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Viscoelastic boundary layer: 
the integral momentum procedure for layers of the "elastic-type" 

S. ZAHORSKI (WARSZAWA) 

THE INTEGRAL momentum equations with the corresponding boundary conditions and the 
additional relations at the wall have been derived for the "elastic-type" boundary layer in stagna
tion point flows treated as flows with dominating extensions. Some numerical results for the 
velocity profile are presented and certain formulae for the boundary layer thickness are discussed 
in greater detail. 

Wyprowadzono r6wnania calkowego p~du wraz z odpowiednimi warunkami brzegowymi 
i dodatkowymi zaleznosciami na sciance dla warstwy przysciennej typu "spr~zystego" w prze
plywach stagnacyjnych, traktowanych jako przeplywy z dominujqcymi efektami rozciqgania. 
Przedstawiono pewne wyniki numeryczne dla profil6w pr~dkosci oraz bardziej szczeg6lowo 
przedyskutowano niekt6re wzory na grubosc warstwy przysciennej. 

BhiBe~eHhi ypaBHeHHH HHTerpaJibHoro HMIIYJibca cosMeCTHo c cooTBeTCTBYIO~HMfi rpaHHli
HhiMH YCJIOBfiHMH fi ~OIIOJIHHTeJibHbiMH 3aBHCHMOCTHMH Ha CTeHKe ~JIH rrorpaHfiliHOI'O CJIOH 
,yrrpyroro" THIIa B 3aCTOMHhiX Tel!eHHHX, TpaKTOBaHHbiX I<aK Tel!eHHH C ~OMHHHpyiO~HMll 
3cPcPeKTaMH paCTH>KeHHH. Tipe~CTaBJieHbl HeKOTOpbie liHCJieHHbie pe3yJihTaTbl ~JIH IIPOcPftJieH 
CKOpOCTH H 6oJiee IIO~po6HO o6cym~eHbl HeKOTOpbie cPOPMYJibl ~JIH TOJI~HHhl rrorpaHHl!HOrO 
CJIOH. 

1. Introduction 

BASIC problems connected with viscoelastic boundary layers in stagnation point flows 
treated as flows with dominating extensions were extensively discussed in our previous 
paper [1]. To this end the notion of the so-called boundary layer of the "elastic-type" 
(cf. [2, 3]) was used and the corresponding scaling procedure valid for small values of the 
elasticity number, i.e. the ratio of Weissenberg to Reynolds number, respectively, was 
developed in greater detail. It is noteworthy that only for purely stagnation point flows 
the exact similarity transformations could be performed and some approximate solutions 
of the governing equations presented (cf. [1]). 

In the present paper we consider the integral momentum procedure and the modified 
von Karman-Pohlhausen method as applied to boundary layers of the "elastic-type". 
This approximate method may be very useful in flows near the leading edge of blunt 
bodies and profiles where the extensional effects are of greater importance as compared 
with shearing effects, i.e. for higher values of Weissenberg numbers. 

At the beginning of the paper we briefly repeat some main results for layers of the 
"elastic-type" as well as for the flows with dominating extensions (cf. [1, 4]). Next, we 
derive the corresponding integral momentum equations together with the boundary condi
tions and the additional relations satisfied at the wall. In what follows, some numerical 
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590 S. ZAHORSKI 

results describing the velocity profiles are presented in a graphical form and the formulae 
for the boundary layer thickness are discussed in certain particular cases. As in previous 
considerations, the emphasis is placed on the role of the extensional viscosity function 
and its variability with respect to the extension rate (gradient). 

2. Preliminary results and notations 

In our previous paper [1] we discussed the Prandtl-type equations for the "elastic-type" 
boundary layers in the following form: 

( 
ou ou) dp* oT

12 
o ( 11 22) 

(! u - +v - - = - --- +-- + - T -T , 
ox oy dx oy ox 

_au + !!!___ = 0 
ox oy ' 

(2.1) 

where u and v denote velocity components, (! is a density, and Tii (i, j = 1, 2) are stress 
components in Cartesian coordinates. Th~ modified pressure p* is connected with an external 
flow by the Euler-type equation: 

(2.2) U dU __ -~ dp*_ 
dx - (! dx ' 

where U(x) denotes velocity of an inviscid solution at the wall. The relevant boundary 
conditions are as follows: 

(2.3) u(O) = v(O) = 0, limu(y) = U. 
y -+ 00 

Let us remind that the concept of a viscoelastic boundary layer is based rather on the 
intuitive than physical assumption that in many situations there exists some thin layer 
close to the wall in which not only viscous but also viscoelastic (normal-stress) effects are 
meaningful and the external flow is exactly an inviscid one, governed by the Euler equation 
(cf. [I, 3]). 

