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A method of interpretation of photoelastic data
taking into account the deformation of the model thickness

W. SZCZEPINSKI (WARSZAWA)

IN STANDARD photoelasticity, changes in thickness of the model caused by external loading are
usually neglected. In most practical cases such an approach is fully justified because the effects
of changes in thickness are small. However, in some cases when, for example, the material used
for the model has a small Young modulus or when the stress concentrations in the model are
very large, these second order effects should be take ninto account. A method is proposed allow-
ing to include these second order effects into the process of interpreting photoelastic data.

W klasycznej metodzie elastooptycznej pomija si¢ zwykle zmiany grubosci modelu wywolane
obciazeniem zewnetrznym. W wigkszosci praktycznych przypadkow jest to w pelni uzasadnione,
poniewaz wplyw zmian grubosci na wyniki badan jest niewielki. Jednak w pewnych przypadkach,
gdy na przyklad material uzyty do wykonania modelu na maly modul sprezystosci podtuznej,
albo gdy w modelu wystepuja silne koncentracje naprezen, te efekty drugiego rzedu powinny byé
uwzglednione przy opracowywaniu wynikow badan. Zaproponowano metode pozwalajaca
uwzglednic te efekty przy opracowywaniu wynikow.

B KJIACCHUECKOM 3JIACTOONITHUECKOM METoe 0613[“{}{0 HpCHCGpEI‘aCTCﬁ H3MEHEHHUAMHA TOJIIIIUHBI
MOJIeJIH, BBI3BAHHLIMM BHEIIHHM HArpyyKeHUeM. B GoNBIIMHCTBE MPAKTHUECKHUX CIIYUaeB
3TO BNOJIHE 00OCHOBAHO, T.K. BJIIHsHHAE U3MEHEHWII TOJIIUHBI HAa PE3YJIbTAThl MCCIIENOBAHMIA
HebGoublIoe. OMHAKO B HEKOTOPBIX CJIyUasAx, KOr[a, HapUMep, MaTepHall HCTOJIb30BaHHbINI
JUIST H3TOTOBJIEHHA MOJIENIX HMEET Masblil MO/TYJ1b IIPOAOJIBHOMN YIIPYTOCTH, HIIH, KOT'Aa B MOJEIIH
BBICTYNAIOT CHJIBHBIE KOHIIEHTPAUMHU HANPAXKEHUI, 3TH 3hdeKThl BTOporo nopagKa MOJIHKHEI
ObITP yuTeHLI NpH 00paboTKe pe3dysbTaToB McciaeqoBaHuil. [Ipe/orkeH MeTo MO3BOJIAIOILIMIL
YUHTBIBATh 3TH 93¢ deKThI Npu obpaboTKe pe3ynbTaTOB.

1. Introduction

IN STANDARD photoelasticity, when transparent plane models are investigated, it is usually
assumed that the thickness of the model changes so little when the model is loaded that this
effect can be neglected in the process of interpreting photoelastic data. From the pattern
of isochromatic fringes, the difference of principal stresses in the model is assumed to be
equal to

(D o,—0, = Km,
where m is the fringe order and K is the model stress fringe value assumed to be of the same
magnitude at every point of the model. This assumption is equivalent to the assumption
that the thickness of the model remains unchanged when the model is loaded.

In calculations connected with the interpretation of photoelastic data, the equations
of equilibrium in the standard form
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or the Laplace equation

o2 o2

©) (az + Aa}f) (+0,) =0

for the sum of normal stresses are used. These equations have been derived also by assum-
ing that the thickness of the model remains unchanged and that it is the same everywhere.
Owing to the fact that in most practical cases the change in thickness is small (of the
order of 0.1 percent), this simplification of the problem seems to be obvious and fully
justified. In most books devoted to photoelasticity this simplification is even introduced
silently without comments or discussion.

