a—y,

cyz bt i
from (1) and (3) 2* = _-; = a—”y’; P =
* apat b%*
f g CHOYRE e S I
rom (2) and (3) = A A D 4 (4),
e b’
from (1) and (4) z’:Z_‘x l%?‘= c; X8 —;
(ac)®

ot ) (aIOb'Bc) 217’ y = (abwcig) 2_17’ z= (a'BbCIO) 2;7.

(104). 2+ 2y + 82 +4u =27, 3z + 5y + Tz + u =148,
52 + 8y + 10z - 2u = 65, and Tz + 6y + 5z + 4u = 53,

from (1) - (2) (5) y + 2z + 11u = 33 .
from (1) - (3) 2y + 62 + 22u = 70} whence z = 4,

from (1) - (4) y + 3u = 9, also from (5) y + 11u = 25;
i u=—8-=2,
and from (5) y=33-22-8=3, andz=1.

(105). z+y+z+u=1, 162 +8y+ 4z +2u=09, \
81z + 2Ty + 9z + 3u = 36, and 256z + 64y + 16z + 4u =100,
from (1) 22 + 2y + 22 + 2u = 2,
also 16z + 8y + 42+ 2u=9; .. 14z + 6y +22="T (4),
also 3z + 3y + 3z + 3u =3,
and 81z + 27y + 9z + 3u = 36; .. T8z + 24y + 6z = 33 (B);
again 4z + 4y + 4z + du =4,
and 256z + 64y + 16z + 4u = 100;
. 252z + 60y + 122 = 96 (O,
from 4 and B 6z + y = 2, from 4 and C' 28z + 4y =9,

1 1 T
Whencez:z,y=§,z=1, w=0,
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(106). z -9y + 8z - 10u = 21, 2z + Ty - 2 — u = 683,
3z +y — 52 + 2u = 825, and 4z - 6y - 2z - Yu = 516,
from (1)and (2) 25y -7z +19u=641
from (1)and (3) 14y -7z + 16u=131

from (1) and (4) 30y — 14z + 31w = 432,

hence 2y - u =170 (6);

». from (5) and (6) w=- %’; 294 %l{ =170, and y = 60;

s u=—%x 60 = - 50, z=— 13, = 100.

whence 11y+3u=510(5),

(107). ayz = 231, ayw = 420, yzw = 1540, and zzw = 660,

281 _420 _660 . Tw . 1y 1w
Tyr oyw oww’ Y207 BT 120
G S
YD = e X o WP = =20;
S Yrw 20X20w 1540, or w 3

sy=T2=11, z=3.

(108). 7z - 22+ 3u =17, 4y -2z + t=11, 5y - 3z - 2u =8,
4y - 3u + 2t =9, and 3z + 8u = 33,
from (1) and (2) Tz + 3u - 4y — ¢ = 6 (6),
from (1) and (3) 21z + 25u = 117 (T),
from (2) and (4) 14z + 3u - 4y = 21 (8),
from (3) and (8) 58z + Tu = 137 (9),
117 - 25w 137 - Tu 3909
¥ et g Dot t
z=2,y=4,1t=1, 2=3.

from (7) and (9) 3,

(109). 2 —ay +a%z =0’ z -by + b2 =0, and e -cy + ¢’z =2,
from (1) and (2) (@ + b)z —y = a® + ab + b’,
from(1)and(3)(a+c)z—y=a"+ac+c’;

Lb-0z=a(d-c)+(b-c);
sz=a+b+e y:ab.+ac+bc,x=abc.
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(110). bz(a-2) =ay(c-2)=cz (b -y)
and zyz = (@ - ) (b -y (¢ - 2),

aye _ez(b-y)
“ba-xz)ray b(a-w)’
alsoxyxT(b—”)—)_(a_x) (b-y)xQﬂgf”,
whencey’+bl(a_¢)s+( )s=é’_(gl;_z:t’l”

b(a-2)

2azx

( z) b(z-a)
z e |

andy =— e-zi(@+a)=——

ifay=b(a-), fromay (c-2)="bz(a- z), we have z= ;,

alsoz:% and - a, andy=gor2b.

(111). z +y + 2= 3m, ay + 2z + yz = 3m’, and zyz = m’,
from (2) and (3) m® + (¢ + ¥) %" = 3m% (4),
from (1) and (4) m® + 3 (m — 2) 2* = 3m®%;

o B - 8mtt3m-m*=0; oz=m,
and z + y = 2m, and 2y = m*;
w2t -22y+y'=0; . 2-y=0,
and 2 = m, and y = m.

(112). 2 +ay +y* =87, 2+ 22+ 2" =28, and y® + yz + 2* = 19,

9
from (1) = (2)y* -2 +2(y -2 =9; .'.:c+y+z=!-/—_-;,
18
from(l)-(3)z’-z’+y(z—z)=18 x+y+z—;—’z,
z—z=2y-22; .'.y=:%?,
and #, ¥, = form an arithmetic series, let then
z=m+n, y=m andz=m—n;
o (m o+ n) + (m® - %) + (m - n) = 28,
also (z+y+2) (¥ -2)=9,
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SIOO

whence 3m*® + n*=28; .. mn=3, andm =
o 2140 =280 . n=1, and m =3;
=4 9=3,2=2
(113). 2 +gy +2=11, 2* + 9* + 2* = 49, andgz+3x_y=3:z,
from (1)* - (2) 2y + 2z + yz =
Cez=11-(y+2)(4)= (5)—5(y )(),
*. from (4) and (5) 11 (y+z)- (y +2)* =36 — gz,
or 33 (y + z) — 3 (y + 2)* = 108 - 3yz,
also from (4) and (6) 33 (y - 2) - 3 (4* - #°) = - 23
. 83y - 3y - gz = 545
33y - 3 - 54
e dinite: M 3 1

from (5) and (6) 2y2* - % - 54z + 54y = 0;

Gyz

1 =4\2
2= L0 ol - 325+ (54)) ()

from (7) and (8) (13 - 132y + 270)* = y* - 324y* + (54)",
whence Ty* — 1434 + 1032y* - 2970y + 2916 = 0,
and by trial y = 3;

.. from (7) 2=33-9-18 =6, from (1) z =2,
orlet y =ma, z=nz; ... (1 +m+na)fa®=121,
and (1 + m?® + 2®) 2* = 49; .. (m + n + mn)2® = 36,

3n
also mn =3 (n - m); .. b
; S 3
and ifn =1, m=1; ifn=3, m=3,

which latter values satisfy the conditions

2
(1+§+9)a:’=49; .'.z=7><—=2,_'y=3,z=6,

also(1+g+3) =11, orz=11x 3 —2,3, 3, 5= 0.
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(114). z+y +2=10, 2" + 4" + 2 =38, and 2z =y*+ 1,
2+ y® 4 2° + 2ay + 22z + 2yz = 100,
x2+ys+zz = 38;

SexY + YR+ as = 31,
butaz=y"+1; = P +1+y(z+2)=31,
ory*+y(10-y)=380; ... y=3;

s z+2z="1, and 2z = 10, whence z = 5, 2 = 2.

(115). &+ 2y +4*=13, 2° + 2z + 2* = 31, andy’+yz+z’=49:
from (1) - (2) z (y -2) + y* - *=- 18,
or(z-y)(z+z+y)=18,
from (2) - (3) 2* -y’ +2(z - y) =- 18,
or(y—z)(z+y+2) =18,
whence 2y =z + z,

or z, y, = form an arithmetic series. Let therefore » be the
common difference, and y - r, y, and y + r the series,

from (2) (y - 7)* + y* = r* + (y + r)* = 81, or 3y* +7° =31,
from (3), similarly, 8y® + 3ry + 72 =49; .. ry =6;
R T 1;2 =31, whencey =+ 3, and r = £ 2;

domiailyi =8 = 5, \

(116). 2+ y+2=13, 2* + 4> + 22 =91, and y* = 2z,
from (1)* - (2) 2y + yz + 2z = 39, but 2z = ¥*;
S Y ty@+2) =y +y(183-y)=39; .. y=3,
and z+2=10, and 2y=9; .. 2-2=8, andz=9,andz=1'

(117). zy 4 2= 5, zyz =4, and 2* - 2y = y* - 223",

from (1) and () 2= 225 2 Sloncswadort,
y
from (2)= () ay =1; o 2*- 2= L _ 2
& x x

s2'=1, =1, and y =1, see VIIL (145),
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2
2=0-2Yy=—; . x‘y’-5:¢y+-—=—4+‘—15-=z;
5, 3

xy_§i§=4or1,

. from (2);—2y=y‘—8y;

S Y -6P2+9=25; oy =8+6=8or-2;
Sy=2 2=2, 3=1. :

(118). z+y +2=13, 2® + y* + 2* = 61, and 2y + 2z = 2yz,
from (1)* - (2) 2y + 2z + yz = 54, but 2y + 2z = 2z,
3yz = 54, and yz = 18,
from (1) and (2), *.* %* + 2yz + 2* = (13 - 2)?,
we have 2*® - 13z = - 36, whence z =9 or 4,
fromz=4; .~ y+2=9, and yz=18;
oo y—-2=18, andy=6, andz=3,
and other values may be found from z = 9,
fory +z=4, andy - z =1+ 2/(- 14);
S y=214/(-14), =2 F /(- (14).
(119). 2y + yz + 22 = 11, 2ay + 32z + 5yz = 31,
and Tzy + 62z + Tyz = 71,
from (1) 2zy + 222 + 2yz = 22,
from (2) 2210 + 32z + Syz = 31; .. az+8yz=9,
so from (1) and (3) 2z =3; .. yz=2; .- from (1) 2y =6,
whencez=g; y=%=g3£=—:; e =0,
andz=+3, andz=+%1, andy=+2.

(120), Z+y+z=14, 2+ 9y’ + 2 =84, and 2z =9,
from (1) - (2) @y + 2z + yz = 56, but 2z =y*;
Y ty(e+e)=y'+y(14-y)=56; . y=4, and 22=16;
< from (2) 2*- 22z +2* =84 - 16 - 32 = 36; ., z - 2=%6,
butz+2=10; .. 2=8o0r2, z=20r8
. I
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SOLUTIONS IN ALGEBRA.
(121).“2 & A e
Y +2=19, 2* + 4y + 2° = 133, and 2z = 49",
from (1)* - (2) 2z + 2y (= + 2) = 114, but xz = 4y%;
< 4yt + 2y (19 - 2y) = 114; .~ y =3, and xz = 36;
“&4z-13, andz-z=%5; .. =9 or4, andz=4 or 9.
(122
). Trty+z=

ST ’+z‘—§63, anda:z-

from (1) - (2) 2y + yz + 2z = %, but 2z = *;

2 y‘+y(:c+z)=lé—);

19
Y4y (—-y)——,..y:].:xz;
. e bl 169 25
...‘c+z—€, S -2 = E—‘i_%;
SR R ik andz =2
. gt "z—zy —'5.

(123). =g, (e+yf=z2(x+y)-3, and (@ +y+2)(z-z-y)=T
from (1) and (2) 2® + 22y + y* - y* - yz + 3 = 0;
y z_z’+2.z-y+3
I e g v

Y
3
from(z)z=x+y+z—+y, from 3)22=(z + yP+ 7,

\

whencez +y=+38; .. 2=8 {1=4, anda::-'-
andy’+4y+4=16' .'._1/=201‘—6' *2=1o0r9
(124). z+ty+z=m, ax+ by + cz=0, and @’z + ¥% + ¢% = 0,
from (1) az + ay + az = am, also az + by + ¢z = 0;
S (a-b)y+(@-c)z=am,
also @’z + a% + a% = a*m, and &’z + By + % = 0;
s (@ -8y + (@ - )z =a'm,
mab mace mbe

whence z=(a_—c)(b_“c), y’(a-b)(c—b) ) ‘”:(a_b)(;?).
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1

q } g RN e | LI R Ly e Kk |
12p)e s e o A B R e T Ll
( )x+y+z a+b+c’andx+a y+b Py
from(l)—(2)—2- b g+},also-1-+g=g+l,
Y zulgliine ghitah
whence
3abe 3abe Bahe

" 2b¢ + 2ac - ab’ Y= 2a5+2bc-ac’ = 3ab %ac - bo"
(126). ay + bz = ¢, ¢y + bz = a, and az + cx = b,
acy + bex = ¢, also acy + abz = a*; .. bex - abz = ¢ — af,
but adz + bex = b*;
¢+ b -a’ @+ -0 @’ + b -t
= Y= 2=

e |27 Doy ey L Qb
(127). 2y =a(z+y), 22=b(2+2), and yz = e (y + 2),
PN e T bz 0 abz Ll
_y-a~z—b" Y W astab 5-0'
9 9
b s 2abe 2abe i 2abe

abrac—bc' Y " abtbe-ac’ s lo—ab

(128) 1‘U+xz—yz zy tyz -z xztyz-axy Y
a® b* 7
TY—~ys+ az=a’, also xy +yz - az=0%; .. 2022z =a’- b7,
but 2z + yz — 2y = ¢*; ... 2z =a’+ ¢
I -8 a+d ad-ay
CR@-g) 2= Eay
, _a"+b’ (P4 i (@ + 8%) (a® + )
s @ + ¢t ,..z—\/ 2@+ !

ey {‘“ S b V{SEE

(129)'z($+y+z) & y@+y+2)=0, andz(z+y+2)=¢,

gt g bz @it ’z
iR e e b T
*. from (1) :t(z+b—x+ -—) =a*;
N gt +5 iRt
I AR Y - Ly ey
; 12
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172 SOLUTIONS IN ALGEBRA.

(130). 2+y +z=a, 2* + y* + 2 = &%, and zy + 2y = 2z,

from (1)* - (2), 2y + yz + 2z =0,

also zy + yz - 222 = 0;
. 822=0, andz=0, and 2= 0;
Sly=a.
(131). 42y (y+2-2)=8, 2yz(2+y-2)=15, and zz(z+2-y) =3,
let y=mz, s=nz; . 4mz®*(m+1-n)=3,

m+l-n_=n
ntm-1 10’

10+n 3
whence m = o=n > (n - 1),

andifn=1, m=0, ifn=2,m=g, &e.,

and 2mna®(n + m - 1) = 15, whence

which latter values satisfy the conditions for
3 /3
4xy(y+x—z)=4x’x§ (§+1-2)=3z’=3;

=1, y=11, 822

(182). = 5= =1,
ka2 z by 2 cz
K=y and ’=‘y_§=?‘§ . y:"'i,',“: Or_'/—-z'y
A c”a"_ _céa dc‘}a_ ¢z a*b*\:
also y T '.'/“;‘: an —;‘—3; . z=(—;—),
z

-« (2

2L )k 61 o P A
(133). (;) + () - Tyt b V(@9 + V(@) =78,
v @ +y =61+ /(zy), and y(2y) {z + 2 (ay) + y} = (18)5
o /() (61 + 3 (ay)} = 78",

61 61\* 76729 169
or zy + 5 V(ay) + (E') ol 7T V(zy)=36 or——»

from y/(2y) =36, z+y=97, and z -y =65; .~ z=81, y=16
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Fx.134—137, p. 46.] UNENOWN QUANTITIES. 178
(184). a*-6+/(2%) =27, and z - 2 \/(zy) 3,
from (1) and (2) v/(y) = o e g L
2227 (2 - 8) 8 (2) = 82° - 9./(2),
AR b K
orz’ (2" -8)+9(2>-8)=0; .2°=8, or2=9, and y=1,

% s
andz° =-9; .. z=+(81).

- -y z_ [tz
(135) Sy =% ol 5 = \/<_1 _y),
T ) T AR el gL K L5
Vi@t-y) 1-z -y (1-a)
gﬁ_ 4z
2 (1+az)®
2 1_ 2z
) S ¢ p
rom(2)x’ 1+a’ ¥ e
T e z_l
e (L )P ()R T4’
1 1
and y = =3

(136). y(a2) + y/(by) = 3 (= + 9), and (24 9) =2 (a +0),
from (1) and (2) (az) = (a + B) - /(By)

»~oaz = (a+b) -2 (a+bd) /(by) + by,

but azx + ay = 2a* + 2ab;
~oay=a*- b +2(a+d)/(y) - by,
ory-2/by)+b=a-b+b;
o () = () £ V(@5 = (V) £ V@,
and @ = {/(a) T V).