Equations (2.1) have been derived under the assumption that the parameter 

(2.4) , ~ ~· ~ o(y'El) ~ o(V·l~) 
is small enough, and the elasticity number El (cf. [2]) is defined through 

(2.5) El = Ws/Re , Re = UoL 
Vo ' 

W 
_ Vto Uo 

s- L . 
Vo 

In the above definitions of the Reynolds and Weissenberg numbers, U0 and L denote some 
characteristic velocity and dimension, respectively, and v0 , v10 are the kinematic viscosity 
and normal-stress coefficients. As a consequence of Eq. (2.4) we obtain 

(2.6) 

this means that the thickness of the "elastic-type" boundary layer is independent of U0 

and L. 
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VISCOELASTIC BOUNDARY LAYER 591 

Thus the concept of the "elastic-type" boundary layer may be used at some distance 
from the stagnation point where the corresponding assumptions are satisfied. 

It was also shown in our paper [1] that for p~ane flows with dominating extensions, 
the constitutive equations of an incompressible simple fluid (cf. [5]) can be used in a form 
perturbed with respect to the additional velocity field distinguishing the flow under con
sideration from the purely extensional one. This assumption leads to the following stress 
components (increments): 

(2.7) 

Tu = -p+ ___!__ df3 ( au )2 
4 de ay 

T22 = -p- ___!__ df3_ (!_'!_)2 
4 de ay ' 

T12 = {3 au ay , 

where e denotes the extension gradient (constant or depending on x), and the material 
function {3(e) is simply related to the elongational viscosity function 'YJ*, viz. 

r11_ r22 
'YJ* = = 4{3(e) 

e 
(2.8) 

if the stresses are taken for purely extensional flow. 
For stagnation point flows of an inviscid fluid for which 

(2.9) U =ex , V = -ey, e = U0 /L = const, 

we have, in particular, 

(2.10) 
1 I db 

Ws= - k= -- - e 
2 2 de ' 

where k is defined as the Weissenberg number multiplied by factor 2, and b = f3/v0 denotes 
the dimensionless extensional viscosity function. It should be emphasized, however, that 
for Ws -4 0 the notion of the "elastic-type" boundary layer loses its physical sense. Then, 
the concept of the boundary layer of the "viscous-type" must be used (cf. [2, 3]). 

3. Integral momentum equations 

Equation (2.1) 1 can be written in the following equivalent form: 

( a a dU 1 aT12 1 a ( 11 22) 
3.1) ax [u(U-u)]+ ay [v(U-u)]+(U-u) dx = -e -a.Y- -e- ax T -T . 

Integration of the above equation over the finite thickness c5 (it may correspond to the 
distance where 99% of the velocity U(x) is reached, cf. [6]) leads to 

6 6 

(3 J a 6 dU [ .2) -ax [u(U-u)]dy+[v(U-u)]o+ dx. (U-u)dy 
0 0 

6 

1 1 2 6 1 J a ( 11 T2 2) d - - [T ]o- -- -- -- T - Y. e e ax 
0 
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Assuming that the velocity profiles u are similar along the whole boundary layer, viz. 

(3.3) u = ¢('YJ) U(x), 'YJ = yfb(x), 

and taking into account the following boundary conditions (cf. (2.3)): 

¢(0) = 0, ¢(1) = 1, 

¢'(1) = 0, ¢"(1) = 0, ¢"'(1) = etc. 
(3.4) 

(the number of conditions depends on the order of smoothness assumptions imposed on¢ 
for 'YJ = 1) and the relations: 

b 6 

f 0 d f db - [u(U-u)]dy = - u(U-u)dy-u(U-u)h5 -
~ ~ ~' 

0 0 
(3.5) 

we arrive at 

(3.6) ( 1_ 2 ~ v10 ) b db = vob(c)¢'(0) _ _!!___ [b 2 ( 2 + _L) + 2~ Vto], 
a b2 dx aU(x) U a a 

where we have denoted 

1 1 

(3.7) a = J (1-¢)¢d'YJ, y = J (1-cp)d'Y}, 
0 0 

Introducing the Pohlhausen parameter A: 

(3.8) 

we obtain, instead of Eq. (3.6), 

(3.9) 
- db v0 b(c)¢'(0) I U' -

(aA-2{31)b ax = U -b2 U [(2a+y)A+2{3t], 

1 - -
where we have taken into account that A = 2 kA = WsA, of course, under the assumption 

that k =F 0 (Ws =F 0). 

