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Theoretical and computational aspects of large plastic deformations 
involving strain-induced anisotropy and developing voids (*) 

R. LAMMERING (GOTTINGEN), R. B. PI;:CHERSKI (WARSZAWA) and 
E. STEIN (HANNOVER) 

THE AIM OF THE PAPER is to formulate the constitutive equations of elastic-plastic solids with 
strain-induced anisotropy and growing voids and to develop numerical algorithms to solve 
the equations proposed. The anisotropic hardening of porous material is described in terms 
of the combined isotropic-kinematic hardening model which appears to be a combination of 
the hardening Jaws of Prager and Ziegler. The considerations are limited to the associated 
flow rule, what is related with the simplified assumption that the nucleation of voids during the 
process is neglected. The rate equations are formulated by means of substructure corotational 
rates involving the relation for plastic spin. The theory derived is complemented with finite 
element formulation and numerical examples. In the numerical approach the operator-split 
and return mapping strategy is applied. The Newton-Raphson algorithm is used to solve the 
system of nonlinear equations. For this purpose the Lagrangian form of the principle of virtual 
work is linearized. The finite element implementation is based on the convected coordinate 
formulation. The problems of simple shear and the necking of a cylindrical bar were computed 
to show the correctness of the numerical procedure and to describe the behaviour of the material 
subjected to large plastic deformations and developing voids. 

Celem pracy jest sformulowanie r6wnail konstytutywnych cial spr~zysto-plastycznych z indu
kowan~ odksztalceniem plastycznym anizotropi~ i rozwijaj~cyrni si~ pustkami oraz zbudowa
nie odpowiednich algorytm6w numerycznych rozwi~zuj~cych te r6wnania. Wzmocnienie ani
zotropowe materialu porowatego jest opisane za pomoc~ modelu wzmocnienia izotropowo
kinematycznego, kt6ry jest pewn~ kombinacj~ modeli Pragera i Zieglera. Rozwa:Zania ograni
czono do stowarzyszonego prawa plyni~cia, co jest zwi~zane z upraszczaj~cym zalozeniem 
o zaniedbaniu efektu nukleacji pustek w czasie procesu. R6wnania pr~dkosciowe zostaly sfor
mulowane z zastosowaniem pr~dkosci wsp6lobrotowych ze struktur~ materialu, co poci~ga 
za sob~ zastosowanie r6wnania na spin plastyczny. Teori~ uzupelniono sformulowaniem algo
rytmu dla metody element6w skonczonych i przykladami numerycznymi. Zastosowano przy 
tym strategiC( dekompozycji operatora spr((zysto-plastycznego i metod(( rzutowania powrot
nego. Do rozwi~zania ukladu r6wnail nieliniowych wykorzystano metod~ Newtona-Raph
sona. Zlinearyzowano w tym celu Lagran:Zowsk~ form~ zasady prac przygotowanych. lmple
mentacja metody element6w skonczonych opiera si(( na sformulowaniu r6wnan we wsp6lrz~d
nych konwekcyjnych. Rozwi~zane numerycznie problemy prostego scinania i szyjkowania 
cyJindrycznego pr((ta wykazuj~ poprawnosc procedury numerycznej oraz opisuj~ zachowanie 
si(( materialu przy duzych odksztalceniach plastycznych i rozwijaj~cych si~ pustkach. 

UenbiO pa6oThi .RBJI.ReTC.R <iJopMym!poBKa onpe~eJI.RIOII\HX ypaBHeH:HH ynpyro-nnaCTnt.IeCI<IfX 
TeJI C :HH~yu;upoBaHHOH, llJI3CTJi'leCKOH ~e<IJopM3IJ;HeH, 3HH30TpOllHeH H p33BMBaiOillHMHC.R 
nyCTOT3M:H, a T3K>I'e llOCTpoeHHe COOTBeTCTByiOIUHX l.{I{CJieHHbiX anropiiTMOB pelliaiOIUHX 3TH 
ypasaeHH.R. AHu3oTponHoe ynpoq}{eHHe nopHcToro MaTepHana onucaHo npn noMoiUI{ Mo~eJIH 
H30TpOllHO-KMHeM3TM1.JeCKOrO ynpot.IHeH:H.R, KOTOpa.R .RBJI.ReTC.R HeKOTOpOH KOM6HH3IJ;:HeH 
Mo~ene:H Tiparepa M 3Hrnepa. Paccy>H~eH:H.R orpaHI{qeHbi accou;M:HposaHHbJM 33KOHOM Te
qeHHH, 1.JTO CB.R33HO C ynpOIU3101UHM npe,nnOJIO>I<eHHeM 0 npeHe6pe>I<eHHH 3cPcPeKTRMH Hy
KJie3QHH nycToT so speM.R npouecca. CKopocTHbie ypaBHeHH.R c<iJopMynMpoBaHbi c npHMe
HeH.HeM cospau~aTeJibHbiX cKopocTe:H co CTPYKTypo:H MaTepnana, 1.JTO npMBO~HT c co6o:H npM
MeHeHHe ypasnemm ,!IJI.R nnacTH1.JecKoro cnHHa. TeopM.R nonoJIHeHa <IJopMynHpoBKOH anro-

(*) The main results of this paper were presented during the 4th Bilateral Symposium PRL-BRD on 
Mechanics of Inelastic Solids and Structures, 13-19 September, 1987 in Krak6w-Mogilany. 
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pHTMa ~JIH MeTO~a I<OHe~hiX :mell\eHTOB H tiHCJieHHhiMH llpH:MepaMH. IlpH 3TO.M llpHMeHeHa 
cTpaTerHH ,n:ei<oMrr03HQmf yrrpyro-rwacTHt.ICCI<oro orreparopa H MeTo~ o6paTHOH npoeT<l\HH . 
.IT.JUI perneHHH c.~~acTeMbi Hem·meHHhiX ypaBHeHHH 11'cnoJih3oBaH MeTa~ HhiDToHa-PacpcoHa. 
C 3TOH I~eJibiO JIH:HeapH30BaHa JiarpaHH<eBaH cpopMa npHHIUma BHpTyaJibHbiX pa6oT. J1M
nJiel'w\eHTaQHH MeTO~a I<OHeqHhrX ::meMeHTOB omrpaeTCH Ha cpop.'lymipOBKe ypaBHeHHH 
B I<OHBei<QHOHHhiX I<oop~HHaTax. PerneHHhie qHcJieHHo npo6JieMhi npocToro c~BHra 11 o6pa-
3oBaHue llleHKH QHJIHH~pH4eCI<010 CTep>I<HH llOI<a3biBaiOT npaBHJibHOCTb lJHCJieHHOH npo
Qe~ypbi, a Tai<me onHCbiBaiOT noBe~ei-me MaTepHaJia npH oonhiiiHx HJiaCTH4eCKHX ~e4Jop
pMaQHHX U pa3BHBaJOU~HXCH IJ)'CToTaX. 