(137), (z i y)’I =z xzyg il yA’ and z* + 41‘3_1/ & Sxys W 43/4’
from (2) 2* - 4a%® + 4y* + 4oy (2° - 2°) + 42%Y° = 0;
o &= 2y% + 22y = 0,
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174 SOLUTIONS IN ALGEBRA.

and 2® + 22y + 9* = 8y*; . 2=y {-1tV(3)h
ooy =y -1+ /@)
and by substitution in (1), we have
8y' =y* {33 7 18 /(3)};

=t y/{ireve) - \/{mmg)
, andz—+\/{8+2“/(3) s

(188). V() - V(a - 2) = V(y - 2), ‘
and /(y - ) +/(a-x): /(a —a)::5: 2,

from (2) 4/(y - ) : /(6 -2)::8:2; . 4/(y-2) =24(a—x):

from (1) (9) = ¥(@ - ) + 5 (@~ 2) = 3 V(@ - 2),

ory=2—5(a—z);"

S AL 1200 o 29:::_9(“ _4a ~ Oa
S Y-—x= - = - x),..x_ﬁ,y_‘l.

(139). yz +y /(@ -9 =a{Y(z +y) + V(- 9
: and ¥(z +9) + V(z - 9) =y, ‘
from (1) y 2z + 2/(@* - )} =y V(@ - 9) + V(= + I
=2a{y(z +y) +v(z -y}
ooy (e -y) + V(e + )} =2a (3),
from (2) y/(z +) + V(z - y) + 2V(=* - ¥") =¥

o from (3) 2 ¥(2 - ) = o - ?yﬂ’;
.4 «/(z’ 7= (s~ 2;)
from (3)* 2 y/(a* - y’)_ Bl —2z, or 44/(2* -y*) = 4(2;: )

42 2
.y 4ay+jya—,‘—8yi—4z, ..z=;’+ay_z(4),
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Ex. 140—144, p. 47.] UNENOWN QUANTITIES. 175
4 1 s 2 4
2" -y°) = ( +“!/’—) ‘.’/2=1-é(./2—;a),
3 4
whence y = a \/(ﬁ) ’

2% 2
andfrom(‘l)x:(lta) {1+( 2a2)}.
2V(2) 1+a

(140). 2* + y* = 1 = 22y + 32%7 and 2° + P -1 =2+ 2)° + 229",
K Y Y K Y
see (73).

AR B
(141). 2* + y° = 6, and 2* + y® = 126,
$00 8 ER AT
from (1) z* + y° + 370 y (x" +y°)=216;
therefore, by substitution,
& e \
82*y° % 6 =216 — 126 = 90; ;
34 o b |
2y =5, whencez” -y” =+4, and 2" +y° =6;
<. 2 =625, and y = 1.

O I
(142). 2% + 4* =116, and ay” + y = 14,

from (2) z = 14;y; <. 196 - 28y + ¢ + y* = 116;
2

y
'~ 14y +49=9, and y = 10 or 4, andx=2\/<§)or 5.

(143), 2/(.1') + f/(y) =6, and 2z + y =72,
z+y+ 327y (2° +y°) = 216;
therefore, by substitution,
33 33
82°y" x 6 =216 - 72 =144; .. z°y’ =8, and ay = 512,
whence z - y = 56; .. =64, y=8,

(144), w/(z)+1/(?/) 3, and z +y

asin (143) 2’y =2; ... 2y =8,
and2-y=+7; . =8, andy=1
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176 SOLUTIONS IN ALGEBRA.

(145). /(4y - 2) +/(y - @) = 2+/(2y - @),
and 8 /(2 - 6y) + 4 +/(y* - 9z) : 4 /(2 - 6y) :: T : 4,
from (2) v/(y* - 92) = /(2" - 6y (4),
from (1) 2 4/(4y* - Szy + 2°) = 8y - 2z,

or 16y’—20¢y+4:c’—9y’-12xy+4z’- y=87x
and from (4) ." —-—9.1: z:_fg_"” soz=1T,andy=8
V+y)  Vety) Vz-y), V(z-y)_ 32
(146) y SZ 3, and—‘;/—'—‘l"——‘z—_——ég)
from (1) (¢ +9) V(e +9) = 6L,
from (2) (¢ + y) V(= - y)_%’_
LEEY ozl Ca i A
S EEE=r=8) s aed,
16, 64 9 7 9
from(l)( y) b ,?, Y=g and z = 3°

(147). (2* - y°) = 17ay + 8y* + 42 +/(2ay - °),
and z* + y* = 2ay + 8/(y) {z V(a) - y V(y)h
from (1) @® - 4z +/(2ay - o°) + 4 (2ay - 3*) = 26ay;
ooz =24/(2ay - y°) £ 5 /(ay),
from (2) « = 4 V(ay) £ 3 4/(2ay - °);
< W/(ay) = /(2ay - y);
coay=2ay -y andy =a;
' £=4a + 3a = Ta or a.

$, 3 t 3
(148). 2" +y =20, and z” +y° =6,
% 2 % s 2 2 1
z° +y5 = 20, also z° + 2,2:3_1/5 +y5 =36; .. xsyﬁ =8

g% %
whence 2° - 9" =+2; . 2’ =4; ., 2=8, andy =382
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(149). (2* + y*) + 42y (x + y)*= 1396, and z -y = 4,
from (2) 2* + y* = 16 + 2zy;
therefore, by substitution in (1),
(16 + 2zy)* + 4y (16 + 4zy) = 1396,
32z 16\* 1681
2y + Ty_+ (3) il o g
fromazy=5z+y=6; . z=5 andy=1L

57
s a:y=5or-F,

@50), YEVE-9) _ 4 nd g dy(@),

V(%) - V(= - y)
> 25 16z J
ﬁom(l)m=§;.. =—2—5—=4»\/($),
from (3) . ¢=61_2:, y = 25.

(161). z+y =a, and 2* + y* = b,
from (1) 2 + 4oy (2* + 20y +y7) - 2y +y' = 4
- dzy (6°) - 22%° = a* - b5
bt - at b+ at i

Ya=—n )

o 2 - 2a%y + at =

2
2 1 4 4
o oay=d't5y/{2( + 0}
whence 2% — 22y + 3 = a* - 4a° % Je @+

T 5
Lr-y=-3aF % V{2 (a* + M},

andx:é—a -_F\/l:— 3a’=—é \/{2(a‘+b‘)}:]"

y=1a% \/[- 3a'=-;-\/{2(a‘+b')}]'

(162), 2%® - 2%* = 216, and zy (z - y) = 6,
s Bt 158 36, oray =1 6;
zy (z - y)

=2.
wz-y=1,andz+y=15; n2z=3Y

15
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178 SOLUTIONS IN ALGEBRA.

(163). 2°y* + 42y =96, and z + y = 6,
from (1) 2% + 4ay + 4 =100; .*. 2y =8 or - 12,
andz+y=6; . 2-y=2; . z=4, andy=2.

(154), @ {& + 3/(2y*)} = 208, and y{y + ¥(@)} = 1058,

. (z +y) el MK
___%_.__ﬁ, o & =ga
y (=" +y°)
Sy By s Su¥  gos
(27+_) 208 ;

=27*, andy=+27, andz=+8.
(155). 2* + 2y = 6, and xy—y’—-l

from (2) z "

(P14 (0 + 1) = 6y

ag
whence y*= -+ —=1or o= Tor2®,

mm‘ﬁ

bhn—-
(ST

and £ =+ 2 or (:—;)

(156). 2*+y* +ay (2 +y) = 68, and 2° (= —,3)+y’(y—3).—\.12,
from (1) 3 (2* + ¥°) + 8zy (= + y) = 204,
also 2° + 9° - 3 (2* +¥°) = 12; ... 2° + 32% + By + y* =216,
andz+y=6; .. 2°+y* =36 - 2zy,
" and from (1) 86 — 2zy + 6y = 68; ... a2y =8,
andz-y=+2; s, x=4o0r2 andy=2o0r4

157). 2*+y*- (2 +y) =18, and 2 +y = 19 - ay,
from (2) 2(z + y) + 2zy = 38,
2 1 225
also 2+ 9 - (z+y)= 18,..(z+y)+z+y+--_-T,
Sxty=Tor-8; . 2y=12o0r27;

wz-y=tl,andz=4or3 alsoy=Jor4,
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2
(158). ":_TQ =m;y

from (1) 2* + y* - 1_%’”34’_9_) =0, but 2zy = 16;

, and 2y =8,

10(z+y) 25 16+2—5—1—62,

. 2 _
o (24Y) 5 5 g

x+y=‘6or—§,
from (2 +y)=6, anday =8; ... z-y=12;
oo xz=4o0r2 andy=2or4

(159). zy (= + y) =84, and 2* + y* = 3600277,

from (1) 2 4 L (84) 3600

o 2% =1728, and zy = 12;
o z+y=T,andz-y=+1, andz=4or3, andy=3or 4.

(160). 22 4+ y* = ¢*, and n(z + y) = m(z - y),
giy Mmoo R

from(2)——y=;, 5 s

Y,

E +";,y +y =2 (m' + 0%y = (m - n);

LI m+n
..y=i’6;/*(;"liﬁ'): andz—icm’zj'

(161). y{z - y(a* -y =a{V(@+y} + V(2 -9

d 3
and(z+y) -(z-y) =b
letz+y=2r,z-y=28; S 2=r+s8, y=r-5

and

1
and from (1) (- 8) {r + s - 2/(rs)} =ay/2 (r* +5°);
SRy L
(=) - =" —8" Y =ay2;

e s Tl
' —s =a"2° (4)

el
from (2) 2° (r* —8°) =5 (B);
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180 SOLUTIONS IN ALGEBRA.

3 3

iR et g b
"Z=12~ §-r+V(rs)+s T3’
r -8 a2
21
and from (4) » - 2V(rs)+s=a 2°;
b - 4a
o Af(rs) = (———J
a2’
5
nri2yey+s=2 29,
3
a

e’
P . 4 o * T N
r”+s*=12—-——‘/(g 9 and #* - o = oot

a
" 2
whence #° —M ..r=bi2ﬂi(ajb._a)'
a2 2%4°
T D
and so alsos:l”"_z‘{i(%wi
23a3
L x=ris= b_,
i Y(4a)’

and y = V/(4a) x /(b - a). \

(162). 2* +ay +y' =T (x+y), and (¢* -2y + ) =9 (z - y),
from (1) 2° - 9° =7 (¢ - y’),from(2)z’+y 9(2* - ¥°)

LT 9
¥ 73 z- -5 2= 8y, orz = 2y;
Sy =T(3y); s y=3,2=6.
2 2 (S
(163). z+y_a’ andz,+y,_b=’
o= Bix #HI5 1) whence (a* - 5°) 3 + 2ab'y = 20"
w-a 7 J
" ab{-b++/(2a* -1
and y = “————“‘b——)l 2= Lo (b7 (- V)
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1
(164). -+y-=m, and L +%—n,

Lo

m + +/(2n® — m?)
-nt A mt - nt

8 1310 as
36 205 241

& =—=d e a e op
whence z 766 £ 760 = 165 1

(166), zry-J@+y) 2:, and z /(a - y) =y /(a + z),

J
Z+y+ /@ +y°) |
x4y __0_t+2.1: |
from () 7@+ )~ a- 28’ |
2 <R “
B (D e 200y G LE JO0E
¥ a-y z a+a
P z* Loy by
Vaakl ¥ gy
. 2+2zy+y* [a+ 2
Again, S T, 7 (a 2‘,‘)

WWW.I(
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. 220y  Baz i STl 40 o
@yl @t} (z+y) (@+22)
GRAG )y S e R () 4
“@tx)(2z+2f (a+22) "zQ2a+ax) (a+2)’
1laz  121a* _ 1534° | —11+V(163)
whence 2* 4+ —— e + 256 - 256 Tt °° 16 a,
andy:la_j-_’\s/(ﬁ;lxa
27
(167) f+§+%=1,andz—y=2,
z, 9 (+Y) b e O
(y+x)+y+x+4 4’ y+x e

. z!_,_y’_—,%"z, butz’+y'=4+2zy; o Iy=8)

whence z +y=+6; . #=40or—2, andy=2or-4.

(168). ’\/\(/(33‘) + g |8 =0,and ey -64=2+y,

z+y) T V(3)
B Byl gl g i) L

z+y Jary " ‘y(Ety)

3, 21 9
from (2) 22* - 54 = 3z; z—z+ ?=6°r_§’

Y= 2:&‘,

andy=12o0r-9,

(169). ()~ V) = vy + 2, and T~ vy + ),

z 2
£rom(2)y+2=(—8-+1);
wfrom (1) 2-24/(zy) +y=y +2; = 2-2y(ay)=2
and 2* -4z + 4 = 4xy=ms+z' 42

o 2’=64, andz=4, and y =~
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3 & 2
(170). 32° + 4y® = Ty, and z° - yx* = 2%,
Ty VAN 4y
from (l)z”-—.d'h- (é) = 25/_6; ¢=»é_/ or y,
.% 3
fromz =y, (z° -2°)=22% .. £=0, andy =0,

ty 3 9 ad ol L i
fromz_3,y _§{<§> _(§>}, .._1/'_3, and z = 4,

(171). baz + 12y (a - 2) = 0, and 2* + a® = ¥,
Sax
MY=12G-ay
from (2) (2® + ¢®) x 144 (z - a)? = 264°2%;
oo 144 (2% + a%) - 288az (2° + o) + 144a%® = 169a°2%;
_(2+13)az 25ax _az

from

- x’ + a2 —_— 0T —
: 12 12 12 2
Whence &= or ﬂnd = — 0r
3 4 i y 3 4 3

(112). 2ty - 4= 4y (@) - £, and () - /@) () = & - 3
from (1) 2’y + 2y* + g; = ay® + 4y y/(2) + 4;
£
way@)+ 5 =ty y(e) + 2,
or y* + 22 () - 2 Y(z) - 4 =0,
and & - 3 - 2/(y) +y ¥(@) = 03
3.

oyt = 3y (e + e ) -2 =1,

ek 2
and y° -2 =1; .. from (2) 2" + y(zy) - 3=0,
and by substitution,

Fy F
2z’ +y2(Ya+1)=8 orz" +z+yz-8=0;
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b 8
S 2@ _1)4(@-1)+yVe-1=0, y2-1=0;
. z=1,andy =4,
7
alsoz+2 +2=0, :
)|
"hence g 18 5 (- T andy =5 -3 EVET)

, ATy
4 ;
TVl o= ) +y = 5o and @)ty =

g a4+ ¥
; o from (2)z+y =55

*=a, and z +y/(2y) +y =0

and:c‘.'l=21—b’\/{4“'b" 3(1’"“.)};

<y 4_:15 [6° 4 a* + /(40" - 3 (5" - @),
and y = ;7) [0 + a* - o/{4a%* - 8 (5" - &)1

(174). (@ + ) (2 4 y*) =455, and z +y =5,
from (1) (2* - 2y + ) (z + y) (2° + ) = 495,
from (2) 2° + y* = 25 - 2zy;
therefore, by substitution,
(25 - Bay) x 5 x (25 - 2zy) = 455, whence zy = 6 or %—);
Sx-y=+1,andz=3o0r2 andy=2or3.