For the case of purely stagnation point flows, for which the velocity field takes the form 
(2.9), A as well as o are constants and 

(3.10) 

Then Eq. (3.9) simplifies to the form 

(3.11) 

where by a0 = ¢' (0) we have denoted the inclination of the velocity profile at 'YJ = 0. 
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VISCOELASTIC BOUNDARY LAYER 593 

For the case of plane flows past blunt profiles, for which the velocity field U(x) depends 
on the distance x from the leading edge, we introduce instead of Eqs. (2.5) the following 
definitions: 

(3.12) 
Ux 

Rex= --- , 
Vo 

Ws = Vto U 
x VoX ' 

where the subscript x reminds that Rex as well as Wsx both depend on x, i.e., on the shape 
of a profile. As a consequence of the above .assumptions, we have 

(3.13) k = db c, 
de 

where the corresponding extension rate c = U' (x) is not constant along the boundary 
layer. The question arises whether the parameter A may be treated as a constant independent 
of x in the vicinity of the leading edge (x = 0). The answer seems to be positive, at least 
for constant ratios bfk, i.e., for a power-law dependence o_f b on c (cf. results of Sect., 5). 

Under such an assumption, Eq. (3.9) leads to 

(3.14) -} ao = -~ [(2o:+y) I+2Ptl+ H~ U'- u") -%2 (2p,- o:~), 
where 

(3.15) 

It can easily be seen that for stagnation point flows: k' = 0 and U" = 0; thus Eq. (3.14) 
simplifies to the form (3. 11 ). 

If, on the other hand, the profile considered for small x differs only slightly from a flat 
wall (purely stagnation point flow), we may assume that 

(3.16) 

where 

(3.17) 
v0 c/>'(O)b(c) A o5 = - ---=---

c((2et + y) A+ 2Ptl 

denotes the constant thickness valid for a stagnation point flow and .d 02 is the corresponding 
linear increment. Substituting the above result into Eq. (3.9), we arrive at the following 
differential equation: 

(3.18) 

the solution of which is 

(3.19) .doz = Cexp (2J U'[(2et+y)A+2Ptl dx), 
U(2P1 - etA) 

where C denotes an integration constant. 
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It can be verified in a straightforward way that the results (3.17) and (3.19) introduced 
into Eq. (3.9) lead again to the integral momentum equation in the form (3.11). 

It is also noteworthy that the con~tant C in Eq. (3.19) cannot be determined from the 
condition that for x = 0, c5 2 = c55. 

4. Additional relations at the wall 

The Prandtl-type equation (2.1) 1 should be satisfied at the wall, i.e., for y = 0. Introduc
ing Eqs. (2.2) and (3.3) into Eq. (2.1) 1 and putting y = 0, we arrive at the relation 

(4.1) ¢"(0) = - ~ ¢'2 (0)- ~ ' 

where A denotes the Pohlhausen parameter already defined by Eq. (3.8) 1 . It turns out 
that for the case of Newtonian fluids (k = 0, b = 1), Eq. (4.1) takes the form well known 
in the classical von Karman-Pohlhausen method (cf. [6, 7]). 

In a similar way, differentiating Eq. (2.1) 1 with respect to y and next putting y = 0, 

we obtain the second relation (subsequent differentiations do not lead to any new results): 

(4.1) ¢"'(0) = -2 ~ ¢'(0)¢"(0). 

For the case of Newtonian fluids (k = 0, b = I) we rediscover the well-known result: 
¢"'(0) = 0 (cf. [6, 7]). 

The function ¢(r;) used in the modified von Karman-Pohlhausen method may be any 
function satisfying the boundary conditions (3.4) and the additional relations (4.1), (4.2). 
Frequently, various polynomials of the sufficiently high order can be applied. Bearing 
in mind monotonicity of the velocity profiles as well as smoothness assumptions with respect 

to r; for sufficiently small values of the ratio b/k (less than 1 /2), we have finally chosen the 
seventh order polynomials, the derivatives of which with respect to r; are of the form 

(4.3) 

After integrating the above equations with respect to r;, and taking into account the 
boundary conditions (3.4), we obtain 

(4.4) ¢(r;) = a0 'YJ+ + (a 1 -4a0 )rJ 2 + + (a2-4a1 +6ao)'YJ3 

1( )4 1 )51( 4)6 1 7 + 4 6a1 -4a2-4a0 'YJ +S(6a2 -4a1 +ao 'YJ + 6 a1- a2 'YJ +?a2'YJ. 