1. Introduction 

MoDELLING of ductile fracture, metal forming and related strain localization produces 
an increasing demand for the adequate constitutive description of the inelastic behaviour 
of engineering materials and efficient numerical strategies. The constitutive equations for 
small elastic and finite plastic deformations with strain-induced anisotropy modelled as 
combined isotropic-kinematic hardening have been implemented in finite element pro
grams (cf. e.g., HUGHES [1]). A constitutive description of plastic deformations taking 
into account nucleation and growth of voids was studied by GuRSON [2, 3] and NEEDLE
MAN and RICE [4]. Further references can be found in the review given by TVERGAARD 
(5]. On the other hand, it has been found by TVERGAARD (6] and HUTCHINSON and 
TvERGAARD [7] that the application of kinematic hardening provides a more realistic 
prediction of the strain at the onset of localization than the plasticity with isotropic harden
ing. In MEAR and HUTCHINSON (8] and TVERGAARD (5, 9] the Ziegler model of kine
matic hardening with the Zaremba-Jaumann rate was applied for the numerical analysis 
of the effect of yield surface curvature on localization in porous plastic solids described 
by means of the modified Gurson model [2, 3]. The effect of strain-induced anisotropy 
in plastic flow and localization of damaged solids was also studied by DuszEK and PE
RZYNA (10). 

The introduction of tensorial internal variables, e.g., the kinematic hardening par
ameter (back stress), is related to the formulation of objective rate-type constitutive equat
ions. The application of the Zaremba-laumann rate can lead to the non-adequate pre
diction of the material reaction while the finite shearing with pertinent large rotations 
of the principal axes of the back stress tensor plays the dominant role. A detailed discussion 
of this problem with pertinent references is provided in PAULUN and P~CHERSKI [II, 12] 
and in P~CHERSKI [13]. 

In the computational approach to the solution of large plastic deformation problems 
the incremental methods of initial stress or tangent matrix have been widely implemented 
(cf. e.g. ZIENKIEWICZ [14] and and NEEDLEMAN and TVERGAARD (15] or KLEIBER [16]). 
Although these techniques appear very successful in many applications, they create cer
tain difficulties for some classes of problems, particularly when advanced plastic flow is 
involved. The method of initial stresses uses the same coefficient stiffness matrix for all 
iterations and gives unconditional but very slow convergence. In tangent stiffness methods 
divergence may occur. The tangent stiffness methods are implicit, with coefficient matrix 
updates based on the instantaneous plastic state. Very small increments are necessary in 
such a case to provide the required accuracy. This involves high computation costs. 
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Numerous ways of improving these schemes have been proposed using either extensions 
or mixtures of both methods, or approximating to the tangent stiffness matrix to avoid 
the expensive reinversion required at every iteration (cf. HELLEN [17]). 

An important aspect in computational plasticity is to retain the consistency condition 
which requires that the stress trajectory be confined to the elastic domain, what is diffi
cult to inforce exactly. Frequently, projection techniques have been introduced to restore 
consistency. The search for an efficient method leads to the application of a "return 
mapping" algorithm (cf. PINSKY, ORTIZ and TAYLOR [18] and HUGHES [1]). This technique 
consists in solving for every time step an incremental linear elastic problem (elastic pre
dictor) followed by the application of a return mapping algorithm to the stresses to res
tore the consistency condition (plastic corrector). Such a procedure appears to have 
been suggested first by WILKINS [19] and thoroughly analysed by KRIEG and KRIEG [20] 
and SCHREYER, KuLAK and KRAMER [21], largely restricted to perfect plasticity with the 
Huber-Mises yield condition. The extension of the radial return method to accommodate 
linear isotropic and kinematic hardening was provided by KRIEG and KEY [22]. In the case 
of the general convex yield surface, the closest point algorithms have been formulated 
(cf. ORTIZ [23], ORTIZ et a/. [24] and PLANK and STEIN [25]). As it was pointed out by 
ORTIZ and SIMO [26] the application of the closest point procedure to non-trivial plasticity 
models requires calculation of the gradients of the plastic flow direction, the normal 
to the yield surface, the plastic moduli and the elasticity tensor. ln order to avoid the 
laborious evaluation of such quantites, ORTIZ and SIMO [26, 27] proposed a new class 
of return mapping algorithms applicable to a general class of plastic and viscoplastic 
constitutive models. The algorithm is formulated solely on the basis of the yield function, 
the normal to the yield surface, the direction of plastic flow and the tangent elastic moduli 
without involving their gradients. In this procedure the elastic predictor stress is returned 
to the yield surface in successive steps. Each one of these steps involves a projection of 
the stresses onto a linear approximation of the yield surface or "cut". 

The extension of the return mapping algorithms to nonlinear hardening rules and the 
development of the consistent tangent moduli was considered by SIMO and TAYLOR [28] 
The consistent linearization of the response function resulting from the integration algo
rithm provides the quadratic rate of asymptotic convergence. When the radial return 
algorithms are employed in conjunction with the so-called elasto-plastic tangent moduli 
that are obtained from the continuum model by enforcement of the consistency condi
tion, the quadratic rate of convergence is lost. This fact was recognized by NAGTEGAAL 
[29] for a plastic material with isotropic hardening. The problem of linearization of the 
discretized weak form of the momentum balance equation (virtual work) and the con
sistency between the tangent operator and the integration algorithm employed in the 
solution of the incremental problem were considered by HUGHES and PISTER [30] and 
PINSKY eta/. [18] as well as by WRIGGERS [31] and GRUTTMANN and STEIN [32]. 

It has been emphasized by PINSKY eta!. [18] that some numerical integration schemes 
applied in the past to spatial rate constitutive equations have employed difference oper
ations on the spatial stress components. However, such quantities have no mathematical 
sense, for the linear space operations can only be applied to relate tensor fields which 
are determined on the common configuration. The set of all configurations of a body 
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can be shown to be a smooth manifold (cf. MARSDEN and HUGHES [33]). A tensor field 
defined on a particular configuration is a member of the tangent space associated with 
that configuration. Therefore, tensor fields defined on different configurations belong 
to different linear spaces and cannot be combined by means of the linear space oper
ations such as addition and subtraction. This leads to the concept of pulling back of spatial 
quantities to a common reference configuration in order to define precisely difference 
operators to be used in numerical algorithms. This is the reason why the linearization 
of tensor fields defined on the spatial configuration can be properly expressed in terms 
of pull back, push forward and Lie derivative (cf. Appendix for the pertinent defini
tions and references). These geometrical concepts are applied sometimes for the formu
lation of the covariant theory. Covariance embodies material frame indifference with 
respect to arbitrary spatial diffeomorphisms. In [33] the mathematical theory of elasticity 
was formulated as a covariant theory. Some attempts have also been made to extend 
such an approach to inelastic materials with internal variables (cf. e.g. SrMo [34] and 
PERZYNA [35]). The first comprehensive and critical analysis of the application of the 
Lie-derivative in continuum mechanics was provided by Guo ZHONG-HENG [36]. This 
problem is also tackled in the paper. 

The aim of the paper is to formulate the new constitutive equations of elastic-plastic 
solids with strain-induced anisotropy and developing voids. The model proposed by 
GuRSON [2, 3] and generalized by MEAR and HuTCHINSON [8] is extended to formulate 
the flow condition and the equation describing the growth of voids. The anisotropic 
hardening of porous material is described in terms of the combined isotropic-kinematic 
hardening model which appears to be a certain combination of the hardening laws of 
Prager and Ziegler. The considerations are limited to the associated flow rule; this is 
related to the simplified assumption that the nucleation of voids during the process is neglec
ted. The new rate equations are formulated by means of the objective rates involving the 
relation for plastic spin. 