(175). 8(2* + ¥*) y = 26z, and 2z (2* - y°) = 15y,
a* + y’ 522°

Ty an whence 52z* - 972%* = 45",

l
andz’:-—- or — =

3y 9y* 1
from 2 = +?, T—y’=15yx3-—y'=6,

oo y=i2) andz=i3.
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Ex,176—179,p. 48] UNENOWN QUANTITIES. 185

(176). V(%) = V/(y) = « + +/(ay), and (z + y)* = 2 (2 - y)},

Y= (3+2y2)y,

from (2)Z*Y¥ _ 9; o 2=
z-y

by substitution in (1),
B+2v2)y+Vy+(Vy-1) (1 +v2) =0,
whence y =1 or3-2+/(2), and z=3+2v2o0r1,

@), @=2)y -2 + 2 = /(ay) (v = 1),
and ay (zy - 18) = 4 {/(zy) - 12},
from (2) 2% - 14zy + 49 = 4zy + 4 +/(2zy) + 1;
Lay-T=1{2+/(zy) +1};
coay—-24/(xy)+1=9, and /(zy) =4 or - 2,
from (1), if 2y = 16, 3y + »* - 10y - 8 = 0,
whence y° -8 + 2y°(y - 2) + 5y (y -2)=0; .. y=2,
andy2+%/+<%>g=3l6; Tyl b
and =8, - 16, - 12,
and from ay = 4 other values may be obtained.

z-y 1 L

.“1 » Whence z = y (1 + 4/2),
2+4/2 R

(#+2vy2)y’

iy 1

Y=q andx:z(l-!_-1/2).

from (1) 1 ++/2+1F+v2=

V(2 +yh) + V(-9 _ 5+ (T) 8y &
V& +y) - V@ -y) 6~ y(7)’ and - <13 = E’
«/(T +9°) i adz ¥ 25

VCETIIRY () K™ y‘ 3 8

179).
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£16

-.y‘ 9, '-l
from(2) 16 -2z+16=4;

4
z-"—i%’:

s.z=240r8, andy =18 or 6,

(180). {y(e) - 3V +5- 240y + D= »
and 7 - 10 4/(zy) = y (z - 16),
from (2) zy + 10 4/(zy) + 26 =16 (y + 2);
SA/(wy)=-58+£4y(y+2)(3),
by substxtutmn in (1), s
z+9%+6{5-44/(y+2)}+5- 2«/(y+2)——

169  92* 16
whence 9(y+2)—26«\/(y+2)+T—-6—4- z+g

and31/(y+2)_—+(38z :) LAy =g

andy-——+z—1

and by substitution in (3), we have

VG 3-g-o e

2 z
anda+z—x——4——x+l, ..$s=!64, andx=4;
andy =~

(181). a(1-2y)=2y/(1-y"), and y/(2) (1 -2y) =y - 2,
& X
from (2)!/:_9%@_: z; 2

2
whence 1 - zy:l?’;ﬁ.: (._.-';__)-g
d—c +1 z-2°+1
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Ex. 182—184, 1. 49.] UNENOWN QUANTITIES. 187

1

1
SRyt (-2"+1)'-2 (z+1)(=" -1

1 &
(z—2" +1) (x-a” +1)
iy from (1) -zV(x+ l) = a(l +z)’ or-x=a,\/(1 +$);
z=-1,andy=-1,
L
also2®=a’ztd’, Whencex:% (@ +ay(a*+4)}, and y = a-1
(182), 2" + y" = a”, and zy = V7,
z* + 2$"y" +y™ = a®, but 2yt = b
- 22"y + y™ = @™ - 4b™;
© ot - yn e \/(am 9 4.52"),

and xn i yn - az'n; Sr= \"/[% {aam i V(am o 4b2‘n)}] i
2 1
and y = \/[é {2 T 4/(a®™ - 462")}] 5

(183). 2 +4/(3y*-11+22) = T+ 2y -y% and ¥(3y - x+7)—?—”

Y

from (1) 3y° + 22 — 11 + 2¢/(8y*+ 22 -11) + 1= + 4y + 4;
s \/(3y2+2x—11)—+(J+2)-1—_/+1or—-(y+3)(11’);

L3+ 211 =y + 2y +1(4), ory’+6y+9),
from(A)a:—6+y Y
therefore, by substitution in (2),

6+ 2
V(' + 2 +1) = _,”—y
whence y = + 2, and z = 4, also y =0, and z = 6,
and the other values may be obtained from (B).
(184). o —y®:(x-y)*:: 61:1, and 2y = 320,
from (1) 2* + ay +y*: 2* - 22y +y*; . 61:1;

(x?{{yaé = (ilq’ but 2y = 320;
e |

=y+1,

Sx-y==14, and 2® + 22y + y* = 1296; .. z+y==%36;

.. 2 =20 or - 20, and y = 16 or - 16.

www.rcin.org.pl

@31’



188 SOLUTIONS IN ALGEBRA,

(185). 2 (2" +¥") (z + y) = 1ozy, and 4 (* - ') (2 + y*) = 752,
(zi AL ?/2) (zﬁ ¥l yi) (x! il yl) i 5xy
(Ery sy - et

5

or (2 + ) (2 ~9) =222 (4);
x+y

.*. from (1)2—_7= 3; % $=2y,

from (4) 5y*x y =5y*; . y=1, andz =2,

(186). (2* - y*) (z - y) = Bzy, and (2* - y*) (a® - o*) = 452y,
(= -y (& -y")

@ -y)(=-y)
@2y (z+y) _ '+ yt A W 2zy A

Ty ey dzyy ) (el

whence (m)a =9, and i =3; S T= 2y,
z -y, z-y

and from (4) 5y° x 8y = 30y*; .. y=2 and z =4,

= 15ay, or (a* + ) (e + y) = 152y (4);

187). V() + V() : V() - V(@) :: V(2) + 2 : 1,
and v(y) + 2 = V() : V(&) :: 3z + /() + V) : V(2D
1

' (2\#9) e
from (1) Vy: Ve i/ +8: Yz +1; .- B Rowisea vl
2l
by substitution in (2)
1 3 > 8 J,‘
2z° 1 * s z +3
ZX(M:ﬁ::m:xx T
2 4 2
z +1 i z2+1 x +1
3 T

whence2x2_xl;1xz +3

2 41

P
=3g 402" 4

¥ 3 A
o 2(22+72° +8)=82" + 824 97 + %43

2 i
82 +4x-522-92=0;
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Ex.188—189, p. 49.] UNENOWN QUANTITIES. 189

7 o 3
82 -1)+T2 (z -1)+2(z ~1)=0;
. z=1, and y =4,
ey
and 3z + T2 +2=0,

1 5
h =__or4d, y=—
w .encex 901' 5 3 or 2,

(188). 2 - 8y y/(2* - 92y") = (9 - 162) 3", and 5z - 4 = 2597,
from (2) z = 5y° + ;
from (1) z - 9" - 8y v{z (2 - 9y")} + 162" = 0;
L (m-9) =4y (), and z - 9y* = 162y*;
9 4 21 29 1 1

e st ad e Tl g o ik
s o 77 e T Wapas R 25°r rg

1 1
G e el SN
Y +__5or_2\/( 1), and 2 =1 or 2

(180, (5 (&) + 54 = 10~ (/@) + /5D, and &' + y% - 215
from (1) yz + y + V5 Y(Wa+ V) 4 =10+ 3= s
sV + x/y)=—5 +3—‘—/—=2¢' or —4/5;
s, /2 ++/y = 20 or 5,
taking the latter value, we have, from (2),

Bl

¥ » 21 13
m1+yl=xs_x2yz +xy—x2y“’+y’=55,
2 2

z +y

" S
or(z+yl-2y (e+y)+ay= 55,

3ol
or (25 - 2y/(2y)f* - 2"y’ x 25 + 2y =55
whence zy — 25 y/(zy) + 114 = 0;

o5 Af( )=-—+—2—=190r6,

and from y(zy) = 6, Yz - Yy =1; - z=9 andy=4,
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190 SOLUTIONS IN ALGEBRA.

and other values of z and y may be found from
’\/(xy) =19, and Ao + Ny = 20,
and z = 361, and y = 1.

(190). 2 /{6 /(2) + 8V ()} + V(2) =18 - V(y), and 2~y =12,
from (1) ¥ + 4y +2 /6 V(2 +VY) + 6=24;
oA/ (WE + Y)Y == /6 £24/6 = y6 or =36,
and /2 + 4/y = 6 or 54,

=2; < VZ- Wy =2

whence z = 16, andy =4, also ,‘/z s ,\/y ==,

100 64
whence 2 = Y, and y = TR

from +/z + 4/y = 6, we have V:;U

(191). y{(1+2)2+y%) + Vi1 -2F +y% =4, and (4-2°)"+4°=18,
from(l)(1+x)’+y*—16 8y(1-zp+y}+A-2)+y’
L -d=-2v{1-2f+y}
or:c:’z 8z + 16 =4 (1 - 2¢ + 2°) + 4¥%;
o4yt =12 - 82%
-, from (2) 16 - 82% + 2* 4 12 - 32° = 18;
-ue 4 28 \

. 2*=100r1, and z=1 or ++/(10);

3 1
ae = i i
Y _+2or_+3\/( 2)

z+V(m'—y’)+x-V(z’—y’)
z-y(@-y") z+y(@-y)
and z (z + y) + +/(2* + zy + 4) = 52, 7

from (1) {&* + V(" - )} + {& - /(@ - ) =

(192).

=4,

FOMIPYIE . )
A 4
2
ﬁom(2)z’+¢y+4+1/(z’+xy+4)+1=—25,
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Ex 193—194,p. 49.] UNENOWN QUANTITIES. 191

.'.V(z“%xy+4)=7or—8
o2ty +4=49 or 64;
25y°  Sy*  45y°
= N A Y T
i ol | v MR iy

andw = 6.

. ) e~ Vi)

and /(z) + V(z -y -1) = (y + H{V(2) - ¥ (z -y - 1)},
Vot (z-y-1) vz y+2

from(2)m—y+l 1/(79—‘1—)=7
_(y+2)2. Sy+lia4 @) e p
a‘ndx—y—l_ P (y+2)”’ i (y+2)
1 2
from (1)_+2’\/($) Z—%;
el o s,
ry=(-5+§)2v@s n ety

Sy (y-1P=4y, ory+y -2=12;
T y+1 9 .y=2o0r -1,

1
=4o0r-.
also z or4

199). @-2)y - v(zy) (P -D =2 -2
and zy (zy - 18) = 4 V/(ay) - 48,
from (2) 2% — 14ay + 49 = day + 4 V (zy) + 1;
way -y =+{24(2y) +1};
oy -2 (zy)+1=9; .. V(zy)=4or-2,
fromV(xy)=4in(1)16—2y—4y’+4=2y‘—1;1/—6;
3y’ +y*- 10y - 8=0;
S Y-2D+Ty(y-2)+4(y-2)=0;
wy=2 andz=8;
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SOLUTIONS IN ALGEBRA.
o (TR |
alsog/’+ -3—+(6) =13—-6,

192

'.y=—10r—§, and z =~- 16 or - 12,

(195). @y + ay* =12, and z + 2y’ = 18,
Lz(l+y’) 1-y+y' 3
Tay(l+y) y 2’

&8 1 12
whence y = g ‘-1-=2or§,andz y(lT—)

=2 or 16,

196). z+ V(2 - 9°) E z -4 (2 - y?)
S A V@-y) ¢ z+A/(@-y)
and 22° + 6zy — +/(2* + 3zy - 21) = 162,
see(192)from(1)z=-_t§f;
.. from (2)
1 961
2 + Bay - 21——V(x +8zy - 21)+ _60+16 16’

% 1/(z’+3xy-21)=80r—1§;
85-2° 4z

s 2* + 3zy = 85, andy————x— 5
whence z + 5, and y = + 4. \

(197). 2z +y=26-+/(2z+y +4),
22+ /(y) 16 22-4(y),

"2y BT VW)
121

—=—

S22ty +4- 1/(2z+y+4)+——30+4 7
whence2z+y+4 36 or25; .~ y=32- 9z or 21 - z;!
2

22+ /y\! 16 2z + 4y 64
9 Bk
()(23 ’\/1/) 15 2z - 1/y+( ) +225 225
2z+1/y 5.3
"2 - '\/!/ sTgt z=21/y;j_.

S 2r=44/y=82-y,
whence ¥ = 16 or 64, and = 8 or 16.
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Ex, 198—200, p. 50,] UNKNOWN QUANTITIES, 193

(198), %% x, and ; " \/{g (i{_::>} )
o _1+z. X xz* o 1+a\
i ey lice)

@ (1+a) 2z°

mdy—z— 4 ;.'-y=+——,

from (2)

200 = 5y - 3x’y’ (5 - 32 o7 ”
ol 422 4 2 = 102 ~ 623,
whence 6z (£* - 1) +z (2 - 1) - (x - 1) = 0;
st = L and pail;

5007 4 Tip - 11k 0, Wianchz % -7 £ /(3)).
(199). ¥(2) + V(y) = 4 {V(2) = V(¥)}, and 2* - 7 = 544,

W+ ety ¥ o g 8 _ 25,
s \/.’/ ,..Vx—g\/y,orx_—g—,
L6257, 544y

(200). Mﬁ(’ﬂ-_ﬂ i \/(z ty (x,;vy),

F LG
* and (’” 52 (" ’)2 =9,

letz+y=2m, z -y =2n;

et _T—«S‘M; oo y=+9and z = + 25,
y

r=m+mn, y=m-n,

§ Faa
and 2 (m* - ’) + 2 (m - n) /(mn) = 14 (m2 i),

u,..

3 3
or (m® - n' ) fm +n +4/(mn)} =m® -a° =1,

2 2
alsom™ +a” =9,

o

Aoty
andm® -n*=7; .. m* =8, andm=4 andn=1.
S xZ=6, y=3.

K




194 SOLUTIONS IN ALGEBRA.

(201). ¥/(2) - V(y) =21, and V(@) + V(y) = 7,
V- Vy) (Vz + Vy)=Vz + VyxT=21;
L VztVy 1 _2y,
o g 3,and\/z 1)
o204y -44/y=21x4; o y=16 and z = 625,

(202). 2y + V(2% - y) =8 {V(z +y) + V(2 - y)}
and (z+y)%-(x-y)§=26,
letx+y=2m, 2~y=2n; & 2=m+n, y=m-n,
and y {z + 4/(2* - ¥} = 8 {y/(z +9) + /(2 - y)),
or (m - n) {m+n+21/(mn)}=81/2(m}+n§);
i iy
o (m® = n®) (m® £ n®) = 84(2) (4),

FUREr G
from (2) 2° (m® - 2") = 26 (B);
LA _min+2y(mn) 16

e = ——

B minty(mn) 13’
hadiliad &
whence m” = 3n” and 3m =a;

9

3 3 3. 3
v 2% (¥ _ ¥y = oF » 26n® = 26, 9.
2’

o n:%andm=
.'.z=m+n=%+—g=5 and y =4,
(203). V(@ +y) -z - 9)=a, and V(& +y) + V(e - ) o 5,
from (2) 22 +4¥(2 - ) W& +9) + V(@ -) 42 Y(a_yy)
—21/(2’—y’)=b?;
o 22+ 4 V(2 - o) ) -2 -y =,
from (1) 2z - 2 /(2* - 9) = @ (4);
S AP Y(a - ) = b -

o V@ =)= ()
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Ex. 204—207, p. 50.] UNKNOWN QUANTITIES. 195

from (4) . 2= /(2 - y") + E‘_' 5 Hmat al

6 T3’
2 4 2\2

e ISR R SRR (¢ - a)

i ( 2) 1664 }’

- a3\2
whence 2 = (bIGb“l ) y Y=~ (b’ b’)

(204)-3«(x+y)—4+4(z+y)'%, and (e +9) + vz - y) = 5
4 4 4 16

9399’

.'.1/(:11:+y)=2or—1 S (z-y)=56-2= 30r1§§

from(l)z+y—-—1/(:c+y)+

whencez +y=4 andz -y = 9,..x_12—3andy g
2 1
(205). 32* + 4y* = Ty, andz“—%y’:yﬁ,
7z_1/ A
Z+(5) =g -
from (1), 1fy=a:,y=0andx=0,

3z
y=zor —,

from (1) »* - o

s
3z 2 92° 8z°

2
e —_— =% ph = =9,
fy=21 g%+t =% ~e=4andy=3
(208). @7 - Py = ¢ - &, and a2” + by" = ¢ + d,
azxsn_bayzn

, ———————— = az" - by" = ¢ - d,
a:c"+by" o Y ¢ ’

and az” + by" =c + d;
1 1
Hrer (oo, y=¢bd)"

(207). 22 4 23/(2y?) = 208, and y* + y ¥ (%) = 1053,
£ 08 %
z (" +y)_ 208 e 4 Sl
¢ & 21058 g

y (@ +y)

whencey=%’£; z’+§z’=208;

=+ 8 andy =+ 27.
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196 SOLUTIONS IN ALGEBRA,

(208). 2¥(z-y") + & +y =2(z - 1), and 15 (&* + y°) = S4ay,

3dzy  (1Ty\' _ 64y° 5 3
ﬁm(z)”"'_‘*(m) O ool a1

ftom:c=.5_3_m(l), Sy 2(53/3 3),

ory=-1 andx---é,

from:c-i-, y=1 {41/(—1) 1} andz- {41/(—1)-1}-
(209). V(2) = V(¥) =z + +/(zy), and (z +y)' = 2(z - y)",
from (1) V(x)_V(y)=Vz; oAy = 1/:0:1 i

V(@) + V() 1+'s/¢

1t 1/:: V2

7— 1/2-]-1 ‘\/3—-1/2_‘_2—'/2 1

.2=3-24/(2) andy=(V2-1)'=17-12 /(2.
(510, (¢+y)"'-(z+y)""=a, andz-y =5,

fmm(l)(ﬂy)”"-a(z+y)"'+%.=§+1;
R T3-S

'.'z+y=[l{“i'\/(“'+4)}]'}' and z -y = b;

z——+\/[ (ot e+ 4) |,

may=-3+ /[ lot v ay]

