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Transient ~omentum and heat transfer from a cylinder 

Notation 

S. P. LIN (POTSDAM) 

BY usE of a series of integral transformations, the Navier-Stokes equation and the energy equa
tion are solved for the transient momentum and heat transfers from a circular cylinder in an 
incompr~sible fluid executing a small amplitude high-frequency fluctuation at finite Reynolds 
numbers. 

Za pomQCCl szeregu transformacji calkowych rozwi~no r6wnania Naviera-Stokesa i r6wnanie 
energii dla nieustalonego wyplywu ~u i ciepla z cylindra kolowego do cieczy nieSciSliwej wy
konuj~cej niskoamplitudowe drgania wysokiej ~toSci przy skoilczonych liczbach Reynoldsa. 

llpu noMOI.IUl pn~a rorrerpam.HbiX npeo6pasoBamtii peweuo ypaBueHHe HaB:t.e-CroKca 
H ypaBHeHHe 3HeprHH AWl HeyCTaHOBHBWei"'CJJ HCTe'leHHJI HMIIYJII>Ca H TeiiJia H3 Kpyi'OBOI'O 
~pa B HeC>KilMaeMYJO >KIW(OCTL, COBepmaiOmyiO KOJie6a.HHH C MaJibiMH aMDJIHTY~aMH 
BbiCOKOH 'laCTOTbl npH KOHe'IHbiX 'IHCJiax PemiOm.ACa. 

a radius of the cylinder, 
Cp specific heat, 
D drag force, 
E Eckert number, 
G · Grashof number, 
g gravitational acceleration, . 
k thermal co~ductivity, 

Nu Nusselt number, 
p pressure, . 

Pr Prandtl number, 
q heat transfer rate fr.om the cylinder, 
R Reynolds number, 
r radial distance, 
S tension, 
T temperature, 
t time, 

U cylinder velocity, 
u dimensionless cyJinder velocity, 
V fl~id velocity, 
v dimension less fluid velocity, 

x, y Cartesian coordinates (Fig. 1), 
d ' fluctuation amplitude, 
e dimensionless amplitude ~/a, 
e dimensionless temperature, 
0 polar angle, 
f.l dynamic viscosity, 
v kinematic viscosity, 

V 1 dimensional gradient operator, 
V dimensionless gradient operator, 
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1. IDtrodadion 

e fluid density, 
T dimensionless time, 
~ dissipation function, 
'fl stream function, 
ro fluctuation frequency. 

0 zero-th order solution, 
1 first-order solution, 
2 second-order solution, 

m maximum value. 

S. P. LIN 

THE PROBLEM of transient thermal energy transfer from a thread in an unsteady ftow at finite 
Reynolds numbers are encountered in many industrial and scientific devices. The examples 
include the cooling of power transmission lines in wind, the heating of electric wires 
and optical fibers in electronic instruments, the hot wire and hot film anemometers for the 
measurement of ftuctuating flows. 

The problem of steady heat transfer without natural convection from a circular cylinder 
in an incompressible fluid has been studied by CoLB and ROSHKO [1], ILLINGWOllTH [2] 
and Wooo [3] with various types of Oseen approximations for low Reynolds number 
flows. The same problem has been studied by HIEBER. and GEBHAR.T [4] with matched 
asymptotic expansion. The efFect of buoyancy was later include~ by Wooo [5]. The theo
retical results are in good agreement with experiments [6, 7, 8, 9] when the Reynolds 
number is much smaller than one. For the case of large Reynolds numbers, the problem 
of steady mixed convection from a horizontal circUlar cylinder has been studied recently 
by SPAIUt.OW and LEB [10] and MERKIN [11] with the boundary layer approximation. 