The theory derived is complemented with finite element formulation and numerical 
examples. In the numerical approach, the discussed operator split and return mapping 
strategy is applied. The Newton-Raphson algorithm is used to solve the system of non
linear equations. The Lagrangian form of the principle of virtual work is linearized for 
this purpose. Finite element implementation is based on a Lagrangian convective coordi
nate formulation as described by GREEN and ZERNA [37] (cf. NEEDLEMAN [38]). Due to 
this the total Lagrangian formulation of the principle of virtual work can be directly 
related to the spatial rate equations, for the components of the Kirchhoff stress tensor 
are equal to the components of the second Piola-Kirchhoff stress tensor and the compo
nents of the rate of deformation tensor, referred to the current configuration, are equal 
to the components of the material rate of the Green-Lagrange strain tensor, referred 
to the initial configuration. By the integration of the rate constitutive equations of 
hypoelasticity and elastoplasticity formulated in the current configuration, the principle 
of objectivity was preserved (cf. PINSKY et al. [39]). Geometrically, the calculation of 
the elastoplastic case can be understood as the return mapping of the point in the stress 
space, reached in the elastic predictor step, onto the yield surface in successive steps. 
At every step, the updated stresses are computed by projecting the result of the previous 
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iteration onto the linear approximation of the yield function. The finite element formu
lation is implemented into the general purpose computer program FEAP (Finite Element 
Analysis Program), developed by R. L. Taylor and described in ZIENKIEWICZ [14]. Two 
examples are considered to show the correctness of the numerical procedure and to des
cribe the behaviour of the material: the problem of simple shear and the necking of 
a cylindrical bar (cf. LAMMERING (40)]. 

2. Kinematics 

Consider the motion fPr of a body described by introducing the initial configuration 
B at time t0 and the current configuration cp(B) at time t. The position vectors X and 
x represent a particle X in the configurations Band q;(B), respectively; x = flJr(X). A con
vective coordinate net is introduced, which can be visualized as being inscribed on the 
body in the initial configuration and deforming with the material. The convected coordi
nates, €Ji(i = I, 2 , 3) serve as particle labels and the position vectors X and x are con
sidered as functions of ei and the time t' i.e., 

" 

(2.1) 
X= X(ei, t), 

x = x(ei, t). 

Covariant base vectors of the material net in the intial configuration, Gi, and in the current 
configuration, gi, are defined by the total differential 

A 

ax . . 
dX= ae( de'=G,de', i=I,2,3, 

(2.2) ax. . . 
dx = aei de'= gide', i=l,2,3. 

Contravariant base vectors are related to the covariant base vectors by the equations 

Gj·Gi = bJ , i , j= 1,2,3, 

gi · gi = bJ, i, j = I , 2, 3. 
(2.3) 

Application of the chain rule lead to the following relation between the base vectors: 

(2.4) 
aX: ax 

gi = ax . aei = F. Gi, 

where F is the deformation gradient. The tensor F can be presented in the following form: 

(2.5) F = gi®Gi = bj(gi®Gi) = gi1(gi®Gi) = Gii(gi®G1), 

where 

(2.6) 
gij = gi. gj 

Gii = Gi. Gi. 

The Green-Lagrange strain tensor E is given by 

(2.7) 
1 

E = 2" (FT · F-1), 
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or due to Eq. (2. 5) 

(2.8) 

The material time derivative of E is given by the expression 

(2.9) 
. 1 . . 
E = 2 (FT . F + FT . F) . Gj. 

where the dot indicates the material time derivative. The component form of Eq. (2.9) 
reads 

(2.10) 
• . 1 . • 

£ .. = G .. E·G · = -- G .. (FT·F+FT ·F) · G · IJ I J 2 I · )' 

The Almansi strain tensor e is referred to the current configuration and may be expressed 
in the form 

(2.11) 

or due t.o Eq. (2.5) 

(2.12 
1 . . 

e = -r (gu-Gii)g'®gJ. 

The velocity gradient grad v leads to the following kinematical relations: 

(2.13) 

L = grad v = F · F- 1
, 

L = D+W, 

1 T J ( T D = 2 (L+L ) , W = 2 L-L ), 

where D is the rate of deformation tensor and W is the material spin tensor. 
The components of D with respect to the covariant base vector of the current con

figuration are calculated as 

(2.14) 

Comparison with Eq. (2.10) shows that the components of the material derivative of 
the Green-Lagrange strain tensor, referred to the initial configuration and those of the 
rate of deformation tensor, referred to the current configuration, are the same. 

The application of the Lie derivative to the Almansi strain tensor e yields 

(2.15) 

In plasticity of single crystals it is usually assumed that the dislocations traversing a volume 
element produce a change of its shape but they do not change its lattice orientation. The 
macroscopic counterpart of such a situation in finite deformation plasticity of polycrystals 
is the Mandel's concept of the intermediate relaxed configuration, called isoclinic, in which 
the chosen director triad always keeps the same orientation with respect to the fixed axes. 
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The relaxed configuration is related to the assumption of the existence of the instantaneous 
natural state (KLEIBER and RANIECKI [41]). Due to this the unique decomposition of the 
deformation gradient F is provided, MANDEL (42], LORET (43], KLEIBER and RANIECKI 
[41] and SIDOROFF and TEODOSIU (44] 

(2.16) F =Fe,· Fp,, 

where Fe1 and FP1 correspond to elastic and plastic transformations, respectively (cf. 
also DAFALIAS [45], P~CHERSKI (13] and RANIECKI and SAMANTA (46] for a more detailed 
discussion of these concepts and further references). 

The following decomposition can be derived (cf. SIMO and ORTIZ [27] and WRIG
GERS and STEIN [47]): 

(2.17) 

where 

(2.18) 
1 

Cpl = -f (F;/. F;/ -F-T. F- 1
) 

are respectively the elastic and plastic Almansi strain tensors. The formula (2.17) is valid 
in case of large elastic and large plastic deformations. If the elastic deformations are 
assumed to be small, it can be rewritten as 

(2.19) 

where 

(2.20) 

(2.21) 

3. Balance laws 

The axiom of local mass conservation reads 

(3.1) eo = detFe, 

where e is the density. The relation between the volume element in the initial configuration 
dV and the current configuration dv is given by 

(3.2) dv = _2_1?__ dV = detFdV. 
g 

The principle of balance of local momentum is expressed by 

(3.3) DivP+eob = eox, 
where P denotes the 1st Piola-Kirchhoff stress tensor. The body force eo b and the inertial 
force e0 x will be neglected in the following. 

http://rcin.org.pl



354 R. LAMMERING, R. B. P~CHERSICI AND E. STEIN 

The principle of local moment of momentum takes the form 

(3.4) P· FT =F. pT 

and shows, that P is not symmetric. The relations for the tensors of the lst Piola-Kirch
hoff stress P, the 2nd Piola-Kirchhoff stress S and the Cauchy stress T as well as the 
Kirchhoff stress "'t' are given as follows: 

(3.5) S = F- 1 
• P, 

(3.6) T = - 1
- P·Fr 

detF ' 

(3.7) -r = (detF)T = F·S·Fr. 

