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Impulsive impact of nonlinear elastic rods—similarity solutions
R. SESHADRI (REGINA) and T.Y. NA (DEARBORN)

SIMILARITY solutions are determined for the problem of impulsive imapct of semi-infinite non-
linear elastic rods. By invoking invariance under a group of transformations, the governing
nonlinear partial differential equation and the auxiliary conditions are transformed to an ordi-
nary differential equation with appropriate auxiliary conditions. The resulting similarity represen-
tation is solved for both characteristic and shockwave propagation. For the general similarity
representation, numerical solutions are obtained using the method of collocation. A closed form
solution is obtained for a special case.

Notations

x coordinate along the axis of the rod (Lagrangian coordinate system), where
x denotes the position of the particle in the initial unstrained state,
t time,
u(x, t) displacement,
o(x,?) nominal compressive stress; compressive stress is assumed to be positive,
e(x,t) nominal compressive strain,
v(x, t) particle velocity,
¢ mass density of the material in the intially unstrained state,
X(t) distance from origin of the moving boundary,
X,(r) shock front distanced from origin,
similarity variable,
similarity variable at the wavefront for characteristic propagation,
similarity variable at the wavefront for shock-propagation,

} material parameters in the constitutive relationship,

~®_ T rant ey

strength of the impulse.

1. Introduction

THE PROBLEM of the impact of rods with nonlinear constitutive relationships has been the
topic of research for quite some time. A useful technique for analyzing nonlinear partial
differential models pertaining to the problem off impact and wave-propagation is the
similarity analysis [1]. Similarity analysis is essentially a method of determining trans-
formations of variables in the original problem description that converts the partial
differential system to an ordinary differential system. TAULBEE, COZZARELLI and DyM
[2] used the separation of the variables technique to obtain similarity solutions for the
impact problem of nonlinear elastic and viscous rods. SESHADRI and SINGH [3] developed
a technique for obtaining a relationship between the characteristics and the similarity
coordinate at the moving boundary. The so-called “s—c relation ship” is the condition
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at the moving boundary necessary to solve the similarity representation. A classification
of wave-propagation problems based on invariance of governing equations under a group
of transformations was presented by SESHADRI and SINGH [4].

In this paper the problem of impulsive impact of long nonlinear elastic rods is con-
sidered. Similarity solutions have been obtained from both characteristic and shock- wave
propagation. The general similarity representation is solved numerically using the method
of collocation. For the linear constitutive relationship, the closed form solution is obtained.

2. Governing equations and auxiliary conditions for impulsive impact

Within the framework of the uniaxial theory of thin rods, the governing equations of
motion for small deformation are

do _ ﬁv_
ax - Y
oe o
0 E
i
o = p)?,
. ; : - . du ;
where x is the Lagrangian coordinate, ¢ is time, and the straine = — ——. Nominal com-

ox
pressive stresses and strain are considered positive. Equation (1) can be combined to give

1-¢q

p(_ou\e Pu_ Pu
@ E( ﬁ) =

Equation (2) is quasi-linear hyperbolic. The auxiliary condition at the impacted end of

the rod can be written as
1

3) ax=0,t)=,u(——g;)q = —Ié(1).

where 4(t) is the Dirac delta-function. Since the displacement immediately ahead of the
wavefront is zero,
4) u(x = X(t);1) = 0.
The initial conditions are given by
u(x,t=0)=0,
) o(x,t =0)=0.

3. Similarity analysis

The dependent and independent variables appearing in the problem description are
rendered nondimensional by introducing arbitrary reference quantities as follows [1]:
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X e t _ u
X 7=t ad w=2%
Xo to Uy

(6) X = )
where x,, to and u, are reference quantities that are determined such that a “minimum
parametric” description results.