Next, eliminating the quantities a 1 and a2 by means of the additional relations (4.1), (4.2), 

we arrive at the following third order algebraic equation for a0 - ~ ! : 
(4.5) 
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l -
where I results from the relation: A = 2 kA, for k =I= 0. The polynomial (4.4) can also 

be written as 

+ ( 40a0 - 105- 5 f ( a5 + ~ )) 1]
4 + ( 126-45a0 + 5 ~ ( a5 + D) 1]

5 

Equations (3.11) and ( 4.5) contain, either explicitly or by means of the functions oc, y 

and {3 1 (cf. (3.7)), the following three quantities: the ratio b/k, the parameter I and the 
inclination of the velocity profile at the wall a0 = </>' (0). Therefore, for a given value 
of b fk, the mentioned equations enable, in principle, determination of the remaining 
quantities 1 and a0 . This can be done exclusively in a numerical way. 

In what follows, we use a slightly modified approach to numerical calculations which is 
presented in the next Section. 

5. Approximate procedure of numerical calculations 

It was shown in our previous paper [1] that the inclinations of the velocity profile at 
the wall , i.e., for y = 'YJ = 0, are exactly the same for Newtonian fluids and for viscoelastic 
fluids . for which il bfk = 1.52 (il b = b- 1). This fact results from the general properties 
of the differential equations describing the stagnation point flows treated as flows with 
dominating extensions (cf. [l , 4]). 

For Newtonian fluids we have a0 = </>' (0) ~ 2.96 assuming that ~ = 2.4 V v0 fc, i.e. , 
that the finite boundary layer thickness corresponds to 99% of the velocity U(x), (cf. [6]). 
On the other hand, from the classical von Karman-Pohlhausen method we obtain (cf. 
[6, 7]) 

(5.1) 

what, after putting A = 7.052, i.e. the value valid for stagnation point flows, gives a0 = 
= 3.17. 

Now, we assume that il bfk ~ 1.5, what, for Ws = 1 (k = 2), leads to b/k ~ 2.0. 
It is noteworthy that Ws = 1 (k = 2) corresponds exactly to the case in which 1 = A. 
Moreover, Ws = I is the limit value of the Weissenberg number for which El = 1 /Re . 
(cf. Sect. 2). 

For bfk = 2 the inclinations a0 = 2.96 or 3.17 introduced into Eq. (3.11) (integral 
momentum equation) give I= 4.6 or 4.0, respectively. These latter values of r used in 
Eq. ( 4. 5) lead to a0 = 3.13 or 3.1 0. The above quantities can be introduced again into 
Eq. (3.11) and the whole iteration process is repeated . The procedure applied is of quite 
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fast convergence with respect to 1 as well as a0 • Similar approaches can be apJlied for 

various moderate ratios bjk and k = 2Ws. 

We should bear in mind, however, that for very small Ws (large ratios b/k) tre riotion 

of the boundary layer of the "elastic-type" should be replaced by that of the "visccus-type" 

(cf. [2]). Similarly, for very large Ws (small ratios b/k) the basic assumptions of the bound

ary layer theory may not be satisifed. 

By way of illustration, the velocity profiles for iJbjk ~ 1.5 and for the n dicated 
1 

values of Ws = 2 k are shown in Fig. I. It should be noted that the bound,ry layer 

1L.r l.L.1 . 

11= .1. o, 
1.23 

1.2 

' 0 

08 

06 

O.L. 

0. 2 

0 0.2 O.L. 0.6 0.8 10 

FIG. 1. 

thickness is referred to 01 , i.e., to the thickness corresponding to Ws = 1. On the other 

hand, the velocity profiles for Ws = 1 (k = 2) and for the indicated values of puameter 

b/k are shown in Fig. 2. It is seen from the latter graph that the velocity profiles may be 

crossed over for certain values of bjk. In the same figure the limit profile for i>/k-+ oo 

has been marked with a broken line. 

The question arises whether the velocity profiles shown in Figs. 1 and 2 can be compared, 

at least qualitatively, with those quoted in our previous paper [1]. The answer i~ positive 

and such comparisons lead to a fairly good agreement between the corresponding profiles. 