In the early period of the evolution of photoelasticity, changes in thickness of the model
were sometimes measured in order to determine the sum of normal stresses because the
change in model thickness is proportional to the sum of normal stresses at the point under
consideration. Thus

) Ak = —ho - (0x+0,),

where A, is the initial thickness, E is the modulus of elasticity and » is the Poisson’s ratio.

Often, various plastics with a low modulus of elasticity are used to prepare photoelastic
models. In such models changes in thickness may be quite large reaching the value of several
percent. For example, assume that the model material (e.g., soft epoxy resin) has a modulus
of elasticity of 10 MPa, a Poisson’s ratio 0.4 and that the sum of normal stresses is about
1 MPa. The above formula would give

0.4
Thus the thickness would decrease by four percent. The problem of the effect of changes

in thickness on the real distribution of stresses in photoelastic models was analysed by
K. H. LAERMANN [1].

2. Theory

The second order effects connected with such a change in thickness are significant and
should be included into the procedure of interpreting photoelastic data. We will present
below a method of calculations in which these effects are included.

Instead of the photoelastic relation (1), its more exact form

_f
©) 0,—0; =m- h
will be used. In this relation fis the material stress fringe value and 4 is the actual thickness
at the point under consideration. According to Eq. (4), we can write

(6) h(x; y) = hO[I - ;- (Gx+gy)]'
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Instead of the equations of equilibrium (2), we will use the equations of equilibrium

d(hoy)  B(hty) _ ohty) | 8(ho,) _

) ox oy ox dy

0,

0,

taking into account changes in model thickness.
To solve the problem, we will introduce two new auxiliary variables, namely, the mean

1 -
stress p = 5 (0x+0,), and the angle ¢ between the larger of the principal stresses o,

v

FiG. 1.

and the x-axis (Fig. 1). The radius of the Mohr circle representing the stress state at a point
under consideration is [cf. (5)]

_ ! =
8) R*T((H-Uz)—'é‘

NIS

where 4 is the thickness of the model at that point expressed by the relation (6).
Now the stresses oy, 0,, T, can be expressed by means of the two auxiliary functions
p(x,y) and ¢(x,y) in the form

_ . Jm
Oy = p+-—2?l-(:082(p,
_,_Im
©) gy, =p h cos2p,
m .
Tyy = %— sin2g.

Substituting Eqs. (9) into the equations of equilibrium and making use of the relation

[cf. (6)]

2y
(10) h —ho(l——ip),
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we obtain a quasi-linear system of two partial differential equations with two unknown
functions p and ¢:

o

4y ap : elry op
(l - F p) oy — Komsin2gp P +K0m0032(p?7

1 om om
= K, (COSZ(p T +sin2gp —a}T) 3

(11)
1— 4y p) op

oy . O
E 8,1' + Komcos2yp ax + Kymsin2ep Ty

| : am om
= iy K, (sm2<p Py —cosztp—gyv),

where K, = f/h,.
This system of equations is of the hyperbolic type and has two families of real character-
istics determined by the differential equations

@_mq+“)
dx T )

(12) ,
Komd(p-i-(l— 4E1,’p) dp = ! K(,(?n',I dx — (,j.’fdy),

2

for the first family, and

dJ = tan (¢ — n)
dc ~ PP 4 )

4 1 om om
K()fﬂd(P— (l =i *E*,u p) dp = *'2‘ KO( (’{j—)- dx— E dy),

(12)

for the second family of characteristics. Thus integration of the basic system of partial
differential equations (11) has been reduced to the integration of ordinary differential
equations of characteristics (12). The partial derivatives of the isochromatic fringe order
with respect to the coordinates dm/dx and ém/dy appearing in these equations may be
determined from the isochromatic fringe pattern by graphical or numerical differentiation
of the lines formed by the intersection of the known surface m(x, y) resulting from the
fringe pattern.

If the Poisson’s ratio in Egs. (12) is assumed to be zero (v = 0), then the equations
of characteristics reduce to the form

@_m4+“)
dx T4

& o
Komdy+dp = ;Ko( (;'; dx— (:: dy),

(13)
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for the first family and

Komdp—dp = —;—KO (—aﬂ dx— om dy),

for the second family.