Invoking the invariance of Eq. (2) and Eq. (3) under transformations, Eq. (6), the
following parameters can be extracted:

Az

po () 1t 5
oq  x\Fol

T =

)

The subscripts e and b indicate that the parameters are obtained from equation and bound-
ary conditions, respectively. Other boundary conditions do not contribute any additional
parameters. The mathematical description of the problem can now be expressed as

- x t
@) ux, ) = F(;;,K,ﬂe,ﬂn)-
Minimum parametric description leads to the similarity transformation for the boundary
value problem, Eqgs. (2) to (5). This is achieved by setting 7, = 1 and 7, = 1. Recognizing
that x,, #, and 1, do not appear in the original description, the similarity transformation
can be obtained as [1]

o) u(x, t) = pt"F(C),
where
Kx
C = IT’
1 g—1
k _ " )—“f(_I)T
veal \wl 7
- a+1
- L(L) :
g l/eq Iz ’
1+q
T2
and
_1-q
n= 5

Substituting Eq. (9) into Eq. (2) and simplifying, the resulting nonlinear ordinary differ-
ential equation can be written as

1-q

(10) [(=F) 2 —m?l3)F"—m(m—2n+1){F' —n(n—1)F = 0.
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4. Characteristic propagation

For this case, the discontinuity or the wave propagates along the characteristics. The
auxiliary condition, Eq. (3), can be written in the similarity coordinate as

(11) F0)=0
since ¢6'(t) = O for ¢+ > 0. At the moving boundary x = X(#), Eq. (4) can be transformed
as

(12) F(&) =0,

where (. satisfies the “similarity-characteristic” relationship [1],

1-q
(-F) %

m

(13) o=

The similarity solutions for the problem of characteristic propagation can be obtained by
solving Eq. (10) in conjunction with Eqs. (11) to (13). Once the variation of F with £ is
obtained, the particle displacement can be determined using Eq. (9).

5. Shock-wave propagation

When the magnitude of the impulsive impact is large or the constitutive relationship
is of a specific form, shock-wave formation could occur [5]. The moving boundary now
satisfies the so-called “jump conditions” instead of the similarity- characteristic relationship
which can be written as

(v = ep,
(14) ?
(o) = o).
The symbol { > means the difference between variables on either side of the shock-front.

We now use the variable G({) instead of F({) for shock propagation. Substituting Eq. (9)

into the first part of Eq. (14) and recognizing that e = ——g; and v = —%E:-,

15) G() = 0.

(Note that u(x, ) = ft"G({) for shock propagation.)
At the shock-front, ¢, the stresses and strains are discontinuous whereas the displace-
ment, while zero, is continuous. The second part of Eq. (14) can be expressed as

— l-q l+g¢
16 2 k2 (-G 2’? "
(16) f-om ]/ g )
Equation (16) can be further simplified to give
(1) £- 2V (_gya'

(1+q)
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In terms of the distance to the shock-front

1-¢

) " o)

1-9 1+¢

2¢ ¢ 2

2C, I
18 X () = —= (—
wh * (1+9) \u
where C, is the elastic wave-speed.

In order to obtain similarity solutions for the shock-wave propagation problem, Eq.

(10) is solved along with Egs. (11), (15) and (18).

b

6. Analytical and numerical solutions

When ¢ = 1 the constitutive relationship corresponds to the linear elastic material.
The solution can be written as

(19) F() = G() = H(t-g),
o
where H() is the Heaviside function. In terms of the original variables,
| o x
(20) u(x,t) = £ H(t——C-;).

The solution compares with that reported elsewhere [5]. The stress-wave can therefore be
written as

x
@1 a(x, 1) = —1Id (I—EO—).
For the linear case, the characteristics and the shock-front would coincide.

For the general nonlinear problem, Eq. (10) together with Eqgs. (11), (12) and (13)
are used for characteristic propagation, while Eq. (10) is used in conjunction with Egs.
(11), (15) and (18) for shock-wave propagation. Numerical solutions are obtained using
the method of collocation. The method of collocation, as it applies to characteristic propa-
gation, is discussed here. However, the procedure is similar for the propagation problem
involving shock-waves.