When making any comparisons we should remember, however, that the coordinates used 

now and those in [I] are entirely different, that c/>'(0) =I= f"(O) , etc. More quantitative 

comparisons are possible only after performing necessary calculations for the ~overning 

equation derived in the previous paper. 
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FIG. 2. 

6. Boundary layer thickness for various blunt profiles 

The integral momentum equation in the form (3.9) is valid for any plane flows past 
blunt profiles if the basic assumptions of the "elastic-type" boundary layer remain satisfied. 
This equation, being the first order ordinary differential equation for ~2 , can be integrated 
in a closed form . To this end, we write Eq. (3 .9) as 

(6.1) diF +
2

_f!:_ [(2a+y) I +2/Jd ~ 2 = 2v0 ¢'(0)b(c)A 

dx U (aA-2fJ 1) (aA-2fJ 1)U 

where c = U'(x), and its solution can be presented in the form 

(6.2) 2 _ [J' 2v0¢'(0)b(c)A ( J U'[(2a+y)1 +2fJd dx)dx 
~ - (aA-2/Jt)U exp 

2 
U(aA-2{3

1
) 

+D] exp( -2J U'[(2a+y) I +2/Jd dx)' 
U(aA-2/Jt) 

where D denotes an integration constant. 
For stagnation point flows (x = 0, U = ex, U' = c), we rediscover the previous 

results (3.16). In general, the constant D cannot be determined from the condition that 
~2 = ~5 for x = 0. To this end, another condition valid for any finite value x =I= 0 should 
be taken into account. In what follows we shall briefly discuss the case of flow past a circular 
cylinder as well as the case of flow past a blunt wedge. 

In the case of flow past a circular cylinder of radius R, we can ass)Jme, for example, 
that the thickness of the "elastic-type" boundary layer and that of the "viscous-type" 
are exactly the same for some finite value x 0 • Since the extensional effects are the most 
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important near the leading edge of a profile, while the shearing effects become more signifi
cant closer to the upper (lower) point of a cylindrical surface, i.e. , x = nR/2, we may 
assume that there exists some intermediate point on a cylinder where both kinds of effects 
are approximately of the same significance. For real pressure and stress distributions, the 
maximum of shearing stresses at the wall corresponds approximately to x = nR/3 and this 
point may be taken into consideration. 

Therefore, the condition that <5; = <5;1 for x = nR/3, where the subscripts v and el 
denote "viscous" and "elastic", respectively, leads to the following value of D: 

(6.3) D = YoRi e, (_:t- ~v _ cj>'(O)b(c) ) (!!__)-
. 2Uoo 3 Aet [(21X+y),A.e,+2Pt1 · 3 

where we have taken into account the following 

(6.4) 

In the case of flow past a blunt wedge, Eq. (6.2) gives 

2[(21X+ y) "Iet +2.BJ) 

(2 .8 t-1XAel) 

2m[(2:x + y)Aet + 2(J tl 

<52= Yob(c)cj>'(O)Ael - xl-m +Ex (1XAet-2.B t) 

c {m[(2a+y) I .. + 2fl1] + + (m-1) (ai ,,- 2/i1)} 

(6.5) 

where E is an integration constant. If we assume that b~ = <5;, for some x = x0 , we arrive 
at 

(6.6) 

Yo 
X - X 0 c 

- 1 -
2{m[(2a+ y)Ael +2.Bd+ 2 (m-1) (1XAet-2.Bt)} 

For other profiles of more complex geometry, the boundary layer thickness can be 
determined in a similar way after performing the corresponding integrations in Eq. (6.2). 

7. Remarks 

On the basis of the present considerations as well as the previous results obtained in 
[1 ], the following final remarks can be formulated: 

1) the thickness of the "elastic-type" boundary layer may be much larger as compared 
with that of the "viscous-type", especially for higher values of Weissenberg numbers Ws; 

2) the velocity profiles in the "elastic-type" boundary layer much weaker depend 
on the parameter bjk, i.e., the ratio of the extensional viscosity b to the double Weissenberg 
number k = 2Ws; 

3) for any moderate Weissenberg number Ws there exists the ratio bjk for which the 
inclination of the velocity profile is the largest (e.g., for Ws = 1, such b/k ~ 1.5); 
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VISCOELASTIC BOUNDARY L~YER 599 

4) the variable thickness of the "elastic-type" boundary layer in the neighbourhood 
of the edge may increase or decrease depending on the shape of a blunt profile and the ad
ditional boundary condition imposed on ~ at some distance x 0 • 
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