Unsteady heat transfer: from hot wires in a low Reynolds number ftow has been esti
mated by DA vms [12] with an Oseen type approximation. De~pite its technological impor
tance, a theoretical study of fluctuating heat transfer from a circular cylinder in a finite 
Reynolds number flow has not yet appeared. This situation is closely related to the fact 
that even the isothermal j)ow field about a cylinder fluctuating at finite Reynolds numbers 
is not yet theoretically predicted. Numerical solutions and boundary layer solutions for 
the cases of impulsively started uniform motion and other prescribed simple motions 
are available as explained in the writer's work (13] and the works ofCoUTANCBAU et al. [14] 
and Bn-LBV et al. [15]. On the other hand, a considerable amount of significant experi
mental results on fluctuating heat transfer has now been accumulated (see references 
in [6, 8, 16, 11]). The state of art of this particular subject therefore is simply that the 
theory lags far behind the experimental work. 

Here the writer develops a method of solution for the problem of forced convective 
mo~ntum and heat transfer in a fluctuating flow at finite Reynolds numbers for which 
the &undary layer approximation may not be applicable. 1 The fluctuation of the flow 
need not be sinusoidal. The usefulness of the general results is demonstrated by applying 
them to the problems of 1) the transient initial drag on a circular cylinder which starts 

f 
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an arbitrary translation from rest, 2) . transient damped vibration of a string, 3) the onset 
and the migration of the separation point, and 4) the heat transfer from a cylinder in fluctu
ating finite Reynolds number ftows. 

2. Theory 

2.1. Governblg eqaatloas 

Consider the heat transfer from a circular cylinder of radius a moving with a velocity 
-iU(t) in a quiescent ftuid as shown in Fig. 1. 

FJo. l. 

With respect to the coordinate system attached to the cylinder, the momentum, mass 
and energy equations are respectively 

!; +(V·Vt)V = _ _!_V1 P+vV~V+iU(t)-jg, 
ut . ~ 

0(! . 
(2.1) at +V1((!V) = 0, 

kV2 T= ee.( :, +V· V,) T-PV, V-p~. 
where V is the ftuid velocity, P is the pressure, V 1 is the gradient operator, the dot denotes 
differentiation with respect to time I,(! is the density, g is the gravitational acceleration, 
T is the temperature, C P is the sPecific heat, k. is the conductivity of fl.uid, I' is the viscosity, 
f/J is the dissipation :function, and i and j are unit vectors in the x- and · y-directions, re
spectively. 

Invoking the Boussinesq approximation and introducing the following dimensionless 
variables 

V= v(w~), 

T = ('T..- T00), 

p = p((! oo w2 ~2), 

8 = (AT)8, 

V1 = Vfa, 
t =· Ta2 /'P, 
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834 s. P. LIN 

where Ta is the surface temperature of the cylinder, Too is the ambient temperature, w and d 
are respectively the characteristic frequency and amplitude of the fluid oscillation, we can 
write Eq. (2.1) in a dimensionless form: 

iJv 
iJ-r +eR(v· V)v = -eRVp+V2v-GR8, 

(2.2) V·v= 0, 

V28 = (P, :., +eP,Rv· v)e-,;P,RE,P, 

where Pr, Rand G are respectively the Prandtl number, the Reynolds number and the 
Grashof number defined by 

Pr = P/(kfeC,), R = ma2 /P, G = PC -jg+ Ui)L1 T/m2 lJ, 

and 

e = lJfa, E = Pm/C,L1 T, t/J = i/Jf(m2 lJ 2 fa 2
). 

In the present study, we consider only the cases in which 

(2.3) e ~ I, G = 0 ( e3), E = 0 (e) 

but Pr and R need not be small. The above parameter range is relevant to the problems 
of forced convective heat transfer in .... small amplitude high-frequency oscillatory flows 
including the initial transient momentum transfer at finite R as a special case [13, 18, 19] 
when the boundary layer theory needs not to be applicable. In this range of parameters, 
the velocity field and the temperature field described by Eq. (2.2) are decoupled from each 
other up to O(e3) when the solution is sought in power series of e. 

2.2. Velocity fieW. 

In terms of the stream function 'I' in cylindrical coordinates (r, 0, z) 

1 01p . 0'1' 
Ur = - r 7fii' UtJ = ---;)i:' 

Where Ur and Uo are respectively the . r and 8 velocity COmponents, the first equation of 
the set (2.2) can be written as 

(2.4) (
_!__- vz) V2 = eR o('P, V2V') 
ih 'P r o(r, 8) . 