Equations (13) correspond to the case when second order effects are neglected or in
other words the thickness of the model is assumed to remain unchanged during the test.
Under this assumption they were derived directly in the previous papers [2] and [3]. The
method of calculations based on Egs. (13) proved to be very effective and was used to
solve various practical problems by the author [2], by J. StupnicKI [4], H. SCHWIEGER
[5], R. WoJNAR [6, 7], and by J. Stupnickl and J. Kapkowskr [8].

In Egs. (13) elastic moduli of the model material do not appear. This means that under
the same loading the stress distribution in the photoelastic model will be the same as in
a metal plate of the same shape and dimensions. Equations (12) derived on the basis
of a more exact theory indicate that this is not exactly true. The stress distribution does
depend on the modulus of elasticity and the Poisson’s ratio.

The significance of second order effects resulting from the more exact analysis discussed
in this paper depends on the magnitude 4vp/E appearing in Eqs. (12). For such a standard
photoelastic material as the Columbia Resin (CR-39) loaded by stresses close to its pro-
portionality limit, this magnitude equals about 0.01. It will be larger for modern soft
photoelastic materials.

3. Numerical procedure

Having found experimentally the isochromatic fringe pattern, we can find the stress
distribution in the model by numerical integration of the equations of characteristics (12).
For explanation of the numerical procedure, a particular problem of the model of a notched
plate pulled in tension (Fig. 2a) will be used. The solution of the problem consists in
solving successively boundary value problems for the equations of characteristics (12).
Owing to double symmetry, we shall consider only one quadrant of the plate (Fig. 2b).

Boundary conditions along the stress free edge AB are determined by the isochromatic
fringe pattern. One of the principal stresses vanishes (o, = 0). Thus from the photoelastic
relation we obtain ¢, = mffh. By substituting the relation (10) instead of # and ¢, = 2p,
we obtain the relation

(19) (1= 2 0) = mki,

which must be satisfied along 4B. For any point P of the stress free edge, we may find the
isochromatic order m from the fringe pattern and then calculate the value of the auxiliary
function p from the quadratic equation (14). From the two solutions this one should
be taken which corresponds to the physical conditions of the problem.
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The angle ¢ of inclination of the direction of the larger principal stress o, can also be
determined along AB as shown in Fig. 2b.

Along the symmetry line AD only the angle ¢ = 7/2 is known. The value of the function
p is to be found along this line.

These boundary conditions are sufficient to calculate the values of the two auxiliary
functions p and ¢ in the whole region ABCD bounded by the characteristic BCD belonging
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to the second family of characteristics. In the curvilinear triangle ABC we have the so-
called Cauchy boundary value problem and in the curvilinear triangle ACD — a mixed
boundary value problem.

Numerical calculations are carried out by means of the method of finite differences
{(Massau method). Divide now the edge AB into sufficiently small sectors by a number
of points (Fig. 3). At each of these points the values p and ¢ are determined by boundary
conditions. We will show how to calculate the coordinates x,; and yy, of the nodal point M
at which the characteristics of different families through the points 1 and 2 lying on AB
intersect each other, and how to calculate the values p, and g, at M.

The characteristic passing through 1 and M belongs to the first family [cf. Egs. (12)
and Fig. 2b] because its directional coefficient is dy/dx = tan(@+ 7/4), and the characteristic
through 2 and M belongs to the second family (Egs. (12')). We shall find the coordinates
Xp and y,, by replacing differentials in Eqs. (12), and (12°), by finite differences. In the
system of two equations

7T
Ym—y1 = (xp—x;)tan (‘Pl + '4‘) ;
(15)

T
ym—y2 = (xpy—x;)tan (992— _Z)’

so obtained, the coordinates x,, and y, only are not known and can be calculated by

solving these equations with respect to them. In this numerical procedure the arcs of

characteristics have been replaced by chords whose slopes are assumed to have initial

values because ¢, and @, are the values of the angle ¢ at points 1 and 2, respectively.
Then the values of ¢, and py can be found from the equations