(211)- :t'”a’l & yn ™9 V{(al’)"' (by)"}, and zy = ab,
b
from @ y =2,

- from (1) Z™ - 2a""._’_”b”z..’"’L". +( ) - a”“"b" o nbn"';
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Ex, 212—215, p. 51.] UNENOWN QUANTITIES. 197.
sz =[5 (™) £ (@ - e

and y = [ (/("™) F /(0" - G )T
(212). a™y" = (ac)™s", and 2"y™

n . m
= (be)"a™,
na o om.m
z = acb™y ™ = bea™y
m2-ng m-n m-n
. y mn bm

L ory= (a"‘b")"‘*"
andz=c¢ (a"'b")"”—]—".
(219). oty ~ 4y /(@) = 4 - 3/, and &* - y/(ay) (@) - V@)} = 3
see Ex, (172).
-'c' 2 +
(214 Y_
) ) =20-
(o

+++x/+ ik
yx/()y 45y &

whence;/+\/y=4 or-=5;

y’;x, anddy -z =38,

3
nz=dy-y =4y-8; Ly=4andz=8,
1
also 2=- 6y - y° =4y -8, whence y (y* +1) +8(y-1)=0
sy=landz=4,

e
alsoy +8y° +16=8 +16 = 24

S y=(-4+246) and z =234 F 16 /6
(215)-3+y=a,andz’+y d*

(z +y)* = z* + y* + 4oy (2° + 22y + y°) - 22°y° = @),
or z* + y* + 4a’xy - 22°° = a'
but 2* + y* =b'

o 22%F - datry = b -

4 L]

ort’y’—-2a’zy+a‘=b ;a ;

NNAN FOLA AFrA |
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198 SOLUTIONS IN ALGEBRA,

i - b* + a*

S xYy=a i’J( 2 ):
a0d 2 - y = o[- ' 2 V(2 (o' + B)];
f 2= 2 [0+ /(- 80 F 2920 4 D),

andy = 3 [a F yi- 8a* F V(2 (a* + B,

(216). {/(2) + V(¥ + {V(2) + V() = 210 + ¥/ (ay) (V(ay) + 1),
and {/(2) -/ )+ {V(2) - V ()} = 126 - ¥ (ay) {V(ay) + 1}
by subtraction,

44/(zy) +4 V(zy) 84 + 2 V(=) + 2¥(zy),

whence y/(zy) + ¥(ay) + ;=424 1 = =,

'\/(:cy)=-— 1-;’-:60: 7

from ¥/(zy) = 6 by substitution,
Z+y+4/2+4/y=168;

(w/¢+x/y)’+'\/¢+1/y+——240+1_9%,

*. /% ++y =15 or - 16,
from V(¢)+1/(y)=15» YE=-4y=+9; -, z=144, and y=9.
z+y+y(#-y)_
e, ST g o
and (2 + y)* + 2 - y = 22 (2* + ) + 506,

5
from (2) (& +9)" - 20 @ +3) +2'~ (& +y -2) 4 3 = 2,

4
S 2ty -2=23 or - 22 (4), A
z+y 9 +1ly z+y  (9z +1Ty\'
from(l)v(xa_ya)— 91"‘.'/ ] orx_y‘(—9z+y' )’
h ce£_162z'+324zy+290y'
Wenee = T 288zy + 288y°  °
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Ex, 218—221, p. 51.] UNKNOWN QUANTITIES.

199
2z, 1024
and 2* - %Y ¥ el i
o it k7R ko el o
from the positive value in (4),
2658 2 1 576
T_?+2_5-=2_5-; ,',y=3andx=5.
z+y-V(@+y) 2z
218), ———"——_ o s
(218). zry+y@ry)- o’ " dy—\/(a-y)’
from (1) -2+ Y 25 b
D5 m V@ty) a- 2::( )
-y z+ ”
from (2 =22Y —y=-_
@ + ki Y=aiz’
y=——, andz+y= M+ms’ and 2* ys"asx’(:t (a;-:r)"
z! 3

(2a+ 2 (a+22) | 20°+2ac __ 8ax
from(A) @t (a+ x), (a 21)2’ o (2a 1 z)n an (a+2x)u

llaa: 11a 153a°
whence 2* + —— 3 (16) 256 ’
B +
e 11 il'g/(153) xaand y= 1—3‘—:8\/(133) X @

m%1@-3+1@—%=h
z\ "yl Ty\ =z
andx+y+12—2xy,

y+12
1:

from (1) z= !,T from (2)-

: -1y +6=y"+ 11y - 12
y‘-22y+121=104; -~y =111 24/(26),
and z = 11 F 2,/(26).

(220). 284 y*~ 3a%* - 2oy =1, and 2° 4+ 5° - y'w - 2t =z + Iy
see Ex. 140.

(221). _.+_=-1-,and -+
y m

1+l);(1 Wik Aela®
Grp):Ces)z-mryw



200 SOLUTIONS IN ALGEBRA.

nlsol+£+-l—l. b I i i
oy T m oy wn

whence i (-—4"1’ il
z y 3mn® ) 5

A0 “ 4m - n\  /(3n°) + (4m® - 1')
'z om ( 3m'n® >_ m /(3n°) !
2m +/(3n%) 2mn +/(3n)
V@) @t =) Y T ) Ty @ =)
(222). z*=mz + ny, and y* = my + nz,
wat-yt=m(z-y)+n(z-9);
S 2-y=0,and 2=y,
and 2 =m+n; s 2=V (m+n)=y,
4
also i-=m—I:'.£Z-/ let & = yz;
Yy my+nx’

(_mzin
T m + nz

o whence mz(z* - 1) + n (2* - 1) = 0;

e z2-1=0,and 2=y,
alson(z*+2°+2°+2+ 1) +ma(+241)=0;

.'.n(z'+z+1+1+l>+m(z+1+3)=0;
C 2

2 2 $40 2
or(z+1)+m+n(z+})+(m+n)=m 2mn+5n’
z n Z 2n 4n®

N 2
splo men, Jon-2mniom)

z 2 2n 3
& a'-4. = a. 4(a-4)
o2 - az+:1-— 2 ’..z—éi_—_z——.

By substitution in (1)
+4/at - 4 2
L e e

cy=y[mehos V(a’—‘i)}].
and z = {/I:mﬂz'—{a? V(a'-4)}].

+n;
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Ex. 223—225, p. 51.] UNKNOWN QUANTITIES. 201

(223). 2*-y*=a? and (z +y + b)* + (x-y+d)p=2c,
from (2) 22® + 2y* + 4bx = ¢* - 20°,
from (1) 22* - 24* = 2a*;

co 42t 4 4be + B = 247 + ¢ - b

as g (-5 /(204 & - BY),
and y = + 2 y[{¢" - 2" £ /(20" + & - BY]]

(22} a(1-zy) =2 /(1 -9, and () (1 - 2y) + 2 = 3,
ok 4 LGN g
P L

from (2) y = i
1+2° 1-2°+2

3 1
—322+:¢')’—:1:___(1+:1:)(1—:c:2)2

o d

3 % 1
(1-z +2) Q-z°+2p
1 2 1
o e SRR (1+x)(1—z'“)_
L ’

1-2y= ; 5
1-2"+2) 1-2"+2

3 P g

L (+n(1-2") z(1-2°)(1+2)°

o . Q. s 4 = i 3
1-2°+2 1-2°+2

1
hence 2° -1=0, z=1, andy =1,
also (z+1)=0; s.z2=-1,andy=-1,

1
alsoa(l+2)° =2; . a®+a’z=a%
at a' 4a*+at
Pt e N s
bt A S e
.-.z=i2’{ai¢(a2+4)}=m;
A ..
T 1l4m-a(m)’

oy

3.
2

3
(225), Y-z + V(2xy - 32%) (29 -32)" + =z
8(y-20)

3?
3

8
(2y - 82)° —x

K5



SOLUTIONS IN ALGEBRA.

- V(e) - ;} - 5 2V() -Vl

202

and +—

z?

from (1) ______{V(21/ —82)+af (2~ 3“’) +
6(y - 22) @2y-3 x) R,
. V(2 -32) +/(2) _2y -2 - 1/(29:_9/ 3.7:’)
919 2y - 3z) - z
(2y-82) -z _2(y - 2) - ¥/(22y - 32°)
e =25 " By =)+ v(Zey 38
y-z=42xy-32"; syt -4y + 42 =0, andy=2x,

lta

from(z)z-‘iﬁ(zv S+ @Ye-1 =g,

whence 4z - 2 /z = 9 /2, or 4z - 6 /(2) =9 v/2),

from the latter
2=2(142¢2¢y(4y2+ 1)} andy=2z.

(226). (2°+ 1)y =(y"+1)2" and (y* + 1)z =9° (" + 1),
fme(l)z’+%,=y+1,from(2)-l—(y’+yl)=3(z+£);
3/’+y,+3(y+ ) {z’+-——+3(x+ )}x3;
g 1 u .
--3/+!7=(:c+5)'\/(3)—z’+;3,
-1+zl,=%‘/(3), and 41 =05 e= (-1}
alsox°+2+-:;=%/(3)+3;
24324y + VO
and so also z—;l'_=i'1/{' 1+ Y(8));

fz= s[4 38 Vi 1+ VBN
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Ex. 227—228, p. 51.] UNENOWN QUANTITIES. 203
1
y+;=(:z+ )w/(3) +4/(8+V3)x V8
whence y = 5 v+ V8)x V3 £ yBY©) - 1)1

(227). 2* + 62 V(y") + ¥/ (y*) = 128, and /() V) +y vie) = 32
from (1) &* + 62 Y/ (y) + V(y') = 148 (4),

il
from (2) z'y’ { + V(YO = 82;

e Y® ’V Y = _2_21_;
+2z V() + V(@Y o 7
from (4) .. 4z - V() =128 - 13?4')

o4 Y () - 1282 V(y") + (32) =
. /(y?) = 16 and from ()

o2t - 32 Y + V(¥") =0, and 2 = V(5*);
sz x =16, andz=14, andy =+ 8.

3
(228). 2° + ¥ = (¢ +y)* x 2y, and y* V(&) = (z + v’
Py -2y 2y -y’ +y
(x+y)3_ 2+ 2y + Y
or &' - 2% - 2°y* — 22y’ + Y = 0,

=2Y,

xl
whence;+2+-——2(J +1 4;

23 '2+"—/-=1i2=30r-1,
y =
z 2 8z 9 (s el
multlplymgby-y— y_?l_+z—-l+71_i’
+ /(6
x=3_%/()xy,

from (2) 2y* = (¢ + y)° or -

-GEvorYs
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204 SOLUTIONS IN ALGEBRA.,

: (5 + /5 10 L5Ey5_5
i (3 + vd) o E gl vn

=\/{§(6w5>},
andz_\/{“‘/" g(5i_v5)}=\/{5x(50:-10:\/5)}

5 o
=§ V(10 £ 2) = 3 V(10 £ 2V5).

(229). 2°%* + zy* = 156, and 22°%°

2%y’ = 144,
ARG 4k ol 1 :
letx_ry,..yf,r.,(zr_l)—i—,..14r'—13r_12,
andr'—l3r+(£3’—-¥+ L g ol M 4
14 28)_14 (23)"(28)”"’—501'—7,
3
f =
Tom £ =2,

8 a
S Y=8x4 andy=2andz=3

5
2= 32"/, and (27 + 3) y5=§%i/-= 156;

4 343
fromr——a,y 153 —x 156,

5 4159 5
and y = \/ and z = 4 \/(5—35)

(230). (2*+y*) oy =18, and z* + y* = 97,

from (1) z* + 22%* + y* = (;(12:‘ and 2* + ' = 97;

QT 9T\ /241\? 119
S T S i, o o 2%l = - #
SEYtt — +(4> (4),..23/ 36 or 3

oo 2y=+6,
and 2*® + 2zy + y* =13 + 12;
Szty=tSanda-y==11;
wx=3 andy=1.




Ex. 231—233, p. 52.] UNKNOWN QUANTITIES. 205

(231). 2*+y* =17, and 22y (2* + 3°) + 32%* = 82,
from (1) + (2) 2* + 42% + 62%" + day® + y* = 813
Szry=+38, 2 +y*=9-2zy;
-~ 22y (9 - 2xy) + 3oyt =
2% — 18zy + 81 = - 32 + 81 =49,
2y=9+T7=16o0r 2,
whence 2° - 22y + y* =1 or - 55;
Sz-y=+1or+4/(-55);

.'.a:=i-2orl{i-3i1/(—55)}, y=+1 orl{i-3$1/(-55)}-
(232). (z+y) (2*+y°)="16, and (z +y)’ = 64 (z - y),
letz=m+n y=m-n; . z+y=2m, z-y=2n;
s 2m (2m® + 6mn?) = 76, or m* + 3m'n® = 19 (4),
also 8m® = 64 x 2n; ... m=2V(2n);

$ 4 14
. from (4) 16 x 2'n +3n*x4x2°n" =19,
2

4 121
n3+( )’=~— 23
4%x9x2°
& 3 1 1
.'.n”=-_xwi 1 = —— Or — 91;

2 : -
2 PRl e o i 6 x 2°

 RBPR (RN G
fromn=§,m= 5ot 53 Y=73

and other values may be found from

19)’
n-V o

(233). 5-2,/(y+2)= EI ~ /() -3 «/(y)} g

x
and;-lo\/(;>=x-16,

" pz\ 25 82+ 16y
from (2) z+10\/<§>+ —y———y—i
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206 SOLUTIONS IN ALGEBRA.

o A@y)=- 5144y +2)(4)

z

from(l):c+9y-6~/(zy)—2¢(y+2)+5=€z,
9!

w2+ 9-264/(y+ 2)+35=—6:Z- from (4),

A AP

64 9 81°
2z 4\ ‘% z 1T
«/(y+2)——-+(8 9) s+lor- (g"g):
1;

2 z z
s yza-{-z—l, and\/(.’cy)—-—2-+4—5_.§—

_/+2———\/(J+2)+(13)

-1+

’

81

3 x= 4andJ_~

hln—l )hlli

. y=
hnezg+f ‘?-
il I G

(234). 3x+§1/(xy’+9z’y)=(z—-1-)y, and bzr+y:y::z+9:9
182
z+ 2’
© 9z (z+2) + 2 x 92 y/{dz + 22 (x + 2)} = (8z - 1) 18z,
or 2 4/(22° + 8z) = 6z - 4,
T2z 36 1024

4
whencex’—-i—7—+ m—m, ate x—4orl—7,

from (2) 6z:y::z+2:3:y=—7p

andy=12or%,

or from (1) y + 9z + 2 +/(zy) +/(y + 92) + 2y = 4zy;
<o /(¥ + 92) = o/(ay) or - 3 /(zy), &e.

(235). 3x-z\/("ﬁ-2y+s)=2—y,
Viz+t+y) 8z 22-3 3y

and
2 4 (z+y) 2’

from (1)
(52 - 8y +32) + 4z /(52* - 8y + 32) + 42° = 92° + 24 +16;
oo V(52° -8y 4 32) = - 22 + (3z + 4)
=2 +4or4- bz,




T o -

GABINET

MATYCZNY

Ex, 236,p.52.]  UNENOWN QUANTITIES. 207

from the first value
52° - 8y + 32 =2+ 82 + 16,
-2z +4
whencey=.———2—--—;
..$+y=z'-2x+4+x=z'+4;
2 2
@ +4) B2 (2a-3)y2 3z 3 3
DR D C I ST S Y L
whence 4 - 72® + 122 = 3 (z — 2) /(2) /(2* + 4),
or3(z-2)y2 (et +4)+ Tz (z-2)+2(x-2)=0;
Soz=2andy=2
also 3v/24/(2*+4) + Tz +2=0, or Tz +2=-3V(2) V(a* + 4),

34 1446
whence 312* + 28z + 76 = 0, andx=§i,

. from (2)

2

a*
(236). 1+ 7 25,+&c to inf. = y—

and 1 + 5 (z +y)t+ 2—74 (:c + )t + &e. = 4/(1:25),

i e
from (1) y—,—;—?-m,

22 5+4/(21
z‘—ﬁz”+-2iy-_+gy—, LA

7 2

1 “'a‘__ x+y-1'%_

from (2) (1—$+y) _( o ) ;

Lz+y-1_100 4

T dop ORI L
y* (3 £ /(21)} + 20y = 50,

whence y’—5—.—-—{3¢“/(21)}y+( )'=——-—-———50 {3_+1§(21)} +( )= ?: 3

2B£2/(3)3 v21),

>
-

=

$ease
efw2

Tewarzystw:

z4+y=5 andz=5-y,

N ICEZE VN 1043 5
e ‘_6'_‘

and 2 =~ {3 F24/(3) V(21)}
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208 SOLUTIONS IN ALGEBRA.