In the above equation 

iJ(VJ, V2VJ) _ otp . iJV2VJ . o V2 01p 
a(r;1J) - ar ao- Tr 'P ao, 

. iJ2 1 a iJ2r2 . 
V 2 = orz + r or +. aoz . . 

We expand 'P in the form 
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Substituting this series into Eq. (2.4), we have from the O(e0 ) terms 

(2.5) (: .. - V2) V21J'o = 0. 

The boundary conditions are 

( OVJo) = 0 or r=l ' [- _!_( 0'Po)l = 0 
r ofJ r=l ' 

(
0! 0

) = [-u(t)+g(r, t')], .... 00 sinfJ, 
ur r-+00 

[- ! 0Jo• L., = [u(t).ftr, T)],~., cosO, 

where u(t) = U(t)/[U(t)]max,g(r, t') andf(r, T) are as yet unknown "penalty functionsn 
which must remain smaller than order one if the boundary condition at infinity is to be 
satisfied to the zero-th order. 

The solution of Eq. (2.5)-with its boundary conditions is [19] 

'Po = f o (r, T)sinfJ, 
r 

fo = u(T) (+-r) + + J Xo(w, .,;)wdw, 
1 

T 

Xo = 2 J u(l)j0 [r ,( T-l)]dl, 
0 

. 00 

_ ( ) _ 1 _3_ J -w2 -r J 0 (wr)Y0(w)- Y0 (wr)J0 (w) dw 
Xo r, T - + n 

0 
e Jij(w)+Y5(w) w 

00 

2 J dw = 1 +- e-w2-rC0 (w, r)- , 
n w 

0 

r 

f ~ lim-~ [Jxo(s, -r)sds+u(-r)], g = f+lim xo(r, -r). 
r-+oo r 1 r-+00 

For the special case of harmonic oscillation, it can be shown that/= g = 0 for all T [19]. 
It is most likely that/and g remain zero for the case Ofnonharmonic fluctuations, although 
a rigorous verification must be given a posteriori. For the present expansion 1p = e"tpt. 
to be valid up to O(e,.), u(-r) must be such that both f and g remain O(ert+ 1). Otherwise, 
we will end up with a parabolic equation with conditions specified both at r = a and 
r-+ oo in the O(e"+ 1) solution. This is an over-specification of the boundary condition 
and the present method of successive approximation cannot be continued. 

The differential syste~ for the O(e) solution is 

(2.6) ( : .. -V~) V2tp1 = ~ sin 20 · F1(r, T), 
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836 S. P. LIN 

(2.7) ( 0'1'1) = 0, 
Or r-1 

[ - __!_ mpl = 0, ( 
0'~'1 ) = 0 

T 08 = 1 OT T-+rx> ' 
[ - _!_ OVJJ] - 0 

T 08, T-ta:>- ' 

where 
, , 

F1 (r, t) = -r- 1 [xor (:0 -u-ur- 2 -r- 2 f wxodw)+ lorr ( -ur-1 +ur-r-1 f wz0 dw)). 
· 1 I 

The solution of Eq. (2.6) can be written as 

1p1 = / 1 Rsin28, 

where / 1 must satisfy 

(2.8) 

By use of the method of variation of parameters, we can integrate Eq. (2.8) to give · 

(2.9) (:T -D2 )/1 = ~G1(r, T), 

where 

By use of the transformation 

, 
ft = x~-2r- 2 J XtSds, 

I 

Bq. (2.9) can be reduced to 
., 

ox1 1 a ( ax1 ) G 1 f G 1 ---- r- =-+ -ds= G(r T). o-r riJr iJr 2 s ' 
I 

The solution of this equation with the boundary condition corresponding to Eq. (2. 7) is 

where 

TOO 

X1 = J J G(r', l) e-wl<T-l>C1 (w, r)C1(w, r')wr'dwdr'dl, 
0 1 

C ( ) _ Jo(wr)Yl(w)- Y0 (wr)J1(w) 
1 w, r - [Jf{w)+ Yf(w)]l/2 . 