Komi(p—¢)+ (1 - jg.—[)l) (v —p1)
K, om om

4
Komy (s —@2)— (1 - %Pz) (Pv—P2)

- o) o))

obtained by replacing in Egs. (12), and (12'), differentials by finite differences. The suffix
notations 1 and 2 indicate that the magnitude with the suffix has been taken at the point 1
or 2, respectively. In these equations the values g, and py, are not known. Thus they can
be calculated by solving this system of equations. The accuracy of calculations of g
and py may be improved by introducing in Egs. (16) the mean values

1 om om | . om
‘2‘[(—ax ),+(Tx J nsteail of (‘ax*);

1_[('87m) +(6_m) l instead of (ﬁﬂ)
2V TV ay Iu I’
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‘L ﬂ) -+ _8Ln_) instead of (_E)ni)
2 ox |, ox |m ox |,
L[(@_m) + (a_m) ] instead of ( am)
21\ oy |, oy Inm ay |2’

%(ml-l—mM) instead of m,,

—;—(mz+mM) instead of m,.

Having found ¢,;, we may repeat the calculations of the coordinates x,, and y,, by
introducing in the system (15) the mean values

T T

1I:n( +t( 'tdftan(+n)
~2— an|o; + 4 an \¢M+’4 Iinsteada o @1 71: s

1 [tan (tp - j—tu) +tan( — ir)] instead of tan( - sz)
) 2Ty Pm 4 P2 4]

If the second approximation of the coordinates x,, and y,, obtained in this way are suffi-
ciently clese to their first approximation, the computations can be stopped. If, however,
the two approximations give remarkably different values of x, and y,, calculations
should be repeated until the two consecutive approximations become sufficiently close
one to the other.

When calculating the second and further approximations of the values of ¢, and p,,
we may introduce in Eqgs. (16) the mean values

4 p+puy . 4
e instead of 1-— g P
4 pr+pu : 4v
1— A instead of 1-— £ P>

where p,, is the value of p,, calculated in the previous iteration.

The numerical procedure described above is analogous to those used in the theory
of plastic flow (see for example [9], [10]). By using Egs. (15) and (16), we may calculate
all the data for all points adjacent to the stress free edge 4 B. Next, by denoting subsequently
by 1 and 2 the determined new nodal points of the set of characteristics, we may in the
same manner perform calculations for the next row of nodal points and so on, obtaining
finally a solution in the whole curvilinear triangle ABC. Thus Egs. (15) and (16) are used
as recurrence formulae.

The same numerical procedure with the use of Egs. (15) and (16) may be used for
calculations of nodal points in the region ACD except for the points located on the sym-
metry line AD where ¢ = /2 and y = 0. Computations should be started from point N
adjacent to point 4. Having calculated previously the data for point 2, we can obtain the
coordinate xy of the point from the equation

(17) Yy = (xN—xz);[tan((pz— %) E 1],
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which has been obtained by replacing in Eq. (12"), differentials by finite differences. Since
@ = m/2 we have tan(¢—n/4) = 1. The value of py will be calculated from the equation

4 P 2
(18) Kym, (‘g‘ —‘Pz) = (1 = -Elpz) (pn—p2) = % [(xw—xz)(—a;?—)z.}.yz (T’:)z]’

of. (12));.

The numerical solution for the remaining part of the model (Fig. 4) can be obtained
by solving consecutively boundary value problems. For example, in the curvilinear triangle
CDE we have the mixed problem with the boundary conditions ¢ = =/2, x = a along
the symmetry line DE. The ordinate yg of a point R on this line may be found from the
equation

1
(19) YrR—V1 = (a_xl)7 [tan (‘771+ Z) + 1],

and the value of py at this point from the equation

@0 Kom (3 _(p,) + (1 - %p) (Pr=p1)

KO om om
[ () ol 2))
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