In the convective coordinates the components of the 2nd Fiola-Kirchhoff stress tensor 
S = SiiGi®Gi and the components of the Kirchhoff stress tensor -r = -r~igi®gi are 
given by the identity 

(3.8) Tij = Sii. 

This can be shown in the same way as the identity Eii = Dii in Eqs. (2.10) and (2.14). 
In the equations describing the behaviour of elastic-plastic deformations with com

bined isotropic-kinematic hardening, the rates of stress and back stress appear. The for
malism of the Lie derivative is sometimes applied to define objective stress fluxes. 

According to the discussion in the appendix, the representation of the Lie derivative 
of the stress tensor field is not unique. The expression of the Kirchhoff stress "'t' respectively 
in the covariant, contravariant and both mixed bases 

{3.9) 
"'t't = -riigi®gj' 

"'t'2 = -rljgi®gi, 

"'t'3 = -rjgi®gi, 

"'t'4 = -r{g;®gj 

-can lead to four different representations of the Lie derivative Lv -r (MARSDEN and HuG
HES [33], pp. 99-102, box 6.1 ). The Lie derivative of the Kirchhoff stress tensor "'t' expressed 
in the covariant base vectors takes in the absolute notation the form 

(3.10) 

This representation corresponds to the Oldroyd derivative. Equivalently, the Truesdell 
-derivative of the Cauchy stress a 1 = aiig;®gi can be written as follows: 

(3.11) 

All the representations discussed above are reduced to the one unique expression 

(3.12) 

if and only if the velocity field v is a Killing vector field for the metric g. In such a case, 
\7 

-each map 'Pt.:; of the flow of v is an isometry and D = 0. The rate "'t' corresponds to the 
Zaremba-laumann derivative of the stress tensor "'t'. 
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When D #- 0, the relation between the Zaremba-laumann rate and the representation 
of Lv 't' in the covariant basis (Oldroyd rate) takes the form 

(3.13) 

This relation will be used frequently in further considerations, therefore the index "1" 
will be omitted in the following. 

The first comprehensive and critical discussion of the application of the Lie derivative 
in continuum mechanics was presented by Guo ZHONG-HENG [36] where also physical 
conditions were considered. One of these conditions, very important in the theory of 
plasticity, was formulated by PRAGER [48] . It requires that vanishing of the objective 
time derivative of the second order tensor A should induce vanishing of the time deri
vative of its arbitrary invariant: 

(3.14) 
~ - --

LvA = 0 --+ jA = lh = IliA = 0. 

Fulfilment of this condition leads to the Zaremba-Jumann-type representation of the 
objective rate of A. 

The principle of virtual work is a formulation which is equivalent to the balance of 
momentum, Eq. (3.3). This work principle, often referred to as weak form of the balance 
of momentum, is applicable in a general way because no further assumptions, e.g., the 
existence of a potential, are made. 

The derivation of the principle of virtual work starts with the balance of momentum, 
Eq. (3.3), which is scalar multiplied with a vector-valued function 1), usually called virtual 
displacement or test function. The integration over the volume B of the body under con
sideration yields 

(3.15) J Cub 1) dV + J Div P · 1) dV = 0. 
B B 

The boundary conditions are introduced for the displacement field u and the surface trac
tions t on the part oBu and the part on oBa of the surface of the body, respectively 

u = u 
(3.16) 

t = P · n0 on o Ba. 

The partial integration of the second term of Eq. (3.15) using the divergence theorem gives 
with the boundary conditions (3.16) 

(3.17) G(u , YJ) = J [P:GradY)-g0 b · YJ]dV- Jt·Y)dA = 0. 
B oBa 

Introducing the 2nd Piola-Kirchhoff stress tensor, Eq. (3.5), the principle of virtual work 
may be rewritten as 

(3.18) G(u,Y)) .= j [S:oE- e0 b · Y)]dV- Jt·Y)dA = 0. 
B oBa 
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4. Constitutive equations 

4.1. Constitutive relations of elasticity 

For the sake of brevity and simplicity the isothermal processes will be considered 

only. Assume the mechanical state variables (S' a) corresponding to the instantaneous 
natural state in the intermediate configuration, where 

(4.1) s = F- 1 • "t'. F- T el el 

and a represent the structural variables, e.g., the back stress a and the isotropic harden

ing parameter "· 

The elastic Green-Lagrange strain Ee 1 = -~- (F{.Fe 1 • -1) can be calculated from 

the free enthalpy :K per unit mass that can be assumed in the form (MANDEL [42] and 
KLEIBER and RANIECKI [41]) 

(4.2) :K = Jt'(s, a)= :K1(S)+Jt'2(a), 

(4.3) " a:K 
Eel= -e - "- . as 

The rate of elastic strain is given by 

(4.4) 

where 

(4.5) 
" " ()2;K 

N = -e oSoS 

is the elastic compliance tensor and Q is the density related with the relaxed configura
tion. The transformation of Eqs. ( 4.1) and ( 4.4) to the current configuration yields 

(4.6) Del= N: i, 
where 

(4.7) 

and 

(4.8) 

This is the Oldroyd rate with respect to the elastic transformation Eel· Taking into account 
the decomposition 

(4.9) 

Eq. (4.8) reads 

(4.10) 

where W el is the elastic spin and De1 is the elastic rate of deformation. 
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It is typical for most deformed metallic solids that their distortional elastic strains 
remain s.mall under arbitrary loading conditions, whereas they can undergo large elastic 
dilatational changes in shape under very high pressure. RANIECKI and NGUYEN [49] have 
shown , s tudying thermomechanics of isotropic elastic-plastic solids at finite strain and 
arbitrary pressure, that the tensor of elastic moduli in Eulerian description can be expressed 
in terms of derivations of the free energy as simply as in the case of infinitesimal strains, 
provided the logarithmic elastic strain is adopted as a state variable and that the values 

of the ra tios of principal elastic stretches Ueb Fe1 = Re 1 • Ue 1 , are limited in a certain 
interval (cf. RANIECKI and NGUYEN [49] for further details). The large elastic dilatational 
changes will be neglected in our further considerations. The dilatation produced by pro
gressively developing voids will be discussed instead. It is therefore justified to assume 
that Ue 1 is close to unity. In such a case Eq. 4.10 can be approximated by the Zaremba
laumann rate with respect to Wet 

(4.11) 

and the relation of elasticity can be rewritten in the form 

(4.12) 

where C can be specified as follows: 

(4.13) C = A(1®1)+2,ul. 

Let us observe that due to the decomposition 

(4.14) 

Eq. (4.11) can be expressed by means of the material spin Wand the plastic spin Wp 1 

(4.15) 

and an additional equation for plastic spin is required. The rate expressed as in Eq. (4.15) 
is sometimes interpreted as the rate corotational with the substructure (cf. P~CHERSKI 

[ 13]). This rate fulfills the discussed Prager condition and therefore will be applied in the 
formulation of the constitutive equations of plasticity. 