Similarly, the higher order solutions can be obtained. 
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2.3. Temperature field 

The solution to the energy equation i~ sought in- the form 

8 = To+eTt +e2-r2+ ••.• 

837 

Substituting this series expansion into the third equation of the set (2.2) and collecting 
the O(e0 ) terms, we have 

(2.10) 

Only the case of constant wall temperature will_ be illustrated here. The· method of 
solution for other types of boundary conditions remains essentially the sa~e. Thus the 
constant wall temperature boundary condition is 

T0(1, T) = 1, T > 0, 

T0(1, T) = 0, T ~ 0. 

The solution of Eq. (2.IO) with the above condition is 

00 

To = 1 + ! J exp [ -w2-r/P,]C0(w, r)dwjw. 
0 . 

Similarly, the g~verning equation for the O(e) solution is 

(2.11) (v2-P ~) T = p R ( O'f/Jo OTo · _ __!_ O'f/Jo OTo) 
, OT 1 , or ro8 r o8 or . 

The solution of this equation can be written as 

T1 = P,RJ(r, -r)cos8 .. 

Substitutions of the above into Eq. (2.11) gives 

( a iJ2 I a 1) 
(2.12) P,ifi- iJrl -:- rar + p:2 J = H(r, -r), 

where 

00 

H( ) = 2-. ~ ( )J [- 2 /P] J~(wr)Yo(w)- Y~(wr)J0 (w) d 
r, T . m- JO r, T exp w T , J~(w)+ YJ(w) w, 

0 

and the prime denotes difl'erentiation ·of the Bessel function with respect to its argument. 
By use of the integral transform 

r 

(2.13) J = -}-J Ysds 
1 

EQ. (2.I2) can be reduced to 

- . oY 1 a ( ay) 1 a I 
(2.14) P, OT - r Or r Or = -,- Or [H(r, -r)r] = r Hl (r, T), 
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838 S. P. LIN 

if Y,(l, T) = 0. Note that the condition T tO, T) = 0 is satisfied since J(l, T) = 0 accord
ding to Eq. (2.13). Thus the side conditions for Eq. (2.14) are 

Y,(l' T) = ·0, 

and · 

J(T,r)=O, T~Oi.e., Y(T,r)=O, T~O. 

The solution of Eq. (2.14) with the above conditions is 

oo T/Pr oo 

Y(r, T/P,) = f [ r H1 (r', A)C1(w, r')C1(w, r)exp [ -w' ( ;, -A) ]wdwd Adr'. 

Similarly, for the O(e2 ) solution, we have 

(2.15) (v,-P, :
7

) T 2 = (P~)' [GMcos'0+GNsin'0+G0 cos20], 

where 

G _ J ofo 
N- Or ' 

The solution of Eq. (2.15) can be written as. 

T 2 = (P,R)2 [M(r, T)cos20 + N(r, T)sin20 +Q(r, T)cos20]. 

Equation (2.15) then demands that M, N and Q satisfy 

(2.16) ( o 1 ·o o2 
) [M] 1 [GM] 

P, OT - ~ or - or2 N = r GN ' 

(2.17) ( a 2) 1 [ 2 ] 1 P,--D Q =- GQ-- (M+N) = -L(r,T). 
OT r r r 

The solution of Eq. (2.16) with its homogeneous bounda~y conditions yields [20] 

[M] 00 

T/R, 
00 

[ ( )] [G ( ' A)] 
N = f f [ exl' -w' ;, -A G:(;.: A) C1(w, r)C1(w, r')wdwdldr'. 

The solution of Eq. (2.17) with homQgeneous boundary conditions is 

2 , 

. Q= Z-?" J Zsds, 
1 

where 

T/P, 00 00 

Z = [ f L(r', A) [ exp [- w' (;, -A)] C1 (w, r)C,(w, r')wdwdr'dA. 
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The heat transfer q from · the cylinder to the surrounding ftuid is then given by 

2n 

(2.18) q = -kLlT f [ :, (To+ tT1 + t 2T2)+0(e3)1_:
1 
d8 

839 

= -kL1 T[mT0,(1, T)+e2nP,R{M,(l, -r)+N,(l, T)}]+O(e3), 

where the subscript r denotes differentiation. 