It is assumed that at = 0, F(0) = F,, where F, is as yet to be determined. The initial
value problem, Eq. (10) along with Egs. (11) and (21), is now considered. Furthermore,
the solution is assumed to be

(22) F(C) = Foez2+“1¢2+052:3+...,

where Fy, oy, o,, ... are unknowns. F(£) in Eq. (21) satisfies the conditions Eq. (11) and
F(0) = F,. Substitution of Eq. (21) into Eq. (10) wouid give a remainder term which can
be written as

(23) R(Fy, 0y, 003, ...50) # 0

since the assumed form, Eq. (21), is not the solution. Collocation can be performed by
stipulating that the remainder vanishes at certain values of £. This would lead to several
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equations which can be solved to determine the unknowns. We assume here that «;, = a3 =
.. = 0, so that there are only two unknowns, i.e., «; and F,. If the remainder is allowed
to vanish at { = {* = 0.5, then

(24) R(Fy, ;3 L*) = 0.
Using Eq. (12) in conjunction with Eq. (21),
(25) Foe;%+fllcc = 0.

Additionally, at the wave-front, the similarity-characteristic relationship, Eq. (13) needs
to be satisfied. Therefore,

1-¢

(26) mic = [“chec‘z—'Fo —2a, CC]T-

Equations (24), (25) and (26) contain three unknowns F,, «, and {¢, which can be solved
using the Newton-Raphson approximations.

The procedure is similar for the numerical solution of the shock-wave propagation
problem.

The solutions have been obtained for both characteristic and shock-wave propagation
for several values of the nonlinear exponent, ¢. Figure 1 is a plot of F({) and G({) versus ¢.
Figure 2 is a plot of similarity variable at the wavefront as a function of the nonlinear
exponent, ¢g. It can be seen that for ¢ < 1, similarity solutions of the “first kind” [1] are
obtained, i.e, the shock-front lies behind the leading discontinuity or the characteristics.

020 ~

Ff2)
——== 5(2)

015

F(2), 612)

005

aJ 02 04 06 08 10
Similarity variable (¢)

Fig. 1. F(§) and G({) versus similarity variable, £.



IMPULSIVE IMPACT OF NONLINEAR ELASTIC RODS—SIMILARITY SOLUTIONS 259

100 = Conslitutive- re/’arrcnshrb
c=ule)®

4
j=)
&

096

S
N

Similarity variable at the wave front, &,

S
&
092 |- Q@"//
e/
*,«xf/
I~ c_,\‘i‘/
P Ve
090 & 1 | | | L

090 092 o094 0% 098 100
Nonlinear exponent, g

Fi1G. 2. Similarity variable at the wavefront versus gq.

7. Conclusions

Similarity solutions for the problem of the impulsive impact of nonlinear elastic rods
have been obtained. Similarity transformations are derived using the concept of invariance
of the governing equations and auxiliary conditions under a group of transformations.
The resulting ordinary differential equation is subjected to auxiliary conditions including
some specific conditions at the wavefront. These conditions have been obtained using
the “similarity-characteristic relationship” and the “jump conditions”. The technique

presented in the paper can be extended to propagation problems in acoustics and continuum
mechanics.

References

1. R. SesHADRI, T. Y. NA, Group invariance in engineering boundary value problems, Springer-Verlag, New
York 1985.

2. D. R. TauLseg, F. A. CozzareLLl, C. L. DyMm, Similarity solutions to some nonlinear impact problems,
Int. J. Nonlinear Mech., 6, 1971.



260 R. SesHADRI and T. Y. NA

3. R. SesHADRI, M. C. SINGH, Similarity analysis of wave-propagation problems in nonlinear rods, Arch.
Mech., 32, 6, 1980.

4. R. SesHADRI, M. C. SINGH, Group invariance in nonlinear motion of rods and strings, J. Acoustical Soc.
of America, 76, 4, 1984.

5. D. R. BLAND, The theory of linear viscoelasticity, Pergamon Press, London 1960.

INDUSTRIAL SYSTEMS ENGINEERING

UNIVERSITY OF REGINA, REGINA, SASKATCHEWAN, CANADA
and

DEPARTMENT OF MECHANICAL ENGINEERING

UNIVERSITY OF MICHIGAN, DEARBORN, MICHIGAN, USA.

Received July 27, 1988.