(237). x+zy+y—a,andx+:cy +y=b
x-l-.’tll/l-"[/
z+y(@Y)ty

and z + v/(zy) +y =b; . 21/(Zy)=b I:

and\/x+\/y=\/(3£2;;">, \/z—\/y=\/(3a;;b’);

1 e 0 2 2 2 _ B2))
= 5 [0+ 0+ V(3P - @) (30 - B)}),

=z-+(zy)+ty =7

and y = g [0 + ' - Y{(30" - &) (3" - Y.

(238). ay '1_2;1,-2(') = 56( ) -Gy,

. s %’ 8 § %
and 22° + 16y° + 42 (zy)’ = 4 v/ (zy) (62" + 11y°),

1
3

1
let z = m¥; .. from (2) * z° = my’,

£ .4 AR
we have 3m'y” + 16y~ + 42m’y~ = 20my" + 44my",
and by trial
m®(3m - 2) - 6n°(3m - 2) + 10m (3m - 2) - 8 (3m - 2) = 0;
. 8m-2=0 andm:z—i,
§3 %3
from (1) 2% + 2’y’ - 56z y - 1200 = 0, and if z = m%,
m%® - 56m’y + m'y* - 1200 = 0;
therefore, by trial,
mly® (m*y - 12) + 13m?% (m'y - 12) + 100 (m% - 12) = 0;
5 miy=12, andy = 12><Z=27; B8y

also m*y® + 13m’y + 100 = 0,
of which the roots are impossible.



Ex, 239—240, p. 52.] UNENOWN QUANTITIES. 209

1 1 1
(239). —(z -n+¥ (2:0 -1)=—-(y +z)+—+2,
y° -’I-‘ zs :c°
% 2
PE: 2x: (213800102 v’
)™ B e i
Y Yy /R N

for 1:}, yé write 2 and y,
then 2° (2® ~ 1) + 4 (22° - 1) = 4y* (¢ + y) + 3y* + 22y,
or 2t + 22% + Yt =2 + 22y + ¥ + 4Y° (2 + ) + 4Y,
or+yt=z+y+ 295
orz’-y'=x+y; . x+y=0,andz-y=1(4),
from (2) 2° - 2z'y - 22%° = - 2zy* - o

2,
or (28 - ¥ - 22y (# - y=)+z*y'—‘69“”
13zy ley_or_z%l/,

,

Wl R s S e
and divxdmg by (A)
z"+zy+y‘—w£'-,or(z y)y=
L (e-y)= 1='6— Soay=16;

Sz+y=16 andz=30or-2 andy=2or-3,

and the cubes of these values are
27 or - 8, and 8 or - 27,

(240). 2y = g, 22 = b, 2u = ¢, and ayzu = d,
Al _d_
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210 SOLUTIONS IN ALGEBRA,

v=7%= b\/ \/ '
§=ia\/<%)=\/(‘%§)-

@), \/{ 2" - 1 3\/(v

2°+ 8y® ~ 2zy
and 32° + 42zy + 16y* = 4 4/(zy) (52 + 11y),

z

21 g g
from (2) 32° - 20z°y” + 42y - 442°y" + 16y* = 0.
Let 2 = my; . 3m* - 20m® + 42m® — 44m + 16 = 0;
<. (8m-2)m® ~ (3m - 2) 6m® + (3m - 2) 10m - (3m - 2) 8=0;
kA
! 3’
also m® - 6m? + 10m - 8 = 0;
(m-4)m*-2m(m-4)+2(m-4)=0;
m=4,
il and m® - 2m + 2 = 0;
; som=144(-1),
which is an impossible value; therefore substituting in (1)
cubed

} i P
5 3
we have 82° - 54z° +3%3:z=_3§3z* Lk
and taking the cube root

9::
) SR
73 5 1;

1
9z° 1

4 2’

1 9
:‘1 whence z =4 or 6 andy =9 or o2




211
b- 2:::

Ex, 242—243, p, 53.] UNENOWN QUANTITIES,

(242). 2(2*+9°) = 2z + a, and 2° (2~ 2) + 6y’x (z-1) +¥'=
from (1) 2 = 1+ 5 V(28 - 457 +1) (4),
from (2) z= 5 + V{—12y +3+ 2v/(2b + 32y* - 12° + 1)} (B),

equating (4) and (B) and squaring and arranging
16y* -4 (2a + 1) y* = a® - 2a - 20,

. i
whence 4y’= o + 1, 9@a 4: 8b+1)

andy =1+ V{4a+2+"4(8a —4a - 8b + 1)}

I-F"—‘ )N

V{da + 2 F2/(8a* - 4a - 85 + 1)}

(248). -2+ -1 +2 (1 -y)=4*y(1+Y"),
dzy
o=@ -

and
from (1)
(1-22+2)(1+y)-(1+22° +2') (1 -y*) =42*/(1 + "),
whence * (1 + 2*) = 22*{1 + y/(1 + y*)} (4),
from (2) (1 - &) = 2] yy’)”

Sz’y’ 22° (1 + o)
(1+z‘)- S+ 2= o (l_y,),

o 2z {1 +;/}1 + ') from (4);
L) 1441499
Tin gt e

whence 3y® + 6y* =

Vi1
A V(2 «/5) \/{m V3’
=1+1/(;:+y4)+2=m.;

andx’+;,+
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212 SOLUTIONS IN ALGEBRA.

.'.z+1=im,
@
andz=-2 IV( - 4).
=gty

(244). men =a, andz:z:t 718,
z* logm + 2° logn = loga,

xs
and 2= —3
r

2
S (logm + ; logn) =loga;

o 7 +/(loga)
Lo V(@ logm + & logn)’
and z = s V(loga)

Y (2* logm + s*logn) "’
(245). (2 +4zy - 32°)* = 2 — 42%* + 32!,
and (2* - 1)' =2+ 2+ 1) (2 -2*- 1),

from (2) we find
29t =gt = i e ()

Then, by (1) and (3),
(2 + dzy - 32°)* = 8z* - 42y + 2 (2y* - 2*)
= 2' - 4% + 4yt
2+ 4ay - 32" = £ (2* - 2).0eenennens 4).

Taking - in (4) gives
g=gutl Ll

Substituting from (5) in (3), we get
2(zF1) -2'=1,

; Gl
or<2+:—t+4) =6;
cz= ][4 (6) £ V(18 48 y(O);

and y = % [2 £ v/(6) £ V(18 + 8 4/(6)}].

Taking + in (4), other values may be determined.




3
Ex. 246—247,p.53.] UNKNOWN QUANTITIES, -

246 8 5’5’ ;
; ) _____ 3 e "8y’

from (1) 2* - 9y - 82" = (z=-9¢y)(z'+Vy)=°;
we have z = + 3 Vy, or & = + /(- V¥)
by substituting 2* = 9 4/y in (2),
we have y*+9y=10, or y*~149 (y-1)=0; . y=1°F
o ety
.z=1%3or+V(-10).

7). {\/ \/ + v {vea) - )
b 'm {’\/(x) i "\/(_‘2)} )

w0 )+ /) - GL )+ sy

_21y(2)  y, 1

from (2) 9x+3y_-——2_y g3
k A(z), 49 498 Ty 1
s T e i il

0!'31/z=-1y——i-l(7_'.y_1)=7y—lor——-( F

-10;

2v2 7 2\ 2 V(2) 2
l 7y i
RON

o 32"'

1
(=P W S zy 31_
e PRI M T R

P e £ L LR S SV
Yay) 27127 V(@) V2o Y2
from the latter value
z4(2) _8y(22)+1
(z)+v2 i
9 1
53t a2y

1 1
_2or§ andy:ll orz.

from (4),

whence y/z =

www.rcin.org.pl




(249).

SOLUTIONS IN ALGEBRA.

22 272
. E‘._;‘/_.+4—40y2= 140—y’\/( ’-'77;'))

S oA i

from (2) 2%® - 30zy - 6 = 30 + Szy;

2%® - 85zy - 36 = (zy + 1) (xy - 36) = 0;

cozy=360r-1,
by substitution in (1),
648 + 4 - 40y® = 140 - y 4/(1024),
or 5y’ -4y -64=0;
4y -16)+y(y-4)=0,andy=4,and z=9,

b

3) 30 &z

16
orys=-—=, and z =
z*(b - y) = (y - n) ay, and y*(a - z) = (z - n) bz,
by addition,
a'y + y'z = n(ay + ba),
or 2%y + (y* - nb) 2 - nay =0.......... (4)

From (1), 2* =
substituting in (4),

AT V=) Vi) - nay =0,

or ay’-any +(y ~nb) V{(y-n) (b- y)} v(ay) - naby + nay*=0;
ay (y* - nb) + (y* - nb) V{(y - ) (5 -y)} v/(ay) = 0...(B);
% y*~-nb=0, and y = + /(nbd),
and the corresponding values of z are
(nb) - n —an V@) = /n
= T Y = o g o
Again from (B), ay + /{(y - ) (b - y) yay} = 0;
“ay=(y-n)(d-y),
oray = -y + ny + by - nb, ory*+(a-b-n)y=-nb

whencey=—1(a—b—n) 14{(a~b n)® — 4nb}

s
P i

ayx

oz =+ Van

andx-—(u b- n)+2,¢{(a b - n)® - 4nb}.




Ex, 250—251, p. 53.] UNEKNOWN QUANTITIES. 215

(250). y*=2*(ay - bz), and 2* = az - by,
4
from (1), %,= ay - bz,

from (2), z* = az - by ;
Y3
_oy- bz _ ”

az - by aby

|a

Let{=t; . t‘_“at b’;

orat(t®-1)-b(#-1)=0;

“t-1=0,andt=1lory=2z....... (4);
alsobt‘+(b a)f+(b-a)t+(B-a)t+b=0;

1\* fa-b a+b
whence (t+;) o (_b_) (t+ ;)_ By

04 t+1_a—bi«/(a’+2ab+5b’)_
AT 25 i

then # -mt = -1, 0rt=—+\/ ) 1.:¢8),
from (2), if z = y, then z = a - b;

inJgi\/(%’)- 1, a=a- 5t y(n' - 4);

and y =tz = % (a = g) {m & /(m* - 4)}m  (m® - 4)},

(251). ?ﬁﬁf—ﬁ_y'u 2y%), and (22° - 1)(2° - 1) =3,

For &* write %, and for y* write v,
from (2), 4uv — 2(u + v) =2, or 2uy - (¥ +v) =1 ...(4),
from (1), 4u* - 2u - 83=0v(20 - 1)(» - 1),
from (4), v (2uv - u - 20 + 1) = v (2 - v);
4l -duvt =1, ando=2uF1...... 4),
and substituting in (4),
v=2u-1, u=4—or9,

.
H
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216 SOLUTIONS IN ALGEBRA.

orv=2u+1, 4u’- u=2;

whence u = 1 i‘ﬁ/,@‘fﬁ,
1 1
and z = 545 oro0, y= EVG &e. &c.

3
(262). 2°+y° =ay(z+y) and y* /() = (= + y)".
see Ex. (228).
(263). afy(z +y)+ V(@ -y} =2y -y /(2* - ),
and t/(x +9) + Yz -y)=b,
letz+y=2m, x-y=2n; ;. x=m+mn, andy=m-n

from (1) and @ /2 (m% + n%) =m? - n? ~ (m - n) 24/(mn);

X X o 8 4 1
ay2=(m" -n’){m+n-2(mn)=m*-n");

i a1 St S i S
mi =0 =a2,0r(m +0)x(m* -n)=0a2,

11
1 3 T ASpe

from (2) 7!

Ay
but m* + n* =b;

2{V(4a)+b} and n* =—{b—ﬂ41)

¥ (4a) ¥(4a)
A {b } “ {b St
and by expansion and addmon and subtraction,
2 4a)
m=— {b‘ + 40 ¥(4a) + 6 (4a)* + 1:,“4, o X g

2 3
z=m+n=—1— {b‘+6(4a)3+(4a,)

y=m - n-—-(4a)s+b,.




Ex. 254—255, p. 53.] TWO UNKNOWN QUANTITIES. 217

(254). 2 + 4ay - 32% = /(2 — 42%® + 8z*),

2
and 62%° + —— 7:,- 9“’

+ 22y + 1,
from (1)
4 + 162y + 162%° - 122° - 242%y + 92* = 2 - 4a™y* + 32,
whence 1 + 82y + 102%° - 62* — 122°% + 32 = 0,
or 2 - 42% + 42%y* - 2(2* - 2zy) + 1 —2—{2‘1/ + ‘%24_ §
o g('”.’/ +1),
ora®-2zy=1 +\/g X (zy + 1) .cccnle. (4),

and from (2)-—-— 32’y 1.%3_ 4:y + .g;
- 3% + 42’y* = 213‘1/ 4? b8 (zy +1)%;

3‘2’ -2y = \/ x(xy+1)=2a°-2zy - 1;

& 82°=42"-4, and z =12,

from(z=2)in(A)4-4y=1+\/§ 2y +1);

dii e
R y=_—\/_§_=_3M_=1_V(6)
2\/§+4 2(v2 + 2 9) 4

(255), 5y+V(z’ 15y 14) o - 36,

b 2 Yy
and@+3 \/(@+Z)-§,

from (1) 2* - 15y - 14 = 2 /(2" - 15y - 14) + — _ 2409,
om (1) 2* - 15y - 14 5/(::’ Y 4)+]00 T
3 9 47
V(z' - 16y - 14) = &t 1—0‘1001'-—5-,

L
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218 SOLUTIONS IN ALGEBRA.
co2t - 16y - 14 =100, and y = ¥ 114
Let z = my,

2 3
thenfrom(2)"—t+2;n+%=¢(7%.+ '%),

or{\/ ——+1 } 0;

m?
+1=_2_,

(4)-

Ve —3—
whence m =6 or - =,
by substitution in (4),
36y° - 16y = 114, andy:-z%i-:—i=2 or—%g;
.'.z=my=12or—1—29.

(266). (z-2)y+2z -2y =+/(zy) (¥ - 1),

and 2y (2y - 18) = 4 {y(2y) - 12},
see Ex. (194).

% 1 1
257). (ey*+ )’ +a° =y(z+9)° +3y,
and « (y + 1)* = 4(9%° + 16),

z’ x y* yxz
from (1
r°m()«/(y +1)-1 Jz+9)-3°
3
Y x

T+ D-1 JEz+9-3’
and multiplying this by (1),
W'+ D+1}_ J(2+9)+3
VE+1) -1 y(@+9)-3’
«/(y’ 1) «/(x + 9)

or z = 9y,
from (2) 9y*(y* + 2y + 1) = 365" + 64;
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SOy -2y + 1) =64; .8y (y-1)==8;
8,1 35 29
—3 i 12’

{”\/(‘E)}’ =3tV

and 2= 9y* = > 3 (19 + y(105)}, or 5 3 48— y(-8T)

1
PRy e

3 3 5 % 3 %
@38). V(@ +9) + V(@ -9)=a’, and (*+9)° + (-9 =a",
cubing (1) 2z + 3 f/(x’ -y {(=z + y)% + (z - y)%} =ay
or2z+3a"‘lx/(x’—-y’)=a, V@ - = vl

3W/()
3 a-2% 2a+

o o (1 oty gt Rl 39,
3a® 3a’

.'.z’+y"ix’—y’=2%{8(a+x)’i(a—2::)’},

whence 22° = :2% (9¢° + 18a’z + 36az?),

a2 @ o & 3a*
_an x —a3+—4-—'2—+z—- 4 H
R L RO
Btv8Ya _(v3+1Ya®
and:c’+y’= %a i 33 3
6/(3
(05O S vy

11+61/3 1 11./3)
i \/ 12 1/3 \/{§ bl g
1
(259). (@ +y*+ c,)a +(z-y+ c)s = (321_1/)8»
and zy = ¢(z - y),
from (2) 2¢z ~ 2cy - 22y = 0,

also (z ~y + €)' =2" + 4 + ¢ + 20z - 2cy - 22y;
12
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sty =(z-y+o);
~from (1) (z-y +c)=4day =4e(z-y),
and (z-y-¢)=0;
S B-Y=C OLY=T=0

andfrom(2)y_——£——z-c,

whence z = Sl +4/(5)}, andy= g (-1 £ y5).

o\ b 9

andgf’--—x~—-1—
3V(y) 3’
1 1
from(l)\/ \/ +T5_Té’
5
Ji--gtz=2er-g;
Y= 16zor62—-5a:,
2 z 1 20 i il 15
from(2)-§-6—@-+m—m, ..m-éor 3i
-,y =4a® or 927,
if y = 42® = 16z, then £ =4 and y = 64,

if y = 92* = 16z, thenz—l— andy:gﬁﬁ-

(261). yiz*+ ¥ (@Y} + vy +V(2y")} = a, and z+y + 3 Y(bzy)=
A A LML R S
from (1) V{z" (& +y B +/ly (@ +y )=
U T Y ek TR
LA/E YY) @ ry)=( ty) =6
e G
ety =a,
1 & 1% 1 é
also (2° +y°Y =z +y+82°y’ (2" +¥ )

Pop
*from(2) 2 +y =b,
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Ex, 262—263, p. 54.] TWO UNENOWN QUANTITIES.