3. Specific problems 

3.1. Initial drag 

Consider the drag forceD per unit length of a cylinder which starts from rest a motion 
described by u( T). During the initial stage when the 9istance traveled by the cylinder 
is much smaller than the cylinder diameter, the fluid velocity field is approximated by 'l'o. 
The corresponding stress field can be readily obtained and integrated over the cylinder 
surface to give [13] ' 

(3.1) D = nevU"'[u(t')-2zo,(1, T)], 

where Um = [U(T)]mu and the subscript r denotes differentiation with respect to r. For 
r ~ l, we have 

Xo.( I' T) = - (n-r)- 1
'
2

- + + ! ( T /n)''2
- ! T-325T3

''/ { 1024 r ( ~ )} + 0( T2
), 

and 
T 

(3.2) D = ne•U. [ il+4 J U().){,..( T- A)}-1
'
2dl+ 2{v(T)-v(O)} 

0 

T T 

-n;-lfl f zi(.l.)( T- A)112dA+ ~. f zi(A)( T- A)dA 
0 0 

For the special example of impulsively started uniform translation, u( T) = H( -r) where 
H( t) . is the Heaviside function, we have 

· 1 ~325n 
D = evUm[nH(r)+4n112 r- 112 +2n-(nr)112 + --- 1tT = -----·· T312 +0(T2

). 
2 256r( ~) 

The first term is the added mass drag nf!PUmH(r) = na2eUmH(t). The second and the 
third terms were obtained by WANG [21] who· omitted the added mass term and used the 
method of matched asymptotic expansions. This drag formula also agrees · up to 0( T 1

' 2) 
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S. P. LIN 

with that of CoLLINS and DENNIS [22, 23] who also omitted the added mass term and used 
double series expansion in a diffusion time and. convection time. 

For other u(T), D can be obtained from Eq. (3.2), which is a new contribution by the 
writer. 

3~ 2. Damped l'lbratidll of a striag 

Consider a string of radius a stretched along the x axis under a tension of magnitude S. 
Small amplitude vibration of such a string is governed by 

na2esYtt(x, t) = Syxx(x, t)+D(x, t), 

where (!s is the density of the string, y(x, t) the transverse displacement of the string at the 
station x at timet, D the drag per unit length of the string. With D given locally by Eq. (3.1) 
the writer solves numerically the above integral differential equation [19]~ It was shown 
that the usual theory based on the quasi-steady drag formula overestimates considerably 
the period and the decay rate of damped vibration of a string in a viscous fluid. 

3.3. Separatioa point 

The separation occurs at the point where the shear stress are vanishes, i.e. 

( 
iJu, u8 iJu(J) are= p(Ufa) ---+- = 0. 
riJO r iJr r=l 

In terms of the stream function, the above equation can be written as 

iJ2 
iJr'l (V'o+etp1)+0(e2

) = 0. 

Substitution of the expressions for tp0 and tp1 into the a~ve equation leads to 

(3.3) cosO('r) = - lo~(l' i) . , 
2%trr0, T)eR 

which gives the location of the separation point, as a function of time, on a circular cyl
inder which starts its motion from rest. Of course this result remains valid as long as 

I . 

_!_ J U(t) dt ~ l. Thus, for small amplitude high-frequency oscillation the above results 
a o , 

may be valid for indefinite periods of time. Note that X.or(l, T) ~ 0 as e" ~ 0, n = 1. 

3.4. Heat traasfer 

The heat transfer from a circular cylinder in a ftuctuating flow is given by Eq. (2.18). 
In terms of the Nusselt .number Nu Eq. (2.18) can be writt~n as 

2 

(3.4) Nu= _:LJT= T0,(l,T)+ ~ (P,R)2 [M,(l,T)+N,(I,T))+O(e3
). 

It should be pointed out that this equation does not state that Nu - P;, since P, also 
appears in the integrands of M, and N,. 
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A very important application of the present results will be found in the area of hot-film 
anemometry. The numerical computation based on Eq. (3.4) may be used to give a theo
retical estimate of the difference between static and dynamic calibration (6, 17, 24-26] 
of hot-film in the range of high frequency spectrum. 
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