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Finite-part singular integro-differential equations
arising in two-dimensional aerodynamics

E. G. LADOPOULOS (ATHENS)

A new METHOD is considered for the solution of the finite-part singular integro-differential
equations, applied in many problems of Mathematical Physics and especially in elasticity and
aerodynamic problems. This is obtained by reduction to a system of linear equations, by
applying the singular integro-differential equation at properly selected collocation points. An
application is given to the determination and solution of the generalized airfoil equation, which
presents the pressure acting on a planar airfoil undergoing simple amplitude oscillations about
the central plane of a two-dimensional ventilated wind tunnel.

Przedstawiono nowsg, numeryczna metode rozwiazywania osobliwych rownan rézniczkowo-
catkowych w zastosowaniu do wielu zagadnien fizyki matematycznej, a w szczegdlnosci do
teorii sprezystosci i aerodynamiki. Problem sprowadza si¢ do ukladu réwnan liniowych spetniajac
rownania rozniczkowo-catkowe w stosownie dobranych punktach kollokacji. Podano zastoso-
wanie metody do analizy drgan plata oplywanego i podlegajacego drganiom w tunelu aero-
dynamicznym.

IlpencraBiien HOBBIf, WHCIIEHHBLIH MeToX pemeHus ocobbix aubdepeHIHanbHO-HHTErpanb=
HbIX YPaBHEHHWI B NPUMEHMM K MHOTHM 3aJjayaM MaTeMaTHdecKoili ¢M3HMKM, a2 B YaCTHOCTH
K TEOPHH YIPYTOCTH M a’3pOAMHAMHKM. 3afgada CBOAUTCS K CHCTEME JIMHEHHBIX ypaBHEHUH,
yooBieTBopsa AuddepeHIHaTbHO-HHTETPAJIbHLIM YPAaBHEHHSM B COOTBETCTBEHHO II0j100-
PaHHBIX TOUKaM KOJUIOKauuH. IlpecTaBiieHO IpUMEHEHHE METOAA K 8HaIN3y KoJieOaHmii KphI-
J1a, 0DTEKaeMOro IOTOKOM M IIOJUIEIKAIero Kosie0aHHsAM B a3pOJHHAMHUECKOM TYHHEIE.

1. Introduction

MANY IMPORTANT problems of applied mathematics and physics can be reduced
to the solution of a finite-part singular integro-differential equation.

Hence it is of interest to solve numerically these systems of singular integro-differential
equations of the respective boundary value problem, instead of the problem itself.

The most effective method of solving numerically this type of singular integral equations
is the direct method which consists in reducing such an equation (or system of equations)
to a system of linear algebraic equations, by using an appropriate numerical integration
rule on a properly selected set of collocation points.

Some studies of the generalized two-dimensional airfoil equation began in the 1930.
Theories for general aerodynamic problems have been obtained by V. V. GoLusev [1],
T. voN KARMAN and J. M. BURGERS [2], H. ScamiDT [3] and K. SCHRODER [4, 5].

In the 1940 the two-dimensional aerodynamic problems were advanced by the work
of J. WEISSINGER [6], H. KUssNER and L. ScCHWARZ [7], L. G. MAGNARADZE [8-10], I. N.
VEKUA [11], [12] and H. ScHONGEN [13].

N. 1. MuUskHELISHVILI [14] has given an extended study of the integro-differential
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equation of the aircraft wings of finite span, while V. V. Ivanov [15] has obtained some
approximate methods to the numerical solution of integro-differential equations.

Over the last years some papers have been published on the application of the integro-
differential equations in aerodynamics. Among them we shall mention the following
authors: S. R. BLanp [16, 17], J. BLACKWELL and G. Pounps [18], J. A. FROMME and
M. A. GOLBERG [19-24], M. A. GOLBERG, M. LEA and G. MIEL [25], M. A. GOLBERG [26],
W. F. Moss [27, 28], D. J. SaLMonND [29], M. H. WiLLiams [30], E. KrarT and C. Lo [31],
M. Mokry [32] and E. NissIN and I. LorTATI [33].