4.2. The model of porous plastic solid 

For porous (dilatant) ductile materials, GuRSON [2], [3] proposed an approximate 
yield criterion and a flow rule that take into account the influence of hydrostatic stress 
on plast ic deformation and void growth. The yield criterion is based on an upper bound 
solution for spherically symmetric deformations of a rigid plastic material obeying the 
Huber-Mises yield criterion around a single spherical void. The initial yield surface is 
given by 

(4.16) 3 T' : 't'' ( tr 't' ) if>o = 1 ~- ~---2 +2fcosh - -(l +fo) = 0. 
_ ay 2a >' 

Here, T' denotes the deviator of the Kirchhoff stress tensor, fo the initial void volume 
fraction and ay the initial yield stress of the matrix material. 
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In order to study the influence of the yield surface curvature on flow localization in 
dilatant plasticity, MEAR and HuTCHINSON [8] take into account the combined isotropic
kinematic hardening. In this case, the radius of the yield surface aM is calculated by 

(4.1 7) 

The constant b, bE [0, 1], influences the way the material hardens: b = 1 corresponds 
to kinematic, b = 0 to isotropic hardening. The yield stress in case of purely isotropic 
hardening is denoted by ae. Introducing the back stress tensor a the flow surface of the 
material takes the form 

(4.1 8) <!> = __ 3_ ('t"'-a)~('t"'-a) +2fcosh(tr('t"-a))-(I +.f2) = 0. 
2 ~ 2~ 1 

For f = 0 the yield conditions (4.16) and (4.18) reduce to the Huber-Mises criterion. 
It is assumed by BISHOP, HILL [50) as well as by BERG [51) and GURSON [2, 3], that the 
direction of plastic flow is normal to the yield surface of the porous material if the matrix 
material obeys the Huber-Mises yield criterion 

1 0 (}</> • (}</> 
Dp, = -- (lJ.:'t") -~- = ..:1 -~- · 

H u"C u"C 
(4.19) 

The vector lL is perpendicular to the yield surface and H is a scalar function. The changes 
of the yield stress and the void volume fraction are calculated by 

(4.20) . _b. _ br ('t"-a): DPt __ 
aM - ae - "' (1-f)aM ' 

(4.21) j = (1-f)trDp1 • 

Due to Eqs. ( 4.17) and ( 4.18) different values of b produce a family of combined isotropic
kinematic hardening surfaces. Following MEAR and HUTCHINSON [8] it is assumed that 
each member of the family is constructed such that under proportional stressing it coin
cides with Gurson's purely isotropic hardening version. The difference between any two 
members of the family appears only when departures from proportional loading path 
occur. This requirement formulated by 

(4.22) 
't"-a "C 

is fulfilled when the back stress tensor a is evaluated by Eq. (4.22) 

(4.23) 

where ci is defined in the same way as t in Eq. (4.15). Specifying the evolution function 

R('t", a) the different hardening laws can be obtained. For example, taking 

(4.24) 

the Ziegler hardening law proposed by MEAR and HuTHIN SON [8] is obtained. The func
tion Q could be evaluated from Eq. (4.22) and the consistency condition 
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(4.25) 

. This is not suitable for the radial return and the predictor-corrector procedure imple
mented here, for in the calculation of the plastic corrector step, cf. Eq. (5.19) and (5.20), 
the consistency condition is applied and all increments of 't', a, aM, and f should be expre-

ssed in terms of A. Using the hardening law (4.24) would be related to the double appli
cation of Eq. (4.25) what leads to tautology. It is more convenient from the numerical 
point of view to assume that the rate of back stress a is linearly dependent on Dpt· Such 
a dependence is provided by the Prager hardening law 

(4.26) 

2 
When f = 0 the parameter c = 3 ~. In porous materials, however, c should be deter-

mined from an additional condition. The condition ( 4.22) will be assumed here. 
Consider the projection of aPr in the direction of ('t'-a): 

o - DP, :('t'-a) 
a = c -- -=,-,-- ·_c._-:-== ( 't'- a). 

Jl ('t'-a):('t'-a) 
(4.27) 

Taking into account Eqs. (4.19) and (4.27) the evolution equation (4.23) can be rewrit
ten as 

(4.28) ci = AR('t'-a), 

where R will be determined from Eqs. ( 4.22) and ( 4.25). 
The function H is calculated from the consistency condition (4.25) and the evolution 

equations (4.20), (4.21) and (4.28) as well as (4.22) 

(4.29) ~ [ a<P ]
2 

ae acJ> acJ> 
H = (1 -f) ai, -a:t : ( 't'-a) - - (I -f) aM a f -a;r· : l. 

The calculation of the vector fl in Eq. (4.19) yields 

(4.30) acJ> 
fl = -a-;:r · 

Thus the flow rule ( 4.19) can be rewritten as 

(4.31) 

This means that an associated flow rule is obtained. The function R is calculated by use 
of Eqs. ( 4.22) and ( 4.25): 

(4.32) R=(l-b) 

acJ> acJ> a y 
H+ --- (1-f)tr - -----

aj d't' aM 

acJ> -a:r: ('t'-a) 
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4.3. Elastic-plastic material 

Taking notice of the additive decomposition of the rate of the deformation tensor 
into an elastic and a plastic part (cf. 2.19), the combination of the constitutive descrip
tion of an elastic material, ( 4.12) and plastic material, ( 4. 31 ), yields the elastic-plastic 
constitutive relation 

(4.33) 
[ 

_ 1 1 a<P a<P ] . 0 

D = C + - - - ®- - .'t'. 
- H o't' o't' 

Its inverse formulation is calculated as 

(4.34) 0 -l (c: ~!)®(c: ~!) ]· 
't' - c - a<P a<J> . n . 

H+ o't' :C:[Ft 

The constitutive equations discussed are complemented by the equation for plastic spin 
W pi proposed by PAULUN and P~CHERSKI [11] (cf. also P~CHERSKI [13] for more detail 
discussion and further references) 

(4.35) 

where 

(4.36) 

and 

(4.37) 

(4.38) 

and 

(4.39) 

a·D-D·a 
(a · D-D · a)11 = --;:==== ==:===:===:===-

y(a · D-D · a) :(a · D-D ·a) 

•eq -. j 2 D D 
Cpl = II 3 pi • pi 

t 

eq J •eqdt epl = cpl . • 

0 

The relation for plastic spin (4.36) has been derived from the analysis of the problem 
of finite simple shear. The function 'YJ ( 4.37) results from the difference between the con
stant angular speed produced by the material spin W and the angular velocity of the 
material line element lying initially perpendicular to the direction of shear. The angular 
velocity of such a material line embodies the average lattice spin over the polycrystalline 
volume element. The function specified in Eqs. (4.37) provides satisfactory results in the 
analysis of the simple shear traction problem and the axial elongation predicted theore
tically conforms with experimentally observed Swift effect, PAULUN and P~CHERSKI [12]. 
The analysis of the simple shear traction problem under reverse loading requires modi
fication of the function (4.37), as discussed in [13]. 
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5. Finite element formulation 

The starting point for the finite element formulation is the principle of virtual work, 
(3.17). Since this equation is nonlinear in the displacements u, an iterative numerical 
algorithm has to be employed for its solution. 

The Newton-Raphson algorithm will be implemented to solve the system of nonlinear 
equations. For this purpose it is necessary to linearize the principle of virtual work. 