2
3

3 &3
and +2(xy) +y =b;
2

2($y) '—b —a,andz —2(1‘y) +y _2a —b
Folagt R

fod a: —y —+/\/(2a _ba), i =§{b3 + ,\/(2a iy )},
Fouk 3109 1 : 2

ok =§ {bs + .\/(2“3 B bs)}s and_'l/=-8- {bs =i '\/(2“‘ a0 b“)}".

(262). 62 -z /{52° -8 (y - 4)}=2(2-9),
J(E+y) 3z 20-3 3y
% 1Yy %

and

see Ex. (235).
£ 1) z 41 Ty
269), 4/ (% < 3 e S R S T S (A
( )\/(6 18””) TERAS AR TS T

andy (& +9) - v(ay* + 2) =" - By,

from (2)
! 1
o+ 9=yt +z+x+ 9y - 62y + 2 (2 + 2) (27 - 3y),

4
-V + 1) (@ -3y); o2 =9y
andy*+1=1; . y=0,

from (1) 7y‘—18+§—20\/(7y‘—18+g)+100=0;

: Ay g S Y
\/(79 1s+6) 10;

- Tyt -18 +’-‘= 100;

1
z° -3y =

e ( )’ us, o 125
R A vl ) Rt it 7 il
3, 115 9
. g
e 8* N — =40 or 4

o -y+2or+\/(li>

531
ke 3 e
z = 36 or i7"

Vfl AW
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(264). 30\/ o }+4o \/{ } 241,
and l:l + ] [3z 27175 V(® + a:’y“):I

_ 125 - 216 (2* + »)

8

216 8
from (2) 3z“’y +3zy + (a: +y) il )
216 216
$%, 4% 5 _ 126
2 —- = —
and 2°+ 32°y" + 32°y +y’+216(z ) =318°

o1 32 116281
3
o 4y 216 @ +o') +(432) @2y’
91 341 125
- 2-—_.—— —
@Y ) =t ae ™

..z§+y —g—orl(A),

il

z 2 2z
from (1) 30 (a,-s +y ) +40zy = 241 1/{(ap +y° ) xay's

+. from (2) —+ 40zy = 241z y X —5-’

25 + 48zy = 241:&:3_1/8,
and by trial
22

§3 &3 3%
26-2y =482y (b-2y );
bi o 11
o 64ay =482y and zy =125,
14 31
also48z'y -2y =35,
by ¢ 2 SR
from 2°y°® = § in (4), 2° - 22°y® +y° = - 3—’33—:—;

VR
o 2% = y¥ = 5 4/(- 335) (B),
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Ex. 1-3, p. 55.] SIMPLE EQUATIONS. 283

zﬁy%_&f+(1)'=2é+_1_=%1.
ag *\gs) ~ 48" (96y ~ (96)’
b x%y§=l+§=10r___5_- :
i 9696 3 16’

and other values may be found from (B).

PROBLEMS PRODUCING SIMPLE EQUATIONS.

X, (1). What number is that, from the treble of which if 48 be
subtracted, the remainder is 42?

Let 2 = the number,

then 3z -48=42; . z = s;—0=30.

(2). To determine two numbers, such that their difference may
be 5, and the difference of their squares 75.

Let 2 and 2 + 6 be the numbers,
then (z + 5)* —2* =102 + 25 = 75; .. z =,
and the numbers are 10 and 5.
(3). Find a number such that its third part being added to it,

the sum is less than 9 by as much as the number itself is

greater than 5.
Let « = the number,

then9—(x+%)=z—5,

or27 -4z =3z-15; .. z=‘-172=6.
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224 SOLUTIONS IN ALGEBRA.

(4). What number is that, the double of which exceeds four-
fifths of its half by 40?

Let 2 = the number,

4 =z
then2.c—5x 5—40;

- 102 - 2z = 200, and z = gg-(-) = 25.

(5). Find two consecutive numbers such that the half and fifti
part of the less may together be equal to the sum of the
third and fourth parts of the greater.

Let z and z + 1 be the numbers,
z z_z+l =241
then§+5--—3— +T;
S 802+ 122 =202+ 20 + 152 + 15; . z=
. 6 and 6 are the numbers.

<&

=5;

(6). To find two numbers with these conditions, viz. that half
the first with a third part of the second may make 9, and
that a fourth part of the first with a fifth part of the second
may make 5.

Let 2 and y be the numbers,

W lgp il
2+3—9,..x+3—18,

z. Y
80 Loe B
also - +

e .'.a:+§'—l/=20,

4 2
Whence(g-g)y=2; pasgy = 1851000 3 = 81

(7). Of 3200/, 4 has 400/. more than B, and B has 200/, more
than C: find the share of each.
z = B’s share; . z +400=A’s, z - 200 = (’s;
. 8z + 200 = 3200, and 2 = 10007. = B’s share,
A’s share = 1400, and C’s share = 800,




Ix.8—11, p. 55.] SIMPLE EQUATIONS. 225

(8). Find two numbers in the proportion of 9 : 7, such that the
square of their sum shall be equal to the cube of their

difference.
Let 9z and 7= be the numbers;

. then (162)* = (22)°, or 2562° = 82°; .. z =82,
and the numbers are 288 and 224,

(9). Required the number of which %, }; and % together are as

much greater than 233, as %, (1—5 and % of it together are less
than the same.
Let z = the number,

i 2 e
then2-+§+z—223=223—5-'6“7)

then, multiply by 12,
122 122

6x+4z+3z=446x12-—5-—2x——7~,

and 15z x 35 + 842 + 60z = 446 x 12 x 35;

446 x 12 x 35
t——ﬁgg———=280.

(10). To divide the number 2 into two such parts, that a third of
the one part added to a fifth of the other may make g—

Let z = one part; .. 2 - z = the other,

- 3
then§+T=5; b2 46-32=9;
3 1%
e and—z— is the other.

(11). 4 and B began to play with equal sums; 4 won 17 10s.,
and then their money was in the proportion of 13: 7. How
much had each when they left off playing ?

Let zs. = sum each had,
thenz+30:2-30::13:17,
orz:30:20:6; .. x=30220

. 4 had 62 10s., B 31. 10s.

= 100s, = 51.;
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(13).

(14).

(15).

(16).

SOLUTIONS IN ALGEBRA.

. The ages of two brothers differ by 20 years, and one is as

much above 25 as the other is below 25 ; what are their ages?
Let 2 = age of younger, and z + 20 of the elder,
then z + 20 — 25 = 25 — z; .*. 2= 15, and the elder is 35.

Find a number of which the cube root is %the square root.
Let z = the number,

1 1

then 2° = % (2)*, and 2® x 6% =% .~ &= 15625,
Find a fraction which becomes g when unity is added to its
numerator, and % if unity be added to its denominator.

Let ; be the fraction,

z+1 4 z 1
then——y—-g andm—;,

whencey:éﬁ:‘:l,andyr}z—l;
9
.'.16m—4=5a:+5andx=ﬁ,
SOPIINN ook S8
U R T 1

To find three numbers, such that the sum of the first and
second shall be 7, the sum of the first and third 8, and the
sum of the second and third 9,

Let z = the first number; .*. 7 - 2 = second, 8 — 2 = third;
oo 15-22=9; .. =3, and the numbers are 3, 4, 5.
Divide 647 among 3 persons, so that the first may have 3

times as much as the second; and the third, one third as
much as the first and second together.

Let 3z = sum of the first, 2 of the second, :}32 of the third,

s
then 8z + 2 + 4_?” =64l; o 2= 9%.? =121,

and the sums are 367, 122, and 16.
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Ex.17—20,p. 56.] SIMPLE EQUATIONS. 227

(1.

(18).

(19).

(20).

A person, dying, bequeathed his fortune, which was 28007,
to his son and daughter, in this manner; that for ever)
half-crown the son might have, the daughter was to hav
a shilling. What, then, were their two shares?
Let z = number of half-crowns and shillings,
5z 2800 x 40

> + 2 =2800 x 20s.; .. 2= s, SR 16000s. = 8007,

and 5‘_:.: =400 x 5 = 2000/. = son’s share.

o (0 :
A gamester at one sitting lost 3 of his money, and then won

1 .
10s.; at a second, he lost 3 of the remainder, and then won

3s.; after which he had 3 guineas left. How much money
had he at first ?
Let = shillings he had at first,
4z

then z - g +10= = 10 = money he had for second start,

2 (4z
and 3 (-5- o 10) +3= 638.,
4x
whence 5 + 10 = 90s., and z = 100s. = 5.

Three persons, 4, B, C, make a joint contribution, which
in the whole amounts to 4007 ; of which sum B contributes
twice as much as 4 and 20/ more; and C' as much as 4
and B together. What sum did each contribute ?
Let z = A’s contribution; ... 22 +20 = B’s, or 3z + 20 = C’s;
. 6z + 40 =400/, and z = 607,
B’s = 140, C’s = 2007

A person being asked the hour of the day, answered thus:—
If g of the number of hours remaining till midnight be mul-
tiplied by 4, the product will as much exceed 12 hours, as
% of the present hour from noon is below 4. What was the

hour after noop ®




228 SOLUTIONS IN ALGEBEA.
Let the time be z hours past 12 o’clock at noon,

then4{g(12—z)}-12=4—;-,

3z z 3
18——2——12_4—-2—, oo =2 o'clock.

(21).” Two coaches start at the same time from York and London,
a distance of 200 miles: the one from London travels at 93
miles an hour, and that from York at 105, Where will they
meet, and in what time from starting ?

Let « = number of hours till they meet,

37z 43z 200 x 4
then T+T_200' il =10 hours;
370 o
.. they meet R 921 miles from London.

(22). A person paid a bill of 100/ with half-guineas and crowns,
using in all 202 pieces; how many pieces were there of
each sort?
Let # = number of half-guineas, y = number of crowns,
then z + y = 202,
and g—;ﬁ+ 5y =100 x 20 = 2000;
<. 6z + 5y = 1010,
21z 990 x 2
and—2——5z-990, “Z= 3

and y = 202 - 180 = 22.

= 180,

(23). 4 and B begin to play with equal sums; 4 won 57, and
then three times 4’s money was equal to eleven times B's.
‘What had each at first ?

Let £2. = the money of each,
then 8 (2 4 8) = 11 (2 - 8); .~ z=189= 81, 16s.

.
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(24).

25).

(26).

(27).

Says 4 to B, If you give me 10 guineas of your money, I
shall then have twice as much as you will have left. But
says B to 4, Give me 10 of your guineas, and then I shall
have three times as many as you. How many had each ?
Let z = 4’s guineas, y = B,
then z + 10 = 2(y - 10), also 3 (z - 10) =y + 10;

40
S x=2y-30= y—+3— , whence z =22 guineas, y =26 guineas.

A messenger starts on an errand at the rate of 4 miles an
hour; another is sent an hour and a half after to overtake
him ; the latter walks at the rate of 4% miles an hour: when
will he overtake the former ?

Let z = the number of hours,

and gain per hour = g mile;
24

3
S 2=6+-=""= i
z 1% 8 hours

A garrison of 500 men was victualled for 48 days; after 15
days it was reinforced, and then the provisions were ex-
hausted in 11 days. Required the number of men in the
reinforcement.
Let 2 = number of men in reinforcement,
then 2 x 11 + 26 x 500 = 48 x 500;

_ (48 - 26) 500
3 11

A and B together possess 150Z. and C has 50/. more than
D; also A has twice as much as C, and B thrice as much
as . Required the money of each.
Let 2z = A’s money, 150 - 2z = B’s,

1503- 2 _ 1,

150 - 2z

3

A’s = 1201, B'’s = 304, C’s = 604, D’s = 104,

= 1000 men.

z = (s money,

then z - 50 = , or z = 60/,
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(28).

(29).

(30).

(31).

SOLUTIONS IN ALGEBRA.

‘What number is that, of which the half, the fifth, and the
seventh parts are together equal to 59?

Let 2 = the number,

thenf+f+"f=59, Orz=59x70

gy upiY T

In the election of a Member of Parliament, '115 of the con-
stituency refuse to vote, and of two candidates the one who
is supported by ;—g of the whole constituency is returned by

a majority of 5: find the number for each candidate.

15 : 15z
Number of voters = 16 of constituency = 16
192 (152 19z
thenzo——- (—1?_ ?)-)—5; <~ z =400,

and the numbers are 190 and 185.

Required a number from which if 84 be taken, three times
the remainder will exceed the required number by a fourth

of itself,
Let « = the number,

then 3 (z - 84) =z + z, whence z = 144.

A person spends 2s. at a tavern: he then borrows as much
money as he has left, and spends 2s. at another tavern:
borrowing again as much as was left, he spends 2s. at a
third tavern; and repeating this, he spends 2s., all he now
has, at a fourth tavern: what had he at first ?

Let 2s. = money he had,
z - 2 = money left;
< 2 (2 - 2) - 2 = money left in second case = 2 {(z - 3)},
or 4(z - 3) - 2 = 4z - 14 = money left in third case,
and 2 (42 -14)-2=0; . 2= 3s. 9d.
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(32).

(33).

(34).

(35).

The greater of two numbers is equal to four times the less,
and the excess of the greater over the less is 24; required
the two numbers.

z = one number, 4z = the other;

o 4z - 2=24; .. z=8, and the other is 32.

A person pays an income-tax of 7d. in the pound, and a
poor-rate exceeding it by 227. 10s., and has 4867, left: find
his income.

Let £2. = his income; .. his income-tax = l—l

55 7 240
z
Ll EE T oat
then 2 340~ 240 2% = 486,
226z 1017 1017 x 240
whence BT z= W-MOL

Required a number such, that if it be multiplied by 11, and
320 be taken from the product, the tenth part of the re-
mainder will be 20 less than the number itself.
Let z = the number,
11z - 320

then'—1—0—=z—20;

*, 112 - 320 = 10z - 200, and z = 120.

There are two kinds of coin, of which a and b pieces re-
spectively are equivalent to 1Z.: how many pieces of each
kind must be taken so that ¢ pieces together may be equi-
valent to 12.?

Let 2 and y be the number of each kind of coin,
then gag s. and 2703. = their values,

then bz + ay = ab, and z + y = ¢, or az + ay = ac;

ac—ab_a(c-1) _b(@a-0)

b A e Sy ; STy
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(36).

(37).

(38).

(39).

SOLUTIONS IN ALGEBRA.

If 4 and B have between them 1200/, 4 and C 14007,
B and C1500.; how much has each?
Let = A’s money, then 1200 — z = B’s, 1400 - z = C’s,
then 2600 - 2z = 1500; ... 2 = 5500 = A’s,
B’s = 6501, C’s = 8501,

A tradesman, after expending 100/ a year, augments the
remainder of his property by one third part of it, and at
the end of 3 years his original property is doubled: what
had he at first ?

Let = money he had, then £ — 100 = money left;
- 100_4(9:—100

Sz -100 + 3 3

) = first year’s result,

and 4—(4—5—%@ - 100 + 4—’”_9—7% = second year’s result,

and % (16x 3700) = 2z = third year’s result,
whence z = 1480%

A common of 864 acres is to be divided among three land-
owners, A, B, C,so that A’s share shall be to B’s as 5 to 11,
and that C shall receive as much as 4 and B together; re-
quired the share of each.

Let 5z and 112 be A’s share and B’s respectively,

then 16z = C’s;
< 322 =864, and z = %ﬁ .27
.. A’s share = 135 acres, B’s = 297 acres, C’s = 432 acres,

‘Divide 30 into two such parts, that one may be the square
of the other.
Let z = one part, then 30 - z = the other,
1 21 Yadd
e S 2 R E asbyrean = N H
and 30 -z =2% .. 2+ 2 B o s and z 2+z =5;

*. 30 — z = 25 the other part.
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(40). A farmer engaged a labourer on condition of paying him
1s. 4d. a day for every day he should work, and of charging
him 9d. for his board every day he should be idle. Now,
at the end of a year (313 days) the man was entitled to
19/, 10s. 3d. How many days did he work?