In the present report a new technique is proposed for the numerical evaluation of the
general type of the finite-part singular integro-differential equation. An application is
given of the numerical solution of the airfoil equation, as a rising interest in the general
problem of high subsonic and transonic aeroelasticity has made the need for improved
methods of aerodynamic analysis and testing greater. Hence, the method presented in
this communication is a generalization of the finite-part singular integral equations
methods introduced and investigated by E. G. LaporouLos [34—40], and used in elasticity,
plasticity and fracture mechanics problems.

In the present report the new method shall be extended to aerodynamic problems as
well.

2. Finite-part singular integral equations
Let us consider the finite-part singular integral: [34, 38—40]

@.1) B(z, 1) = rm)f “’(’)‘P(‘) dt, w=1,23,..,

where L denotes the interval [a, b] of the real axis, w(¢) a given weight function defined
for every t € [a, b], p(¢) an analytic function of ¢ in any plane domain S, containing the
interval L and I'(x) the Gamma function.

Furthermore we consider the finite-part singular integral equation of the second kind
with variable coefficients:

<.v( )
22 AWPM+T(w) f B(t) o e

+fK(t, Xpt)dt = f(x,u), xeL, wu=123,..,
L

where A(x), B(z) and f(x, ) are known functions, I'() is the Gamma function, K(¢, x)
the Fredholm kernel, ¢(x) the unknown function and L the integration interval which
may be a closed contour, a curvilinear arc, or simply a part of the real axis.

Another system of finite-part singular

Integral equations encountered in boundary value problems of two-dimensional
elasticity can be written in the form
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@3 fitx ) = Zcu(x)r(y) f ("’"’) dt

N
+ 2 Lf Ky(t, )p,(0dt (i=1,2,3,..,N)

J=1

in which the functions C;;(x), Ki(t, x) and fi(x, p) (6,7 = 1,2, 3, ..., N) are known.
A general form of a system of finite-part singular integral equations, in which the
dominant part has a generalized kernel, is as follows:

24)  Ap(x)+I(4) f By(t) (t -+ J 2‘ CplO)(x—a) - x,‘ (t—z,) Hit

+Fm)f2Dj¢(t)(b-—x)’ dii}—f (t—z,)~Hdt + f K(x, p(t)dt = f(x, p), xe€lL,
L o L

where A4, B, Cx and D; are (N xN) matrices which are generally constant, the matrix
K(x, t) consists of Fredholm kernels K;;(x,t) (i,j=1,...,N)and f=f(x,u), (i =1, ...
., N) is the input vector which satisfies a Hslder-condition in L.
Also, the variables z, and z, are given by:

z; = a+ (x—a)e'®,

23) z; = a+(b—x)e'®s,

where &, @, are known constants with 0 < @, < 27 and — < @, < 7.
Moreover, let us consider the finite-part singular integral equation of the first kind:

(2.6) I‘(y)f ((p() dt+fK(x, De(dt = flx, ), n=1273, .,
L

where @(x) is unknown, I'(u) is the Gamma function and f(x, u), K(x, t) are known
functions which are H-continuous in the closed interval L.

From Eq. (2.2) we obtain the finite-part singular integral equation of the second kind,
with constant coefficients:

Q@7 ap(x)+bl'(w) f "’_(‘;)F f dt+K(x, Dp)dt = fx, )y p=1,23, ..,
L L

(t

where the interval is again normalized to be L without any loss in generality. It will also
be assumed that a, b are constants and the known functions f and K are H-continuous.
The functions ¢, &, f and the constants a, b may be real or complex.

Some aerodynamic problems are solved by using the equations discussed in this chapter.
The same equations are used for the solution of elasticity and plasticity problems of iso-
tropic and anisotropic solids [34—40].