5.1. The linearization of the principle of virtual work 

The basic equation for the linearization procedure with respect to a deformed con
figuration, described by the displacement vector ii, is expressed by 

(5.1) G(ii, YJ; Llu) = G(ii, YJ) + DG(ii, YJ) · L1u. 

Equation (5.1) may be interpreted as the expansion of Eq. (3.18) into a Taylor series. 
The expression DG (ii, YJ) · L1u, in which .du denotes the displacement increment, is cal
culated by the formula 

(5.2) DG(ii, YJ) · L1u = ~ [G(ii+s.du, YJ)]Ioe=· 

The Newton-Raphson algorithm is obtained when Eq. (5.1) equals zero 

(5.3) G(ii, YJ) = - DG(ii, YJ) · L1u. 

The linearization of the principle of virtual work (3.18) results in 

(5.4) DG(ii, YJ) · .du = J {GradL1u · S+F · [DS(ii)·Llu]}:GradYJdV, 
Bo 

in which quantities with a bar are related to the known configuration. The surface trac

tions t vanish because they do not depend on the displacements. The linearization of the 
2nd Piola-Kirchho.ff stress tensor is calculated by use of the chain rule 

(5.5) 
as 1 - -

DS(ii) · Llu = aE :DE(ii) · L1u = -2 (Fr · GradL1u+Gradr L1u ·F). 

Now, the tangent operator (5.4) may be rewritten in the form 

(5.6) DG(ii, YJ) · L1u = J GradL1u · S:GradYJdV 
Bo 

1 J- [as - -] + 2 F · aE :(Fr · GradL1u+ Gradr L1u ·F) :GradYJdV. 
Bo 

The expression as; aE depending on the constitutive equation is calculated by its spatial 
counterpart. Following WRIGGERS [31] the linearization of a spatial tensor field, i.e., the 
Kirchhoff stress tensor -r, is obtained by its Lie derivative 

(5.7) 

7 Archiwum Mechaniki Stosowanej 3/90 
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It is visible that the linearization of the Kirchhoff stress tensor 't is the spatial formula
tion of the linearized 2nd Piola-Kirchhoff stress tensor S. The components of these lin
earized tensors are equal, c.f. (2.14). By the chain rule it follows 

(5.8) 

In a convective coordinate net, the components of Lu(e) are equal to the components 
of the linearized Green-Lagrange strain tensor DE(u) · L1u, c.f. Eq. (5.5). This means 
that the components of as I oE can be substituted by the components of O't I oe 

(5.9) 
oSil 8-rii 

8Ekl - oekt ' 

which will be calculated from the constitutive equation. 

5.2. Integration of rate constitutive equations 

The algorithm is based on updating the known variables at a converged configura
tion Bn, deformation gradient Fn. plastic variables an, aM"' fn and stresses 'tn to their 
correspondingvalues Fn+ 1 , an+l' aMn+ 1 ,fn+ 1 and 'tn+l on the updated configuration 
Bn+l· The geometric update from Bn to Bn+l is assumed to be given. 

From an algorithmic point of view special care must be taken in the integration of 
rate constitutive equations formulated in the current configuration because the principle 
of objectivity has to be preserved (PINSKY, ORITZ, PISTER [20]). 

In a material description the integration scheme is given by 

tn+l 

(5.10) Sn+l = Sn+ f Sdt. 
ln 

Introducing Eq. (3. 7) and an intermediate configuration given by the deformation gradient 
Fn+cx 

(5.11) 

Eq. (5.10) may be expressed by the Kirchhoffstress tensor with 

111+1 

(5.12) F -1 ... F-T F-1 F-T + r F-1 F-T dt n+l'"n+l' n+l= n ''tn' n . n+cx''tn' n+cx · 
tn 

Objectivity is preserved by the integration algorithm for oc = 0.5. This means that the 
increment of stress has to be calculated in an intermediate configuration. 

5.2.1. The hypo-elastic case. In order to calculate the components of o-rii foe"' from Eq. 
(5.9) the approximation 

(5.13) 
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is made. The constitutive equation (4.12) is rewritten with the help of Eq. (3.13) in the 
form 

(5.14) Lv(-r: ) = C:D --r: · D -D · -r:. 

The index notation Lv( -cii) = ( Ciikt- r ikgi1- rki gi1) Dkt makes the derivative with respect 
to D~c 1 ea.sier and leads to 

oLv( rij) · ·kl · ·kt ·k ·t k · ·t 
-~- = P' 1 = C'1 - r' g1 - r 1g' . ank, (5.15) 

These C0111ponents replacing the components of as; oE in Eq. (5.6) complete the tangent 
operator. 

Equabon (5.12) demands to refer all quantities of Eq. (5.14) to an intermediate con
figuration. This is done for the elasticity tensor Ciikt = ft(gikgi1 + gi1gik) + J.giigk1 by cal
culating the quantities g ii from the deformation gradient Fn+o: of this configuration 

(5.16) 

and for the stress tensor -r: by the pull back/push forward operation 

(5.17) 

5.2.2. The elastic-plastic case. In consequence of the additive structure of the constitutive 
equations for elastic-plastic problems, return mapping algorithms have been proposed 
for the integration of the constitutive equations, splitting the calculation into an elastic 
and a plastic part with the application of the methodology presented in SIMO, ORTIZ 

[27] and ORTIZ, SIMO [26]. 
For the moment it is assumed that the deformation process from the configuration 

Bn to Bn+ 1 is purely elastic and that there is no plastic response of the material. Combi
ning the plastic variables Cl, aM, and f into the vector q the elastic constitutive equations 
can now be summarized as follows: 

(5.18) 

D = Der+Dpr = D(t), 

Lv(1:) = C:D-1: · D-D · 1:, 

Dp1 = 0, 

Lv(q) = 0. 

The stresses calculated in this way generally violate the yield condition. Therefore, this 
elastic predictor step has to be followed by the plastic corrector. The plastic part of the 
constitutive equations is defined by 

(5.19) 

D = Der+Dp, = 0, 

Lv(1:) = -C:Dpr, 

• a<P 
Dpr =A 01: ' 

Lv(q) = Ah(q, 1:). 

In this equation h denotes a simplified notation for the evolution equation of the plastic 
variables, summarizing Eqs. (4.20) (4.21) and (4.28). The right hand sides of Eqs. (5.18) 
and ( 5 .19) add up to the right hand side of the total rate constitutive equation. 

7* 
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The numerical procedure in calculating the unknown values in the updated configur

ation is as follows: After the elastic predictor step, which is a straightforward cal

culation, the stresses violating the yield surface are computed iteratively in the plastic 

corrector step. For this purpose the yield condition is expanded into a Taylor series 

in order to calculate the unknown parameter A. 