Let z =number of days of work, 313 - z =number of idle days,
then 2 x % -(813-2)x g = 3901s.,

whence z = Zg—g—o = 300 days of work.

(41). Find two numbers, the sum of whose squares is 100, and
their product 48.

Let 2 and y be the numbers,
then 2° + »* = 100, and zy = 48;
o2t + 2zy 4 4t =196, and 2* - 22y + Y =4
. w2+ty=14, andz-y=2; . =8, y=6.
(42). Find two numbers whose product is equal to the difference

of their squares, and the sum of their squares to the diffe-
rence of their cubes.

Let z and y be the numbers,
then zy = 2*® - 3%, and &* + y* = 2° - »°;
W) 1
.'.z’—xy+‘1-;—= %Z—’; a:=§(lif\/5)y,
and (3 £/5) 4 +9° = G £40) o - o

Sir S _bty5
..y—m—i?, and z = 1 .

(43). A general after detaching 1% of his army to take possession
.of a height, and 1_58 of the remainder to reconnoitre the
enemy, had 1280 men left; what was his whole force?

Let 2 = his army; -, z - —i—; = first remainder;
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(44).

SOLUTIONS IN ALGEBRA.

52 &
= 1'§( 13) = 1280;
13 52
o '1—8 (x 13
. z = 2880.

) 1280;

Divide 10 into three such parts, that when the first is
multiplied by 2, the second by 3, and the third by 4, the
three products may be equal.
Let z, y, z be the parts,
then z 4+ y + 2 = 10,
2z = 3y = 4z;
22 60 40 30

..z+3+—-10 OFZ=15, Y=T5r 815

(45). Let 10 be divided into 4 parts, such that when they are

(46).

respectively divided by 2, 3, 4, and 5, the quotients will be
in the same proportion as 6, 7, 8, and 9.
Let 2, , 2, and w be the parts,
thenz + ¥ + 2 + w = 10,

thenf:z::6:7; .'.y=¥, alsog:i::G:S; .‘.z=§f

2°3 4 JEE B
) 152
alsoﬁzg::6:9; S =gy
whencez+7-4—x+8:+@—10

o Bt LS AT
T o ¢ Ll ¢ Sl b 1 N

Find the fraction which, if 1 be added to its numerator, be-

comes 313-, but if 1 be added to its denominator, becomes ;

z+1 1 & 1

& uy+1 4’
whence y =3z +3=42-1; .. z=4 andy = 15.

Let 5 be the fraction, then
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(47).

(48).

(49).

(50),

A person distributed p shillings among » persons, giving 9d.
to some, and 15d. to the rest; how many were there of each ?
Let « persons receive 9d. each, then n - z receive 15d.,

then 9z + (n - 2) 16 = 12p; . = =—21-(5n-4p),
andn-z:%(4p—3n).

A cask, which held 60 gallons, was filled with a mixture of
brandy, wine, and cyder, in this manner, viz. the cyder was
6 gallons more than the brandy, and the wine as much as the
cyder and % of the brandy; how much was there of each ?
Let « = gallons of brandy, z + 6 = gallons of cyder,
z+6 +§=gallons of wine;

o 3z 4 g + 12 = 60, and z = 15 gallons of brandy,
21 gallons of cyder, 24 of wine.
A cistern is filled in 24 minutes by 3 pipes, one conveying
8 gallons more, and another 7 gallons less, than the third,
every 3 minutes; the cistern holds 1088 gallons: how much
flows through each pipe in a minute ?
Let 2 = gallons per 3 minutes by third pipe,
z + 8, z — 7 gallons by the two others;
x 24 = 1088, or 3z =136 - 1; .. 2 = 45 gallons;
.*. gallons by first pipe = 53, by second = 38 gallons.
A farmer buys a sheep for £P, and sells b of them at a gain
of 5 per cent.: at what price ought he to sell the remainder
to gain 10 per cent. on the whole ?

; P : P P
Price per sheep _;-£, price that & sold for = & (;‘- i 2—0;) )

CSz+1

to gain £10 per cent. on the whole, price = P + 1'% B %f;
1b
o li% - 2—2%) = price for (@ - b) sheep;
.. price of each = = Ha e

206 a-b

et
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(51).

(52).

(53).

(54).

SOLUTIONS IN ALGEBRA.

A general, disposing his army into a square form, finds that
he has 284 men more than a perfect square; but increasing
the side by 1 man, he then wants 25 men to complete the
square; how many men had he under his command ?
Let z = side of square,
then 2* + 284 = number of army, also (z + 1)* - 25 = army;
o2+ 2 - 24 = 2?4 284;
.. z = 154, and number of men = 155* - 25 = 24000.

A boy at a fair spends his money in oranges; if he had
received 5 more for his money, they would have averaged
a half-penny each less, if 3 less, a half-penny each more:
how much did he spend ?
Let 2 = pence he had, y = number of oranges bought,
z z 1 z z il

Y ik
theng_pnceofeach, alsom—‘;/—-é, g/_—3_1—1+§’

4 :
whencez:y!;:y:y 63y’ and y = 15, and z = 30d.

The stock of three traders amounted to 760Z; the shares of
the first and second exceeded that of the third by 2407, and
the sum of the second and third exceeded the first by 3601 ;
what was the share of each?
Let z, y, z be their shares;
S Z+y+2="T60L, alsoz +y =240 + 3, y + 2=z + 360,
760 - 240 760 - 360

whence z = Py g 2607, z = D)

A sets out from C'to go to D, at the same time that B sets
out from D to go to C'; A arrives at D a hours, and B at C
b hours after they meet: in what time did each perform the
journey ? :
Let 2 = hours till they meet, 4 = distance of C'and D,
# + a =hours by 4, = + b = hours by B;
i
zta' z1b

= 2002, y = 3000

= speed of each per hour;
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s =by B in b hours = ib-;
z+a z+b

. <ist. by 4 in 2 hours =

or 2* + bz = bz + ab, whence z = + /(ab),
and times = @ + 4/(ab), and b + v/(ab).

(55). A garrison of 1000 men was victualled for 30 days; after
10 days it was reinforced, and then the provisions were
exhausted in 5 days; required the number of men in the
reinforcement.

Let 2 = number of men in reinforcement,

2x5+1000 x 5 =1000 x 20; .. = 3000 men.

(56). What are those two numbers, of which the greater is to the
less as their sum is to 20, and as their difference is'to 10?

Let z and y be the numbers,
2

Y
20-y

thenz:y::2+y:20; .o 2=

’

1 v
alsoz:y:z-y:10; .. =‘;/__,1,0;

< y=15, and z = 45.

(57). To find three numbers in arithmetical progression, of which
the first is to the third as 5 to 9, and the sum of all three

is 63.
Let z -y, 2, and z + y be the numbers;

. 82 =61, and z =21,
then21 -y :21 +y::56:9,
or2l:y:14:4; o y=86,

and the numbers are 15, 21, 27.

(58). There was a run, during the late panic, on two bankers,
A and B; B stopped payment at the end of three days;
in consequence of which the alarm increased, and the daily
demand for cash on 4 being tripled, 4 failed at the end
of two more days; but if 4 and B had joined their capitals,
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(59).

(60)

(61).

(62).

SOLUTIONS IN ALGEBRA.

they might both have stood the run as it was at first, for
7 days, at the end of which time B would have been indebted
to 4 4000Z. What was the daily demand for cash on A’s
bank at the beginning of the run?

Let 2 = daily demand on 4 at first,
3z + 6z = what he paid = Tz + 4000;
-z =20001.
‘What two numbers are those, whose difference, sum and
product, are to each other as the three numbers 2, 3, 5?
Let z and y be the numbers,
thenz-y:z+y:ay:2:3:5
whence«r : y :3:5:1; .. 2 =5y,
also 5z + 6y = 3zy; .. y =2, and z = 10.
A bill of 261. 5s. was paid with half-guineas and crowns, and

twice the number of half-guineas exceeded three times the
number of crowns by 17; how many were there of each?

Let z = number of half-guineas, y = number of crowns,
then %t + 6y = 525, also 2z =38y +17;
L1050 - 10y 3y + 17
e TR

One-third of a ship belongs to 4, and one-fifth to B, and
A’s part is worth 10007, more than B’s; required the value
of the ship.

, whence y = 21, and z = 40,

Let z = value of ship,

5= +1000; .. z="7500
A person sets out from 4, and travels towards B at the
rate of 3} miles an hour; 40 minutes afterwards another
sets out from B to meet him, travelling at the rate of
41 miles an hour, and he goes half a mile beyond the middle
of the distance before he meets the first traveller; find the
distance between 4 and B.
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1 1
2= z4o

Let 2z = the distance, s 12 = hours of 4, '4_12 = hours of B,
2

2-1 2z4+1 2 3
s T+§’ whence 2z = 29 miles.

168). It is required to divide 252 into three parts, such that one-
third of the first, one-fourth of the second, and one-fifth
of the third, shall all be equal to one another.

Let 2, y, and 252 - (z + y) be the parts,
3 4 5 WL g
whence z = 63, y = 84, and the third = 105.

(64). Two labourers, 4 and B, received 5 17s. for their wages,
A having been employed 15, and B 14 days, and 4 received
for working four days 11s. more than B did for three days;
what were their daily wages?

Let 2 = A’s daily pay, y = B’s,
then 15z + 14y = 117, also 42 =3y + 11;
x=117—14y=3y+11
15 4

:65). A person expends half-a-crown in apples and pears, buying
his apples at 4, and his pears at 5 a penny; and afterwards
accommodates his neighbour with half his apples and one-
third of his pears, for 13 pence. How many did he buy
of each ?

Let z = number of apples, y = number of pears,
F+%=50d, also T+ =13,
whence z = 72, y = 60.
46). To find a number such that if it be multiplied by 10, and
the product be divided by 13, the quotient, increased by
the number itself, and by 80, will amount to 1000.
Let z = the number,

4+ z + 80 = 1000, whence z = 520.

but

, whence z = 5s., y = 3s.

10z

th
en 4=
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(68).

(69).

(70).
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A person travels a journey at a certain rate; had he travelled
half a mile an hour faster he would have performed the

journey in g of the time, but had he travelled half a mile

an hour slower, he would have been 2% hours longer on the
road; find the distance, and his rate of travelling.
Let 2 = number of miles per hour, and y = the distance,

y_ BN e e
z-number of hours, but 7= 8 (z),also Pt
z+§ z—§-

whence z = 2, and y = 15 miles.

Required a number to which if one-half of itself, one-third
of that half, and one-fourth of that third, be added, the
sum will be 287.
Let 2 = the number,
z+§+ g+ £=287, whence 2 = 168.
A person had two casks, the larger of which he filled with
ale, and the smaller with cyder. Ale being half-a-crown,
and cyder 11s. per gallon, he paid 8. 6s.; but had he filled
the larger with cyder, and the smaller with ale, he would
have paid 117 5s. 6d.: how many gallons did each hold?
Let z = gallons in larger, y = gallons in smaller,
5

then 62—” + 11y = 166, but 11z + ?y = 2253,

whence z = 18, y = 11.
A father bequeaths to his three sons 78001., in such a manner
that if the share of the eldest be multiplied by 4, that of the
second by 6, and that of the third by 8, the products are all
equal; what are their shares?
Let 2, y, and z be the shares;
S & +y+2z="T800., and 4z = 6y = 8z;

A é’;_ﬂ + g= 7800, whence z - 36001., y = 24007., z= 1800/
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(71). A person rows from Cambridge to Ely (a distance of 20
miles) and back again in 10 hours, the stream flowing
uniformly in the same direction the whole time; and he
finds that he can row 2 miles against the stream in the
same time that he rows 3 miles with it; find the rate of
the stream, and the time of his going and returning.

Let & = hours in going, 10 - z = hours in returning ;
20
10-2’

: 20
*. respective speeds are % and

20 20 : : 5
but?-m—_—x..3.2, ..33—4, ..10—-’3—6}10111‘8,

5 .
rate of stream = =EXETa of a mile per hour.

1 20_ E 1 %190

(‘4‘ 6)

(72). The number of a gentleman’s horses is two-fifths of the
number of his black cattle, and for every four of the latter
he has 11 sheep; required the number of each, the number

of the sheep exceeding that of the horses by 141.

Let z = number of black cattle, 2—; = number of horses,

%‘E = number of sheep,

then 11—3':—2—:)3:141 whence z = 60, ———24 ll—x_lﬁé

(78). A gamester lost, first, the 6th part, and secondly, the 10th
part of a certain sum of money; he then gained the third
part of the same sum: supposing that his gain exceeded
his loss by 31, what was the sum ?

Let £z = the sum;
z_z,

z
Sg= 5 +3, whence z = 451,

(14). A pedestrian finding that he could walk four times as fast .
forwards as he could backwards, undertook to walk.’certain

distance (% of it backwards) in a certain timé. But\rtfie
* 4)

M

¥ »
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(75).

(76).

(7).
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ground being bad, he found that his rate per hour backwards
was é of a mile less than he had supposed, and that to

have won his wager he must have walked forwards 2 miles
an hour faster than he did: what is his rate per hour
backwards ?
Let 4z = his rate forwards, and 2 = his rate backwards,
and 44 = distance,

S A 34

thena—+—-t1me +—4—, whence z = 1.

4z +2 1

5

A farm was rated at 3s. an acre, and the tenant, on re-
ceiving back at his rent-day 10 per cent. of his rent, found
that the sum returned amounted to 6. more than the whole
rate. The next year the rates were doubled, and he received
back 15 per cent. of his rent; but he now found that the
sum returned only just paid for the whole rate. What
was the rent of the farm, and of how many acres did it
consist ?
Let « = number of acres, y = £ per acre; .. £xy = rent,

zy 3z 3zy 3z

10-2*% %% 5 = 5’

whence y = 2/., = 120 acres; ... rent = 240/

and —=

Two women, at the distance of 150 miles, set out to meet
each other—one goes 3 miles in the time the other goes 7;
what part of the distance does each travel ?

Let 32 and Tz be the distances,
then 10z = 150, and 3z = 45, and 7z = 105.
Two persons 4 and B, can perform a piece of work in
16 days. They work together for 4 days, when A being

called off, B is left to finish it, which he does in 36 days
more: in what time would each do it separately ?

' dai i e
LetAsdallypart-z,Bs—y,
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o

a1
I y 16’

2k and the remainder after 4 days = -2
. 36

, whence y = 48 days, and z = 24 days.

LR

(i8). A company of 90 persons consists of men, women, and
children; the men are 4 in number more than the women,
and the children exceed the number of men and women
by 10. How many men, women, and children are there
in the company ?

Let 2 = number of women, z + 4 = number of men;
‘. 2z + 4 + 10 = number of children,
and 4z + 18 =90; .. z = 18, number of men = 22,
number of children = 50.
(79). The owner of a balloon calculated that if he filled the

enclosure which he had hired for the day for &5/ with
spectators at 2s. each, and two persons ascended with him,

he should gain % of his outlay. The gas and the weather

proving bad, he pays but half the price of inflating, and
ascends alone from the enclosure a fourth part full, and

foses -13 of his outlay. He ascends on the next day with

a full balloon, the enclosure 2 filled, and a companion with

him. By the whole speculation he gained 10Z.: what did
it cost him to fill his balloon ?

Let 22 = number of persons enclosure will hold,
£y = price paid by each companion, and £z = price of gas,

then 4z + 40y = -1—2 (100 + 20z), or # + 10y = 60 + 12z;

16z - 20
again, z = (100 +10z), whence 10y = zd :

also 3z + 20y = 100 + 20z + 3 (100 + 10z) + 200,

M2
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(80).

(81).

(82).

(83).
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whence 3z + 20y =_10L03ﬂf, and 10y = 200; o 5
220 ¢
wherefore 16z - 20 = 200 + 6z; .. z = g 207, price of gas.

A farm of 864 acres is divided between 3 persons. C has
as many acres as 4 and B together; and the portions of 4
and B are in the proportion of 5:11. How many acres
has each ?
Let 5z and 11z be 4’s and B’s share; .. 32z = 864,
and z = 27; the shares are 135, 297, 432 acres.

There is a cistern, into which water is admitted by three
cocks, two of which are of exactly the same dimensions:
when they are all open, five-twelfths of the cistern is filled
in 4 hours; and if one of the equal cocks be stopped, seven-
ninths of the cistern is filled in 10 hours and 40 minutes.
In how many hours would each cock fill the cistern ?