928 : E. G. LaporouLos

3. Finite-part singular integro-differential equations

A large class of problems, in mathematical physics particularly, can be reduced to the
solution of a singular integro-differential equation of the form:

@3.1) Z(ra,-(nq»‘f)(z)w(m -’5’-%‘@)4«), = 152 By ey
L

j=0
te L, and a;, K;, f(z) are given functions and ¢’ denotes the j-th derivative of .
Assuming that a;, K; and f are sufficiently differentiable and that L is a simple, closed,
sufficiently smooth contour, we can reduce Eq. (3.1) to an equivalent singular or regular
integral equation.
Thus, let us give a method for the reduction of Eq. (3.1) to a singular integral equation.
Let L = (a, b) an open smooth curve. By writing

(3.2) P (1) = g(t),
we obtain
m—-k—1 5
. t
(33 790 = [ Onercs 1080+ Y Gty
L i=0 :

fork =0,1,...,m—1, where

(U()(Iv tl) = 19 lf tl € (ﬂ, t}s

we(t, ) =0, if 1, ¢(a,t),
(3.4) e l

o, (1, 1) :J wo(t, L)oo (1, 1,)dt5, k=23 ..,m

L

and C,, C,, ..., C, are arbitrary constants.
Substituting into Eq. (3.1) we obtain a finite-part singular integral equation for u = 1

of the form

09 anng+TG [ FCIED g [, vg(e = - ) o,
L L k=1

where
m—1
=
(3.6) K@, 1) = Z (aj(t)(u,,,j_l(11 )+ I'(u) ,]{l(,{’ﬂ),("_)m:—;t},(ﬁti) du)
=0 g u
and
m—k i
) . K 1, m—j= .
G X = Lo [ajzm-f-urm) f e dr] / (m—j—F)!
j=

It follows that if for any values of the constants C,, C,, ..., Cn, the function g is the
solution of Eq. (3.5), then the function ¢ as given by Eq. (3.3) will be a solution of the
original Eq. (3.1).
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Consequently, it is obvious that if ¢ is the solution of Eq. (3.1), then ¢™ () = g(¢)
gives the solution of Eq. (3.5) for the specific values of C;, C,, ..., Cp.
Moreover, it is also possible to apply this method to the case where L is a closed smooth
curve.
Thus, it is necessary to consider the function ¢®, k = 0,1, ..., m—1 as defined by
Eq. (3.3), since in general they will not be unique.
It can also be seen that for the Cauchy problem, when the values of ¢*(a), k = 0, 1,
m—1 are given, we obtain
k-1
(3.8) Go= ) (VoD@ for k=12 .,m
i=0
In the same way for the case where u > 1, we have the following finite-part singular
integral equation:

3.9 a,(Dg)+1' () ‘r Km(t(,:zgt()r)dt
L

= )= > G,
k=1

where

m—

3100 K= Y (a,(r)m,,, 2t D) f K, M du)

Lf —t)

and also
m—k

G.11) Xe(1) = Z [a =i~k 4 () j 5’(’—’)1;;“ dr] /(m—j~k)!
j=0

Equation (3.9) gives the general use of the reduction of a finite-part singular integro-
differential equation to a singular integral equation.

4. Application to the determination of the two-diemesnional airfoil equation in a wind tunnel

Let us consider a planar airfoil undergoing simple amplitude oscillations about the
center plane of a two-dimensional ventilated wind tunnel (Fig. 1). By removing the walls
to infinity, a very important special case exists which gives free air conditions.

——
u ‘1é ~— T X
—_—————
vy

FiG. 1. A planar airfoil in a two-dimensional ventilated wind tunnel.
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The flow is assumed to be inviscid and strictly subsonic, thus the following unsteady
wave equation is valid: [21]

2
@1 V2E— M2 (% +ik) E=0,

where & denotes the perturbation velocity potential, M the freestream Mach number and
k the reduced frequency:

wd
4.2) k= 5

in which w is the frequency of the simple harmonic motion of the airfoil, d its semi-chord
and u the free stream velocity.