(5.20) 
m. m. (}(/) I 0 (}(/) . 0 (}(/) i • (}(/) 'I ~ 
"¥ = "¥1-.=-ro+~-~ : -r+ - ---! :a.+ -~-- 1 aM+ - ~-~· .f. 

q=qo u't" ,'t'=-ra 0(1. !-.=""to u(JM !""t"=-ro C< 't'=-ro 
Q=Qo Q=Qo Q=Qo Q=Qo 

Table 1. Numerical procedure of the solution of elastic-plastic problem. 
- - ------ - ------ -----

A) geometrical update 

1) Un+l = u,.+Ju 

2) deformation gradient for the incremental objective integration 

F,.+CX = ocF,.+ 1 + (1- a)F n 

3) increment of strains 

!IE = En+1 -E, 

B) elastic predictor 

1) push forward of the stress and the back stress tensor 
PLr~~ 1 from r~1 ; FLoc~1+ 1 from oc~1 

2) elastic constitutive equation with the Zaremba-laumann derivative of the Kirchhoff 

stress tensor 
pilkl = Cijkl_ l' Lr,f,"+ 1gil_ F'LT~~ 1gil 

3) calculation of stress 

<O>r~~~ = r:/+Piik' t.JEkl 

4) calculation of the back stress tensor 

(O)oc!~t = cx~l-(FL0!~"+ 1 gil+FLO!~~Jgil) .J£kl 

C) check the yield condition 

(O)<TM,n+1 = <TM,n; (0)1~+1 = fn 

(O)<J)n+ 1 = !J>(<O>r,:~ 1' (O)CX~~ 1' (O)O'M ,II+ 1' (O)j,+ t) ~ 0 ? 
yes: 7:~~1 = <O>r~~1; oc~1+1 = <O>cx~1+t; <TM,n+1 = <O>aM,n+1; 1~+1 = <O>fn+t 

no: i = 0 

D) plastic corrector 

L1A = A· l it in accordance with Eqs. (5.21) and (5.22) 

o<P 
(i+l>rli = (l>r'i _ l.t1Ctikt ___ _ 

·n+ l n+l - a(i>r~~l 

<i+l>oc~~~ = < 1 >oc~~ 1 + R , IA(<i>r~~ 1- <i>cx~~~) 

. . f b~ . ') . . . (j(jJ 
<i+l)O'M,r~ + t =<l)rrM +1+LJ.!l --- - - --- ---- - - (<•>r• ~-<•>cx' 1 1) --

.n (i)O'M,rr+l(l-< 1'l"n+l) 
11

+ "+ (;(ilr~1+1 

8([> 
(i+L>j;,+ 1. = (ilJ,,+ 1 + ! L·l(J- ( i)frr+ l) -

o<ilr~~l 

E) convergence check 

<J>(<i+l)T~j+l, (i + llo;f,1+ 1 (i +I)UM,rr +J' (i+llfn+l):::; e? 

yes: T~j+l = (l+ 1 lTf/+1; OC~J+l = (i+ 1 )0!~~1; O'M,n+l = (i+l)uM,n +!; 1;, _,. 1 = (i+1)1~+1 
no: i +-i+1 , go to D) 
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With the evolution equations, proposed in Sect. 4.2, it is possible to express all the incre

ments in Eq. (5.20) in terms of A. The Newton-Raplzson algorithm is obtained when Eq. 

(5.20) is set to zero. A is calculated as 

(5.21) 

(5.22) 2:= 

Q=Qo q=qo 

A more detailed description of the procedure is listed in Table l. Geometrically, the 
calculation can be interpreted as the projection of the point in the stress space, obtained 
by the elastic predictor step, onto a sequence of linearized yield surfaces. The iteration 
is terminated when the yield condition is satisfied within a given tolerance. 

6. Examples 

The finite element formulations pointed out are implemented in the general purpose 
computer program FEAP, developed by R. L. TAYLOR and described in ZIENKIEWICZ 

[14]. 
Two examples will be considered to illustrate the correctness of formulation and to 

describe the constitutive behaviour of the material: the problem of simple shear and the 
necking of a cylindrical bar. 

6.1. The problem of simple shear 

The problem of simple shear is used to verify the computational results in case of 
Mises material with combined isotropic-kinematic hardening without voids. The finite 

-r----ut 
- -

1.0 l 
FIG. 1. Discretized model of simple shear. 
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element mesh is shown in Fig. 1. The shear deformation is enforced by a displacement 
rate, subjected to the nodes at the top of the structure. 

Consider a material with purely kinematic hardening and with application of the 
Zaremba-laumann derivative in the evolution equation of the back-stress tensor a. 
A semi-analytical solution is presented by ATLURI [52] for the ratio ayjG = 0.1225, 
where ay denotes the yield stress and G the elastic shear modulus. The ensuing stress
displacement relation and the components of the back stress tensor as a function of the 
displacements are displayed in Figs. 2 and 3, respectively. 

rik 

(kN/cmlJ 
1300 

1000 

500 

100 

0 1 2 

£=30DOOkN/cm 2 

V= 0.3 ~d5 
... o---o j 1cm ~ ........ 

Gy = 1413 kN/cm 2 

!;,= 942 kN/cm 2 

'o " ', o'-.,o~r12 
own solution ", 11 22 

"'-o..,T =- T 
At/uri [52] .......... 

3 4 5 5 u1 (cm} 

FIG. 2. Simple shear, kinematic hardening with application of the Zaremba-Jaumann rate. Comparison 
of the computed stress-strain relation with the solution of ATLURI [52]. 

cxik 

(kN/cm2) 
1300 

1000 

500 

At/uri [52] 
o awn saluff"an 

£=300COkN/cm2 

V=0.3 
6y = 1413 kN / cm 2 

~ = g42 kN/cm 2 

FIG. 3.Simple shear, kinematic hardening with application of the Zaremba-Jaumann rate. Comparison 
of the computed back stress-strain relations with the solution of ATLURI [52]. 

From there it can be seen that the computational results agree with the semi-analyt
ical solution. This illustrates the correct implementation of the equations describing 
phenomena in the finite deformation range. On the other hand, the well-known oscilla-
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tory behavior of the components of the stress tensor and the back stress tensor can be 
observed .. 

In a physical sense, more realistic results are obtained when the time derivative pro
posed by PAULUN, PecHERSKI [11] is applied in the evolution equation of the back stress 
tensor. In order to have a small influence of elastic material behavior, which is neglected 
in [ 11}, a small initial yield stress and a large Young modulus were chosen. The material 
constants were taken from an aluminium alloy: ay = 207 MPa, and ; = 414 MPa. The 
solution given in [11] as well as the numerical results are displayed in Fig. 4. 

3 

1 

0 2 4 6 8 10 u1{cm} 

FIG. 4. Simple shear, kinematic hardening with the application of the substructure corotational rate (cf. 
PAULUN and P~CHERSKI [11]). Comparison of the computed stress-strain relation with the solution 

obtained in [11]. 

It is visible that the shear stress and the normal stress increase now monotonously with 
the displacement. Again, there is a good agreement between the finite element solution 
and the semi-analytical results. 

6.2. Necking of a circular cylindrical bar 

Consider a circular cylindrical bar in uniaxial tension enforced by an axial displace
ment rate at the ends of the bar. The geometric data and the finite element discretization 
are given in Fig. 5. The material properties are: E = 210,000 MPa, v = 0.3, ay = 200 MPa. 
The hardening function of the material is given by the modified Ramberg-Osgood law 

(6.1) P 1.1ay [( C1e )"' ( 1 )m] 
e = mE 1.1 a Y - Tf ' 

which has been used, e.g., by ARGYRIS, DOLTSINIS, KLEIBER [53] and KLEIBER [54]. The 
hardening exponent is assumed to be 8. The ends of the bar are cemented to rigid grips. 
A small geometric imperfection has been given to the model prior to loading. 