Let z = hours by equal cocks, y = hours by the other,
4 gallons = cistern;

A A 8w d.ab
%z and - gallons per hour, then s y 12’
32 32 17
also 7 + 3_3/ it 1 whence z = 82, and y = 24 hours.

A labourer is engaged for 48 days on the following con-
ditions : for every day on which he works he is to receive 2.
and his board, but for every day on which he does not work
he is to pay 1s. for his board. If at the close of his en-
gagement he receives 2/. 2s., on how many days must he
have worked, and on how many has he been idle ?
Let « = days he worked;
oo 22— (48 - z) =42; .. z = 30 days’ work.

A merchant wishing to buy a certain quantity of pimento,
the price of which he calculates at the rate of 8Z. for 5 bags,
transmits to his foreign agent the requisite sum of money.
Befora the order arrives, pimento has risen in value, and the
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money is sufficient only to buy a quantity less by 18 bags
than that which the merchant intended. It appears also

that 51 bags more than% of the original quantity will now

cost 10/, 7s, more than they would have done had the price
not varied: what was the quantity intended to be purchased ?
Let 52 = number of bags; .". £8z money sent,

and g— £ price per bag intended,

and 5z - 18 = number of bags bought,

82
6z - 18
5z 8z 8\ 207
S O itk Ul S0 MY
Wiisngs (3 + 5*) i (5:: ~18 5) 20’
or (202 + 63) x 144 = 621 (5 - 18),

ooz = gg:—o = 450 bags.

then

= price of bags bought,

(84). A charitable person distributed 57, 14s. amongst some poor
women and children, giving to each woman 6s., and to each
<hild two; and the number of women was to the number
of children as 4 : 7; how many were relieved ?

Let 4z and 7z be the respective numbers,

£l

then 24z + 142 = 114; 2= %sé= 3
and the numbers are 12 Women and 21 children,

(85). Some hours after a courier had been sent from 4 to B,
which are 147 miles distant, a second was sent, who wished
to overtake him just as he entered B; to do which he found
he must perform the Jjourney in 28 hours less than the first
did. Now the time in which the first travels 17 miles added
to the time in which the second travels 56 miles is 13 hours
and 40 minutes: how many miles does each go per hour ?

Let z = miles per hour by 4;




946 SOLUTIONS IN ALGEBRA.

& L:I = hours, and E‘;idi = hours by B;
1472 s
T miles per hour by B,

17 56 S 3 N
then — + - x (147 - 282) = 133 = 1,

whence 2 = ?,;—‘? = 3 miles per hour for 4,
and B’s speed = 147_X834 = 7 miles.

(86). The sum of three numbers is 70; and if the second is divided
by the first, the quotient is 2, and the remainder 1; but
if the third is divided by the second, the quotient is 3, and
the remainder 3: what are the numbers ?

Let z, y, 2 be the numbers, then 2 + y + 2z = 70,
theny=2z+1, =3y +3;
.*. by substitution,
z+22+1+3+3(2x+1)="70;
=%3-=7, y =16, z =48.
(87). 4 and B start to run a race to a certain post and back
again. A returning meets B 90 yards from the post, and

arrives at the starting place 3 minutes before him. If he
had returned immediately to meet B, he would have met

him at % of the distance between the post and starting
place: find the length of the course and the duration of

the race. _
Let = length of course,
then 2+90:2-90:: 4’ speed : B’s speed, or 4’s = E—gg B,
!
also 2z + &’ 1 2z — g :: A’s speed : B’s speed, or A’s = l?ﬁ)«;
o 11(2 +90) = 18 (2~ 90); 2 2= 225 90 _ 1080 yards,
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A’s whole gain : 180 :: 2160 : 990 ;

% 20 . x ’
. A’s whole gain = ?-::T, which B does in 3 minutes;

. B’s whole time = N D 161 minutes.

(88). 4 and B begin trade, 4 with triple the stock of B. They
each gain 50/., which makes their stocks in the proportion
of 7to 3. 'What were their original stocks ?

3z = A’s stock, x = B’s,
then 3z +50: 2 +50::7: 3;
200
e e 100, B’s stock, and 3007 = 4’s stock.

(89). Two loaded waggons were weighed, and their weights were
found to be in the ratio of 4 to 5. Parts of their loads,
which were in the proportion of 6 to 7, being taken out,
their weights were then found to be in the ratio of 2 to 3;
and the sum of their weights was then 10 tons. What were
the weights at first ?

Let 4z and 5z be their original weights,
and 6y and Ty the weights taken out,
thendz - 6y : 6z -Ty::2:30orz=2y
and 9z ~ 13y = 6y = 10; ... y = 2 tons, & = 4 tons;
.. original weights were 16 and 20 tons.

(90). Two canal boats are despatched from the same place, the

first at 6 o’clock in the morning, the other at 4 in the after-

noon; the first goes 4 miles an hour, the second 9. How
many hours will the second boat take to overtake the first?

Distance gone by first boat in 10 hours = 40 miles;

prenmay {1
.*. second boat overtakes it in ‘}5 = 8 hours.

(91). The upper spokes R and 7 of the hind and fore wheels of
a carriage are vertical at starting. After » has made one
revolution, its direction is at right angles to the spoke next
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before R; and when R has made g of a revolution, 7 as-

cending through its second revolution makes the same angle
with the horizontal line through the axle as the spoke next
before it. Given that the diameter of the fore wheel : diffe-
rence of the heights of the axles as the number of the spokes
in the fore wheel : 2; compare the magnitudes of the wheels,
and find the number of spokes in each.

Let 4R and 4r be the number of spokes, z and y the radii;
then 3R - 1 =4r;

also2y:z-y::dr:2; .. x=’—'—r—1.y;
¥ r+1
circumference of large wheel = 27y. e
i g _ 8my r+l
.. distance of spokes at circumference v

i ik, r+1 3y r+1
by first condition, 2my = 7 x 27r.T.y TR
whence 8r =16, » =2, and R = 3;

.. number of spokes are 12 and 8;

o of larger wheel : ® smaller :: 27y ’;j’.—l 1 2my

oG
The second conditions in the problem are unnecessary for
the solution.

(92). There are two numbers in the proportion of % to %, which
being increased respectively by 6 and 5, are in the propor-
tion of g to %; required the numbers.

Let # and y be the numbers,

thenz:y::%:g

w|&

23:4, andz=—,
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2 1 s
also x+6.y+5..5.§..4.a,
o3y +24:4(y+5):4:5;

s y =40, 2 =30.

(93). A gentleman gave away a certain sum in charity to 14 men
and 15 women. Had the sum been less by 12s., and only
half the number of men relieved, the rest being divided
amongst the women, each woman would have received 2s.
more than each man did; but if there had been only 8
women, and the rest had been divided amongst the men,
each man would have received twice as much as each
woman. How much money was given away?

Let 2s. = sum,
ys. = sum for each man, zs. = sum for each woman,
then 14y + 15z = z, %
but Ty + 156 (y + 2) =2 - 12, also 14 x 2z + 8z = z;
< =36, and 14y =2 - 152 =212; ...y = :—:f,
and 22><E2§=36z—42; E T LA

_36x14

and z = R 24 guineas.

(94). The garrison of a town threatened with siege abandoned the
town, and retreated at the rate of 27 miles per day. Two
days afterwards a corps was sent in pursuit, with orders to
overtake the fugitives in 6 days. How many miles per day
must the second party march to accomplish their orders?

Let 2 = miles per day,
then 62 = 6 x 27 + 54; .. & = 36 miles per day.

(95). A farmer’s rent was 50, a year, and his annual expenditure
¥ 2 : 1 :
(including the assessed taxes, which amounted to 8 of his

expenses) was such that he was able to pay his landlord
only 30/, The year following his rent was lowered 20 per
MO
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cent. ; the taxes also were reduced one-half, and agricultural
1
produce increased in value - 3 in consequence, he was en-

abled to pay his rent and former debt, and to lay by 4l
‘What was his expenditure and the value of his produce
each year?
Let z = his yearly expenditure, y = value of produce,
then z + 80 = g,
second year’s rent = 407,

: bt gy 1l

and expenditure and taxes = Silaas Tt
llz 11z + 780
then—l—z~+40+20+5 y+- . ey

whence @ = 607., and y = 90Z for first year;
*. 1200 is value of produce for second year

(96). A person engaged to reap a field of corn for 5s. an acre, but
leaving 6 acres not reaped, he received 2/. 10s. Of how
many acres did the field consist ?

Let = number of acres,
then (z - 6) 5 = 50s.; ... & = 16 acres.

(97). When wheat was 5s. a bushel, and rye 3s., a man wanted to
fill his sack with a mixture of rye and wheat, for the money
he had in his purse. If he bought 7 bushels of rye, and laid
out the rest of his money in wheat, he would want 2 bushels
to fill his sack; but if he bought 6 bushels of wheat, and
filled his sack with rye, he would have 6s. left. How must
he lay out his money, and fill his sack ?

Let « = bushel of wheat, y = bushel of rye,

then 6z + 3y = his money,

5z + 3y - 2
o

and 7+ =x+y-2 andy=12,

but 30 + (z+y-6)3=56z+3y-6; .. 2=9
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(98).

(99).

From the first of two mortars in a battery 36 shells are
thrown before the second is ready for firing. Shells are
then thrown from both in the proportion of 8 from the
first to 7 from the second; the second mortar requiring as
much powder for 3 charges as the first does for 4, it is
required to determine after how many discharges of the
second mortar the quantity of powder consumed by it is
equal to the quantity consumed by the first.

Let 7z = times the second was fired;
.. 82 + 36 = times the first,
then (8z + 36) 3 = 28z; .. z=2T7,

and 7z = 189 times the second was fired.

Two persons, 4 and B, start at the same time for a race,
which lasted 6 minutes. Now after galloping 4 minutes
at the same uniform pace at which each started, the dis-
1
tance between them is 330 of the whole length of the
course. They continue to run for 1 minute more at the
same speed as at first; and then B, who is last, quickens
the speed of his horse 20 yards a minute, and comes in
exactly 2 yards before 4, whose horse has run at the same
uniform pace throughout. What is the length of the

course ?
Let x yards = length of course,

i 4
and

i A’s speed per minute;
2(z- ")
3
A SR e

37240 1320 3’
877z 3 1 :
5280 3’

) x6+20=2; .2=3x1760 = 3 miles

. distance by 4 in 4’ =
2 S
o distance.by B in 4’ = s

.*. B’s speed per minute =

& (877:: 1
5280 3
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(iOO). A stage coach carries 6 inside, the fare outside is 13s., and
one-third of the sum of the outside fares exceeds one-sixth
of those inside by 1/ 5s. 4d. An opposition arising, the
coachman loses three outside and two inside passengers,
and also reduces the inside fare by 5s., and halves the
outside; and then the whole loss is 7Z. 0s. 6d. Find the
number of outside places, and the fare inside.

Let z = number of outside places, and ys. = inside fare,

then 13z + 6y = sum of fares, but%:y«y Z;,
again(z_3)x%3+4(y-5)=13x+6y_1405;
o 182 + 4y = 2025 .. y=%—l—zf;

<~ 2=10, and y =18.

(101). In a sea fight, the number of ships taken was 7 more, and
; the number burnt 2 fewer, than the number sunk; 16
escaped, and the fleet consisted of 8 times the number
sunk. Of how many did the fleet consist?

Let « = number sunk, 2 + 7 = number taken,
2 - 2 = number burnt;
.82+ 6+15=82; .. x =4, and 32 = number in the fleet.

(102). A gentleman being asked the age of his two sons, answered,
that if to the sum of their ages 18 be added, the result will
be double the age of the elder; but if 6 be taken from the
difference of their ages, the remainder will be equal to the
age of the younger. What then were their ages?

Let « = age of elder, and y of-the younger,
then z + y + 18 = 2z,
alsoz -y -6=y;

y=x—18=z—§—§-; <o 2=30, and y =12,
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(103).

(104).

(105),

A cistern is filled by three pipes, 4, B, C; the pipes 4,.B
together fill the cistern in 70 minutes; A4, C together
in 84 minutes; B, C together in 140 minutes. In what
time will each pipe fill the cistern, and in what time will
it be filled if all three pipes are open ?
Let z, , z be galls. per minute respectively by 4, Band C,
then 70 (z + y) = 84 (2 + 2) = 140 (y + 2) = galls. in cask =m;
S5y + 2z

3 2
whence y = 2z, and z = 4z,

S x=0y-6z=y+2z=

DUt 2+ 9 +2=ms + ot o 2Ty
Y+*=Te0T 168 " 280 " ¥
28
z—-—ﬂ——ﬂ~ .. time by C = 420,

by B = 210/, by 4 =105, and by 4 + B + C = 60.

A entered into a canal speculation with 14 others, and the
profits in this concern amounted in all to 595/. more than
5 times the price of an original share. Seven of his former
partners joined him in a scheme for navigating the canal
with steam-boats; each venturing a sum less than his
former gains by 173/, But the steam-boats blowing up,
A found he had lost 4192 by them; for the company not
only never recovered the money advanced, but lost all they.
had gained by digging the canal, and 368/ besides. What
were the prices of shares in the two concerns originally ?

Let £z = price of original share; ... 6z + 5951 = first gain,

each man's secorid venture = = ;5595 o1 _:OO .
8 (z - 400) bs 8 (6z + 595)
3 15

whence 2 = 700%, and

then

+ 368 = 8 x 419,

z - 400
= 1004,
3

To find four numbers such, that the sum of the first, second,
and third shall be 13; the sum of the first, second, and
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(106).

(107).

SOLUTIONS IN ALGEBRA.

fourth, 15 ; the sum of the first, third, and fourth, 18; and,
lastly, the sum of the second, third, and fourth, 20.
Let @, y, 2, w be the numbers,
thenz+y+2=13, 2 +2+ w=18,
r+y+w=15 y+2z+w=20

v w-g= 2 z2-y= 3;
SN Y=20-w-23=2-3; . w=23-22=2+2;
S 3=21lorz=17,w=9, y=4, z=2.

Supposing that 321bs. of sea water contain 11b. of salt
how much fresh water must be mixed with these 32Ibs.
in order that 321bs. of the mixture may contain only 2 0z

of salt, or% of the former quantity ?

: S |
SR 165

oo 256 — 821bs. = 224 lbs. of fresh water.
Two clocks are striking the hour together, and are heard
to strike 19 times. There is a difference of 2 seconds in
their time, and one strikes every 8, the other every 4
seconds. What is the hour they strike ; it being observed
that, when the clocks strike in the same second, the sounds
cannot be distinguished, so as to determine whether one
or both strike in that second? and that this is the case
with the last stroke of the faster clock ?

The clock which is 2 seconds the faster and strikes
every 3 seconds, strikes first, and it will in 6 seconds strike
the third time and the other will strike its second at the
same time. Let it be 2 o’clock, then when they first strike
together, the faster has z - 8 strikes to strike, and they
will strike together every 12 seconds after the first time,
and z - 3 strikes is the number remaining to the faster

z-3

So@=16'% 16 = 2665

+1
will be the number of times they strike together, but

2z - (%3 + 1) =19, whence z = 11 o’clock.

clock, after they first struck together; therefore
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(108). To divide 48 into 4 such parts that the first increased by 3,
the second diminished by 3, the third multiplied by 3, and
the fourth divided by 3, may be all equal to each other.

Let @, y, %, w be the 4 parts; .. z+y+2+w=48,
z+3

thena:+3=y—3=3z=1§, theny =z + 6, A ik

x+x+6+£g»§+3z+9=48;
Sl 6y =12, 2.0, e =T

(109). A number is expressed by 3 figures; the sum of the figures
is 13; the figure which expresses the simple units of the
number is triple the figure which expresses the hundreds;
and if 396 is added to the number, the sum is the number
reversed. Required the number.

Let 100z + 10y + z be the number, then 2 + y -+ z = 13,
and z = 3z; .. 100z + 10y + 3z + 396 = 300z + 10y + z;
200z - 22 =396, orx=2, 2=6, y=5,
and the number is 256.

(110). The gas contractors engage to light a shop with 5 large
and 3 small burners; but having by them only one large
burner, supply the deficiency with 5 small ones. The shop-
keeper, not finding this light sufficient, procures two more
small burners, and at the same time agrees for the lights
to burn double the usual time on Saturday nights, for
which additional gas he was to pay 12 11s. How much
did he pay a year altogether ?

4 large burners are equal to 5 small, let then zs. = price
of large, 42 = price of small ones per night, and for 1 large
and 8 small ones for 52 nights, and 2 small for 52 weeks
he pays 31s. extra; <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>