Furthermore the nondimensional pertubation pressure p is given by the following
relation:

4.3) p= —2(1;9; +I'k) 3
with the boundary conditions:

0, x| > 1,
@) B = {—1/2Ap(x), x| < 1,

where Ap denotes the lifting pressure jump across the airfoil. The relation between the
downwash velocity w and the pressure potential £ is valid as

4.5) w(x) = Z—i , x| < 1.

y=0

Thus, the downwash velocity w is related to the potential & as follows: [16]
1 r x—
(46) w(x, Y, t) = -u_ f Ey (M, Y, r—d ‘;l'u) dnu
in which ¢ denotes the time and g the ventilation coefficient.
By using the Fourier transforms

oo}

Els,y) = f e E(x,y)dx,
4.7 o
E(x,y) = % ) f e E (s, y)ds,

the pressure potential will be given by the following relation:

@ 1
63 (00 = o [emft) [ eap(@rdeas,
% _o 3
where
4.9 () = sinha(B/2—y)+cacosha(B[2—y)

sinh(a B/2)+ cacosh(a B/2)
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in which ¢ denotes the porosity coefficient, B the tunnel height and g, the free stream
density.

In Eq. (4.9) the parameter a is valid as
(4.10) a(s) = (f2s2—2M3gs— M?3g>)l/2

where g is the complex reduced frequency and § = ]/ 1—-M2.
By combining Eqgs. (4.6) and (4.8), one has

x 0 1

w(x, y) 1 ) f f

il o 7. —igx=—p) _ Y it —1s
.11 T fe e e* f(s) e Ap(8)dldsdu.

- —00 -1
By taking the derivative and interchanging the orders of integration, one obtains
(4.12) w(x, y) = x—C, y, B, c)dt,
where the kernel function K is given by the formula
o) X—
L 1 ) f NS cosha(B/2—y)+ casinha(B/2—y) f ———

WLy K==y J sinh(aB[2) + cacosh(aB[)) dpus.

For steady (g = 0), incompressible (M = 0) flow and in free air (no tunnel walls
B = ), the kernel K takes the simple form

(4.14) K(x) = 1/x.
For this case, with y = 0, Eq. (4.12) yields the following singular integral equation:

(4.15) W) = - ?:QO ‘;” (fc) dc.

By using the Kutta boundary condition of a smooth flow at the airfoil trailing edge

(4.16) im0 g
x=1 Qol
Eq. (4.15) has the following closed form solution:
200U ( 1—{')”2 f w*(x)w(x)
4. = — — —
4.17) Ap(?) =) e
with the weight function w*(x) = (1+x)'/2(1—x)"1/2,
Thus, by putting the pressure factor
1
4 w(x) dx
= - * —
@19 O =7 w5
Eq. (4.17) can be written as follows:
1—¢ 1/2
(4.19) 4p(0) = 2 ot ( o C) p(0).

The pressure factor p({) in Eq. (4.18) is continuous on [— 1, 1] if w(x)/u is also continuous.
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5. Numerical evaluation of the airfeil equation

In order to solve numerically the airfoil equation (4.18) we shall use the Gauss-Cheby-
shev numerical integration rule, while solving the same problem, S. R. BLAND [16] has
used the Gauss-Jacobi rule.

Let us consider the following singular integral:

1
1 w (x)cp(x)

(5.1) 00 = 5 | T ax,
where w*(x) is the weight function defined in the interval [—1, 1], ¢(x) is an analytic
function without poles in a domain £ containing the interval [—1, 1] and @({) is a sec-
tionally analytic function in the whole complex plane except [—1, 1].

In order to evaluate numerically the singular integral (5.1), we consider the following
contour integral on a curve C surrounding the interval [—1, 1]: [41, 42].