Various calculations with different constitutive assumptions are carried out: 
isotropic hardening and kinematic hardening without voids, 

http://rcin.org.pl



368 

6 
1.0 

4 
0.8 

2 
0.6 

0 

--- Kleiber [54) 
-- own solution 

A/A0 

R. LAMMERING, R. B. ~CHERSKI AND E. STEIN 

£=21000 kN/cm2 

v=03 
6y=20kN/cm2 

m=B 

FIG. 5. Necking of a circular cylindrical bar for isotropic hardening without voids. Load-displacement 
diagram and the diagram displaying the reduction of the midcross-section with increasing axial elongation. 

Comparison with the computational results obtained by KLEIBER [54]. 

isotropic hardening and kinematic hardening with an initial void volume fraction 
f= 0.04. 

In case of isotropic hardening without voids, the results can directly be compared 
with those of KLEIBER [54]. In Fig. 5 both solutions are presented in the load-displacement 
diagram as well as in the diagram, displaying the reduction of the midcross section with 
increasing axial elongation. 

There is a good agreement between the curves up to the maximum of load. However, 
in the present study the maximum is reached at an axial elongation u I 10 = 0.053, whereas 
in Kleiber's solution it is calculated at uj/0 = 0.06. This difference may result from the 
finite element discretization which is finer in the necking region in the present study. 

In Fig. 6 the same results are presented, but now kinematic hardening takes place. 
It is visible that the results do · not differ from those calculated with isotropic harden

ing up to the maximum of the load deflection curve. In the case of kinematic hardening, 
however, the maximum is reached at an axial elongation u/10 = 0.051 which is a little 
less than in the case of isotropic hardening. Furthermore, the curve applied to kine
matic hardening decreases much more with further elongation. The deformed mesh at 
maximum load is shown in Fig. 7. 
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FIG. 6. Necking of a circular cylindrical bar for isotropic and kinematic hardening without voids. Effect 
of kinematic hardening on the load-displacement and the reduction of the midcross section with increasing 

axial elongation. 

u 40cm 

Fig. 7. Necking of a circular cylindrical bar. The deformed mesh at maximum load. 

These results agree with the studies of different authors (e.g., MEAR, HuTCHINSON 

[8], TvERGAARD [9])., acknowledging that the increasing yield surface curvature favours 
plastic localization. 

In case of materials with voids the results are displayed in Figs. 8 and 9. In the load
displacement diagram all the curves coincide up to the maximum load. Those referred 
to the void containing material, however, descend steeper than the corresponding ones, 
referring to voidless material, Fig. 8. Furthermore, it is visible in Fig. 9, that the void 
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FIG. 9. Necking of a circular cylindrical bar for isotropic and kinematic hardening. The effect of kinematic 
hardening on the development of voids in the different parts of the midcross-section. 

volume fraction increases much faster in case of kinematic hardening. So it can be seen 
again that kinematic hardening favours plastic localization. Just like in experiments, the 
greatest amount of the void volume fraction takes place in the center of the bar. 
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Appendix 

In this appendix a brief summary of the notation and basic concepts of differential 
geometry employed in this paper is given. The work of tensor analysis on manifolds of 
ABRAHAM, MARSDEN and RATIU [55] as well as the texts on the applications for the con
tinuum mechanics of MARSDEN and HuGHES [33] may be consulted for further details. 

Consider smooth orientable Riemannian manifolds (B, G) and (S, g) endowed with 
Riemannian metrics G and g, respectively. B can be understood as the fixed reference 
configuration of the body and S is the ambient space in which the motion of the body 
takes place. Denoting by C : = { <p: B -4 S I <p is CCX) embedding} the configuration space, 
a motion of the body is the curve of configurations t E R -4 <pt(X) E C and we can write 

(A. I) X = 9't(X) = <p(X, t), X E B. 

The motion lfJr determines the material velocity as a vector field over lp1 , i.e., V, : B -4 Tx S, 
defined as 

(A.2) V (X) = o<p,(X) X E B 
t at ' 

and the material acceleration A1 : B -4 TxS, 

(A.3) A (X) = oVt(X) X B 
I at , E , 

where Tx S is the tangent space to S at x. 
The spatial velocity Vr: <pr(B) -4 Tq~<x> S and spatial acceleration at: lfJt(B) -4 Tq~<X> S 

are defined as vt = Vr o lp- 1 and ar = Ar o <p-;- 1
• 

The deformation gradient F of <p is the tangent of <p; thus F = T<p. For X E B, F(X) 
denote the restriction ofF to TxB. Thus F(X): TxB -4 Tq~(x>S is a linear transformation 
for each X E B. If {xi} and {Xi} denote coordinate systems on S and B, respectively, 
then the matrix of F(X) with respect to the coordinate bases g1(x) and Gj(X), where 
x = l{J(X), is given by 

(A.4) F;(X) = _!<p;(X) 1 ax1 · 
If t is a tensor field, defined on the deformed configuration <pr(B), the pull-back oft through 
the motion <p1 defines a tensor fieldTon B denoted by T = <p~(t) . For example, in the case 
of a second order contravariant tensor the pull back operation takes the form 

(A.5) 

or, in the absolute notation, 

(A.6) 

Likewise, if T is a material tensor field defined on B, the push-forward of T through the 
motion <pr defines a spatial tensor field t on lfJ,(B) denoted by t = </'t•(T). In this case, for 
the example used above, the push-forward operation takes the form 

(A.7) 
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or in the absolute notation 

(A.8) t =F. T. FT. 

Let v, be the spatial velocity vector field of a motion p,. Then the collection {Pt.s!Pr.s = 
Pt o p-; 1

: Ps(B) ~ cp,(B)} is the flow or evolution operator of v,. 

DefiniCion of tbe Lie derivative 

Let v be a C 1 (time dependent) vector field on S and Jet Pr.s denote its flow. If t, is 

a C 1 (possibly time-dependent) tensor field on S, the Lie derivative of t with respect to 
v is defined by 

(A.9) 

A general coordinate expression can be given for the Lie derivative of a tensor for arbit
rary type, namely, 

(A.IO) (L t)ab ... c = iab ... c 
v de ... f de ... f 

- tgb ... c ava - all upper indices 
de ... f ox(/ 

+tab ... c ovk +all lower indices 
ke ... f oxd ' 

where 

(A. II) 
. a a 
tab .. . c = _ tab ... c + __ 1ab ... cvg 

de ... f ot de .. . f ox' de ... f . 

It is essential to note that such operations as pull-back and push-forward as well as the 

Lie derivative have no unique representations, i.e., they do not commute with lowering 
and raising of indices. The sufficient and necessary condition that these representations 

are unique is that v be a Killing vector field for the Riemannian metric g. 
When a map l.J':S ~Sis an isometry of a metric g, i.e., P* g = g, a vector field v is 

a Killing vector field (or infinitesimal isometry) if each map P,, s of the flow of v is an 
isometry in S. 
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