1 ~ ’
(5-2) d)O = 27” J (C’ (p(c) - dé-l,
C

-1

—x)(&'—Om, (L)
where
(5.3) m,(£) = kgl (C—x)

in which x; are the abscissae.
By applying the Cauchy residue theorem to the integral (5.2), one obtains

1
s meg)= [ *OND 4 Z AT ~200) e +E

where the error function E, is valid as

() &) .,
55 E,, = = ] dc ]
e T m®)
Ay are the weights and d,({) is given by the relation
1
1 1, (x)
SR *(y) Jonit)
(5.6) .0 : _.{ w0 2
By using the Gauss-Chebyshev numerical integration rule with the weight function
w*(x) = (1+x)=12(1 —x)£1/2, the relation (5.4) can be written as

(57) J ”*S‘)i"‘) = Na "’("“) — 20RO +E,

-1 k=1

for{ #x,, m=1,2,..,n and

1 n
(58) [ o= D4, T4 ()= 29OGO+E
-1 k=1

k#m
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for{ = x,,m = 1,2, ..., n, where

(5.9) R(0) = — WST_(I(:(TC) E#E Xy m=1,2..,n
and
7w Up-a(l)  2n—1 s

(5.10) G.(D) = — A

2T.0 4 -
where T,({) and U,({) denote the Chebyshev polynomials of the first and the second kind
and degree n, respectively, expressible in terms of trigonometric functions as follows

T.({) = cosnd,

E=x0 m=1,2...mn

sinnd
(5-“) Un—l(C) = W’
& = cosd.

In Eqgs. (5.7) and (5.8) { is not permitted to coincide with the endpoints —1 or 1 of the
integration interval.

As an application of the airfoil equation (4.18), let us consider the case where the down-
wash is valid as

(5.12) W) _ {0, x <0,

u x, x>0

Thus, by using the Gauss-Chebyshev numerical integration rule given by Eqgs. (5.7)
and (5.8), it is possible to compute the airfoil equation (4.18). The same equation was
computed by S. R. BLAND [16] who used the Gauss—Jacobi rule.

Figure 2 shows the pressure distribution p({) for downwash given by Eq. (5.12).

J -

2(2) — [1]

"‘)(sx\x .
-2 Ll

=

x  Gauss-Chebyshev

-4 \\
\X
-6 \\
X,
N\
N

-8

=it -05 7 05 7

4

Fi1G. 2. Pressure distribution p({) for downwash

Wi = IO, x<0

for the planar airfoil of Fig. 1.
lx, x>
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As a second application of the airfoil equation, we consider the following downwash

function:

w(x) 1
1 =
(5:13) u 1425x2°

Figure 3 shows the pressure distribution p({) for downwash given by Eq. (5.13).

2 T
pre)| —
X Gauss-Chebyshev f 5\’&&
j i
! J T
[
x
’ {
!
1 X\\
N
2 X\‘x xl
e’
-3
-1 -05 o 05 7
4

F1G. 3. Pressure distribution p({) for downwash w(x)/u = 1/(1425 x*) for the planar airfoil of Fig. 1.

Finally, as it is easily seen from Figs. 2 and 3, the two different numerical rules, the
Gauss—Chebyshev and the Gauss-Jacobi numerical integration rules coincide very well.

6. Conclusions

An effective method of numerical evaluation of the finite-part singular integro-
differential equation consists in reducing such an equation to a system of linear equations
after the integrals occurring in this equation are approximated by sums and the equation
is applied at the abscissae used in the numerical integration rule.

In the case of finite-part singular integro-differential equations with complex singular-
ities, it is possible, for sufficiently broad class of equations of this type, that the points of
their application used lie, in general, outside the integration interval. In this case, the
methods used for finite-part singular integro-differential equations with real singularities
can be extended, without any modifications, to the case of finite-part singular integro-
differential equations with complex singularities.

A simple form of the finite-part singular integro-differential equation has been numeri-
cally evaluated by using the Gauss-Chebyshev rule. This equation presents the pressure
factor of a planar airfoil undergoing simple amplitude oscillations about the centre plane

of a two-dimensional ventilated wind tunnel.
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